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1. QJIEMEHTBI TEOPUN
TNOPEPEHITUAJIBHBIX ®OPM

[Iycts R™ — n-mepHOE MPOCTPAHCTBO € KOOPAMHATAMIU (21, . . ., 2,), F = C®(R™) — MHO-
xKecTBO riankux ¢yukmumit Ha R”. Huddepennman rnankoi byskmun f(z1, ..., 2,)

i=1

n
1-@opma na R™: w = > a;dz;, a; € F. 1-Popma Buna df HazbiBaeTcss mounod.
i=1

Momynb, mopoxaeHHbI 1-bopMaMu wy, . . ., w; (Kopacnpedeaenue): span{ws, ... ,w;} = {ajwi+
...—|—ajwj\a1,...,aj Ef}

Bagaga: 3aman momyns M = span{wi,...,w,}, ONPENeNUTh, CYIIECTBYET JII IS HErO
6a3uc U3 TOYHBIX 1-GOpM, T.e. CYIIECTBYIOT I Takue QyHKIHUA f1,..., f,, ITO

M = span{dfy, ..., df,}.

Monyne 2-popwm:
{Z aijdz,» N delaz‘j S f} .
i<j

Buewmnee npouseedenue 1-dbopm:

i=1 i=1 i<j
Iugppepernyuan 1-dopmbr:

“ da; 8ai

i=1 i<j

CaoiictBa: Y A p = —p A, b A = 0,d(df) = 0.

Jlemma Ilyankape: dw = 0 = mokanbHO w = df.
Teopema ®pobennyca: mis momyist M = span{w, ..., w,} cymecTByeT 6a3UC U3 TOIHBIX
1-bopm &

q
dwi:Zag/\wj, 1=1,q,
=1

ISl HEKOTOPBIX 1-(hopm .
IIpumep 1.1. span{dz; — 2odz3 — 20dzy, d2s}.

IIpumep 1.2. span{dz; — zodz3 — 20dzy, dz3}.
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p-Popma:
w = Z ailmipdzil VANPIRAN dZip, ai1...ip € COO<M>

1<i1<...<ip<n

Bnewmnee npouzsedenue p-popMbr u 1-popMmbr:

w N\ zn: bdej = Z zn: ail_._ipbjdzil VAP dZZ'p A de,
j=1

1<i1<..<ip<n j=1

c yueroM dz; A dz; = —dz; Ndz; m dzj Ndz; = 0.
Teopema ®pobennyca II: s monynsa M = span{wy, ...,w,} cyiecTByer 6asuc u3 TOU-
HBEIX 1-popMm &

dw; Nwi Ao Awg =0, 1=1, q.



2. IPEOBPA30OBAHUE OIIMICAHUUA
HEJIMHEMHBIX CUCTEM

2.1. OTob6paxkeHus: BXOH — BBIXO]I
PaCCMOTpI/IM TJIaOKYIO CUCTEMY C BXOOOM M BBIXOIOOM:

= f(t,z,u), ze€R" ueR™ (2.1)
= h(t,z), yeR"

HpeI[HOJIO)KI/IM 3anI/IKCI/IpOBaHBI HaYaJIbHBIC YCJIOBUA OJII NEPEMEHHBIX COCTOSHUA T . TOFL[& IJI51
KaXKION TJIAIKON BeKTOpHOU dyHKImn u(t) mepeMeHHoil ¢ (BpeMeHn) Mpu MONCTAHOBKE ee B CU-
cremy (2.1) momyuaem cucremy OOBIKHOBEHHBIX nubdepeHIna bHbIX YPABHEHI OTHOCHTETHHO
HepeMeHHBIX cocTosHus. [lycThb () — pemenne cooTBercTByoIei 3anaun Ko, Boranciss
y(t) = h(t,x(t)), nomyuaem orobpaxkenue u(t) — y(t), KOTOpOe HA3LIBAECTCS 0MOOGPAHCEHUEM
8100 — 8b1X00.

B obuem ciyuae orobpaxkenne Bxoma (u € R™) B Bexon (y € RP) HemuHENHON CHCTEMBI
C HENPEPBIBHBIM BPEMEHEM OOBIYHO OMUCHIBAIOT OMHUM W3 MBYX crocoboB. Ilepoe ommcanue
CBA3BIBACT BXOO CUCTEMBI HEIIOCPEOCTBEHHO C €€ BhIXOOOM C IIOMOIIIBIO CUCTEMBI OOBIKHOBEHHBIX
nuddepeHnaIbHbIX YPaBHEHAN

(k .. ), i=T1,p. (2.3)

Y; g = Spl(tvqu%ay
O6o3HaveHust apryMeHToB QYHKIMK ¢; B (2.3) 03HAYAIOT, 4TO 5Ta (QYHKIUS 3aBUCUT KAK OT
YTIPaBJIEHIH U UX IPOM3BONHBIX N0 IOPSAKA HE BEIIIE S, TAK U OT BBIXOIOB Y; U UX IPOM3BOIHBIX
no mopsinka He Bbune k; — 1, j = 1, p.

YpasHeHus cuctembl (2.3) HA3BIBAIOT YPABHENULMU OMOOPaKNcenud 600 — 6bixod. UToObI

BBIXO ObBInI OOHO3HAYHO OIIpenesICH II0 BXOOY, HY2KHO 3adaThb HAaYaJIbHbIC 3HAYCHUA OJIAd Yq, yl,
(ki-1) . (kp—1)
U y Y2, Y2, -+, Yp :

Bropoe onmcanmne KpoMme ImepeMeHHBIX BXOIA U BBIXONA MCIOJIb3YeT IOMOITHUTEIbLHBIE ITepe-
MEHHBIE, KOTOPBIE HAa3bIBAIOT Nepemernbimy cocmognud. IlpennonaraeTcs, ITo BXoO U3MEHSIET
cocTosiane r € R™ cuctemMbl, HAIpUMeEp, B COOTBETCTBUU C CUCTEMOI OOBIKHOBEHHBIX nuddepeH-
INAJIbHBIX DABHEHUN, PA3PEIIEHHBIX OTHOCUTEIBHO CTAPIINX NEPBBIX TPON3BOIHBIX COCTOSHUS,
a BBIXOI OIPENesIsaeTCs NEPEeMEHHBIMI COCTOSHUS, YIIPABICHUEM U €rO IIPOU3BOOHBIMU OO HEKO-
TOPOrO MOPSIOKa T

i = f(t,x,u,a,...,u"), =R ueR™,
= h(t,z,u,u,...,u"), yeRP.

~—~
N

Ypasuenust cucteMsl (2.4) HABLIBAIOT YPABHEHUIMU COCTOTHUL

Cpenu cucrem Bupma (2.4)—(2.5) Boimemnstor wacTHBI ciaydain (2.4)—(2.5), korna dyHKIms
f He 3aBHCHT OT NIPOU3BONHBIX YIPABIEHUH, & (QYHKINS h 3aBHCHT TOIBLKO OT IE€PEMEHHBIX
COCTOSIHUSL U BDEMEHL.

B ¢Bs3u ¢ ommCAHMSIMEI CHCTEMBI C IOMOIIBIO YPABHEHUI 0OTOOpaXKEHUsI BXOI — BBEIXOL U C
IIOMOLIIBIO IIEPEMEHHBIX COCTOSHIS BO3HUKAIOT 3aat Il [ePEXona OT OJHOTO U3 STHUX OMUCAHMUI K
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npyromy. Bynmem paccMaTpuBaTh Cityuall IPOU3BOJIBHBEIX PA3MEPHOCTEN Y, 4 1 riaankue (6ecko-
HewuHO nuddepeHnnpyemMeie) mpasble YacTu ypasaenuit (2.3)—(2.2). 3amaun nepexona 0T OLHOTO
13 ONMUCAHWN K APYTOMY MPEANOIaraloT HAXOXKICHUE KAaK CAMUX OMUCAHWN, TaK U IIPABUIT Te-
pecueTa HadaJbHBIX ycjaoBuit. Hampumep, sTm mpaBuia MOTYT 3aaBAThCs HEBBIPOKICHHOI
[JIAIKON 3aMEHO TIEPEMEHHBIX.

2.2. IlocTpoenne ypaBHeHU1 OTOOPAXKEHMUSI BXOH — BBIXO]I

st Toro, 4To6bl OT ypaBHEHUI COCTOSIHUS (2.4) HETMHENHON CHCTEMbI HEPENTH K ypaB-
HEHUSM OTOOPaKeHUs BXOI — BBIXOM (2.3) MOCTATOYHO MCKIFOUUTDH MEePEMEHHbIE COCTOSHUS U3
cucteMbl nuddepeHnnaIbHbIX ypaBHEeHNH, BXOMAIIE B omucanue (2.4). DTO MOXKHO CIenaThb
BBIPA3UB IlepeMEHHbBIE COCTOSHUS Yepe3 KOOpANHATHBIe (PYHKIINY BBIXOA, BXOOAA U UX IPOU3BOI-
HBIE, T.€. CIEJIaB TaKylo 3aMeHY ITePEMEHHBIX B cucTeMe nuddepeHnnaabHbX ypaBHeHni. s
5TOrO [0 HEKOTOPOI CXeMe BBIOHPAIOT KOOpAUHATHbBIE GyHKIMN y; = h; (T, u, U, . . . ,u(s)) BBIXOIIA
U UX [IPOU3BONHBIE B CUILy CUCTeMBI (2.4) U COCTABISAIOT U3 HUX CHCTEMY W3 7 HEJIMHEHHBIX
YPaBHEHUIT KOTOpas HOIKHA ObITH 3aMEHOU NepeMeHHBIX. BIOjIHEe MOXKeT OKa3aTbCs, UTO TakK
3aMeHy IePEMEHHBIX COCTABUTD HEIb3sl WM YTO BO3MOXKHBI Pa3Hble BADUAHTHI €€ COCTABIICHUS
U B pe3yibTaTe OymoyT MOIyUeHbl pa3Hble ypaBHEHUs OTOOpaKEHUs BXOI — BBIXOL.

IIpumep 2.1. Haiimem ypaBHEHUS 0TOOpaKEHUST BXOM — BBIXOM IJIs CUCTEMBI

i1=x1+x3+u1
Zi‘Q:{EQ—l‘g

i’3 = X1 + Us (26)
Y1 =1
Yo = T2

paccMOTpeB pa3inyHble BAPUAHTHL.
Cnyuait 1. lmst moncka 3aMeHBI TIEDEMEHHBIX COCTABUM CUCTEMY yYDABHEHIUI

U1 =71
Y1 =T+ T3+ Uy
Yo = Ta.

DTa cucreMma pa3peninmMa OTHOCUTEJIBHO IePEMEHHBIX COCTOSHUA

1 =Y
T2 = Yo (27)
T3 =1 — Y1 — U1
Brruncnus ) ‘ ' ‘ .
Y1 =01 +T3+U =21 +T3+ U + T1T2 + Uz + Up
Yo = Tg = Tg — I3

I BOCIIOJIB30BABIINCH COOTHOIIEHISIME (2.7), TOIyIrM ypaBHEHUsI OTOOPAKEHMs BXOM — BBIXOL

Y1 =Y1+Y1y2 +us + Uy (2.8)
Yo = Y2 — Y1 + Y1 + us. '

Cnyuair 2. B sToM ciyuae s TOMCKa 3aMEHBI IEPEMEHHBIX COCTABUM OPYTYIO CUCTEMY
YPaBHEHUI
Y2 = T2
Yo = T — T3
Y1 = T,
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KOTOpasi TOXKE OIPEIesseT 3aMeHY TePEMEHHBIX, IMOCKOJIbLKY pa3pelnnMa OTHOCUTEILHO Iepe-
MEHHBIX COCTOJIHUI

1 =Y

T2 = Y2

T3 = Y2 — Yo

B pesynbraTte momyuaem opyrue ypaBHEHUsT OTOOPaYKeHUS BXOI — BBIXOI

Y2 = Y2 = Y12 — Uz (2.9)
Y1 =Y T Y2 — Yo+ Uz

[Tockonbky cuctemsr (2.8) u (2.9) 6bun momydeHsr u3 cucteMsl (2.6) ¢ MOMOIIBIO 3aMeH
[EPEMEHHBIX, TO U OHU IIPEOOPasyioTCs IPyT B APYTa ¢ MOMOIILIO 3aMEeH MEePEMEHHBIX, KOTOPHIE
HECJIOKHO HANTHU BOCTIOIB30BABIINCH TIPUBENCHHBIME BhItIe cooTHOeHnsMu. Cucremer (2.8) u
(2.9) mMeIOT TOT e MOPSIOK, YTO U UCXOMHASI CUCTEMA, HO B cUCTeMY (2.8) BXOAUT MPOM3BOMHASL
YTIPABJICHUS.

2.3. MeTO,Z[ NCKJIIO4YeHns IepeMEHHbIX COCTOSHMA

W3noxum onus u3 croco6oB mpeobpasoBanus cucteMbl (2.4) k Bumy (2.3), KOTOPBIN maJiee
OyImeM Ha3bIBATH MEMOJOM UCKANUEHUT NEPEMEHHBIT COCTOTHUL.
[Iycts B (2.4) dyukuun f u h riankwe B 00IACTH M3MEHEHUS] CBOUX apryMEHTOB U h =

(hi, ..., hp)T. Conocrasum GyHKIUAM hy, ..., h, nensle uncna Ky, . . ., k,, BOCIOIb30BaBIINICE CIle-
MYIOIIAM AJITOPUTMOM.

Ecnu % = 0, T.e. hy He 3aBUCUT OT MEPEMEHHBIX COCTOSHUs, TO k1 = 0, mHaue k| paBHO
HAMEHBITIEMY 3HAQUEHUIO | TPU KOTOPOM

Ohn,h,... WY rang 2 N AN A
ox ‘

Amnajormuno, mocienoBaTeNLHO I ¢ = 2, ..., P, €CIn

Oha, by, WYy o, R
rang =

ox

a(hla hla R h§k1_1)7 R hi—lv hi—la s 7hz('lii1_1_1)7 hz)

ox ’

To k; = 0, unaue k; paBHO HAUMEHBIIIEMY 3HAUEHUIO j, IIPU KOTOPOM

Ahy, b, WY iy b, BT hg kL BT
rang o =
Ohy, . WY iy e, BT g by YT )

ox

= rang (2.10)

[Ipu BBEIYMCITIEHUT TPOU3BOMHBIX O BpeMeHU (PYHKIUHN h; MOTYT TOSBIISITHCS IIPOU3BOIHBIE
VIPABJIEHNU 0 TMOPsAaKa S > S. DTHU MPOU3BOMHBIE VIIPABIEHNI PACCMATPUBAIOTCS KaK HOBBIE
nepeMeHHble. PaBeHCTBa PAHTOB MATPUIl TKOOU TPENTIONATAI0TCS BHIIOHEHHBIMI B HEKOTOPOM
OTKDPBITOM IIOIMHOKECTBe [ M3MEHEHNs BCeX IePEMEHHBIX @, U, 1, . . ., u®) € RN, N = n4+m(S+
1). B pesymbrare mosyuaem BEKTOP — GYHKITIIO

H = (h1,h1,...,hgk1—1)’ o hp’hp’.."hl()kp—l))T
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pasMepHOCTH k = ki + ...+ kj, KOOpAUHATHBIMEI QYHKINAMI KOTOPBIH SBJIAIOTCS TOIBKO Te h;
¥l UX NPOM3BOAHBIE, AJI1 KOTOPBIX k; > 0.

B muOoxecTBe U pasr maTpuisl Slkobu OH /0z pasen k. Ecmu k < n, To cymectByior n — k
TAKUX TIAIKEX QYHKIHE hgy(2), ..., hy(€), 9T0 B HEKOTOPOM OTKpBITOM MEOXecTBe U C U
paHr MaTpuIisbl Jkobu n-MepHON BEKTOP — PyHKIIUN

H = (hyyhy oo B0 by By (2), . ()

OTHOCUTEJILHO MepEMEHHBIX & paseH n. ClenoBaTebHO, B HEKOTOPON OKPECTHOCTH JII000M TOU-
KN M3 MHOXKECTBa U OJIs1 CUCTEMBI

yl:hl(‘rvu'”)a y1:h1($au"'>a SR ygkl_l):hgkl_l)(l‘au'“%
Ya2 = hz(.ﬁC, w- - ')7 292 = hg(l‘, W ')7 SRR yébil) = hg@il)(xau o ')7
.............................. , (2.11)
. ] kp—1 kp—1
thpgx,u---), y]?:hp(‘fl’bu'”%”'ayl(? ):hI(D )((L’,U)7
Zk+1 — hk-‘rl(x)a ceey An = hn('r)a
TJIe Jepes 1 - - - 0003HAMEeHb! KOHEUHbIe HaGOPbI ePEMEHHbIX 13 U, 1, (%), . . ., BBLIIOIHEHbI yCII0-

BISI TEOPEMBI O HeSBHOW (DYHKINN OTHOCHTENBHO IePEeMEHHBIX cocTosHus x. CoriacHo 5Toi
TeopeMe I 000N TOUKEM m3 MHOXKecTBa U B HEKOTOpON ee okpecTHocTH W cyIecTByeT
riIagkoe perrerne cucteMsl (2.11) OTHOCHTETBPHO TePEMEHHBIX T

= w(y7yv s 7y(k_1)7 U ')7 Z = (Zk+17 ceey Zn)T~
[epeiins B (2.4) x HEPEMEHHBIM (2. 11) MOy YUM CHCTEMY OOBIKHOBEHHBIX Mu((epeHIaIb-
HBIX YPABHEHII OTHOCHUTENLHO ¥;, 1 = 1, p, Topanka k < n
k k . ki—1
i = Y e
S AR REREEEEIES 1 ‘ o
y7,( ):h‘z( )(yhylaay%l )7ayzay7,77y1( )7U) (2]‘2)
e AL e | L
yl(op) h(p)<y17y17"'7y§1 )7"'7yp7yp7"'7y1(7p )7 ")7
B KOTOPOI OTCYTCTBYIOT IEPEMEHHBIE ki1, . . ., Z,. JJokaxem sTo. Pasercrso (2.10) o3nauaer,

9TO CTPOKA

O (w,u--) <ah§’“><x, we) O )
or " om T om,

ABJIAETCA JIMHEHON koMOuHanmeit nepseix k(i) = ki + ... 4 k; cTpox MaTpmuer Sxobu OH |0z
¢ romankuMu koshdunmentamu ¢,(z,u---), s = 1, k(i). Hosromy

ahgk")(gp(z, Ueos),usee) 8h§ki)(x, U -) op(z,u---)
0z N or r=p(z,u-) 0z
OH Op(z,u---)
— ; —),0,...,0)=— i S e/ 2.13
(Cl(ZL',U )7 ,ck()(x,u )7 )ax ez Oz ( )
OH
= P KRR 7 ; 70 O_ _0,
(c1(zyu--) criy (T, u---) )Bz o)
TAK KAK OT Zgi1, - .., Zn 3ABUCAT TOJBKO MOCIECLHNE 7 — k KOMIIOHEHT BEKTODHON (yHKImy H.

Ecnu Bce uncna k;, ¢ = 1, p, okasaanch MOMOKUTEILHBIMI, TO B oKpecTHOCTH W cmcTema
(2.12) siBriseTcst ypaBHEHUSIMI OTOOPAXKEHUsT BXOI — BBIXOI.
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Ecmu cpenu wmcen k;, 1 = 1, p okaxyTcs paBHbIe Hymo, Hampumep, k; = 0, r = 1,71, To
cuctema (2.12) He CONEPKUT TIEPEMEHHBIX ¥; , T = 1,7] U UX TPOU3BOMHLIX. B 5ToM cityuae
TSI TIOJTY I€HUs Y PABHEHUI OTOOPAKEHUST BXOI — BBIXO OCTATOYHO K cucTeMe (2.12) no6aBuTh
cooTHOMEHUS Y;, = h; (T, U~ ) |p—p(zu), T = 1,7, IpaBBIe YaCTH KOTOPLIX OyAYT (byHKIIIMIT
TOJIBKO TIEPEMEHHBIX I3 CUCTeMbI ypaBHeHui (2.12).

IIpumep 2.2. I[ns cucTeMsr

[ii'l =T+ XU
i’g = X9 + Uy

jfg = T3Uy
Y1 =21+ T2
Y2 = T3T2

MEeTO[ UCKITIOUYEHNS TIEPEMEHHBIX COCTOSHUS PEATN3YETCS B BUIE CIEMYIONINX BBIUMCIEHU.
Panr marpurnst 9kobu oTHOCHTENBHO & = (T, Lo, X3) QYHKIWIT

21 =Y =21+ T2
29 =Y = To + T1U] + To + Uy
IpU Uy # 2 paBeH 2 U He BO3pacTaeT Ipu mobapieHun ¢yHKIINN
1 = IL’Q(Q + U1) + ml(u% + Ul) + 2uq + .

[TosTomy ki = 2 1 HANO PACCMOTPUBATEH BO3MOKHOCTE MOOABICHUS K DYHKIIMAM 21, 2o QYHKIIAN
23 = Yo = X3xo. PaHr maTpunsl JKobu OTHOCUTETHHO & QYHKITUN

21 =Y1 = T1 + T2
29 :yl = X9+ T1U1 + To + Uy (214)
23 = Y2 = T3T2
npu
paBeH 3 U, CJIEIOBATENbHO, TPU BBITIOIHEHUN STOTO YCJIOBUS CUCTEMA (2.14) o0 TeopeMe O He-
SBHOW (DYHKITUU JIOKATBHO Pa3pEInMa OTHOCUTENIBHO MEPEMEHHBIX I. OJTO PEIIeHne MOXKHO

Hal T .
v — 2y1 — g
r=—
.U — 2
— Uy — U
g, = AL T (2.16)
2 — Up
2 — Uy
T3 = Yo

Y1 — Uy — U
7 3aIlCaTh YPaBHEHUs OTOOpPAKEHUS BXOI — BBIXON IPU BBIMOJIHEHUU YCJIOBUS (2.15) B BUIE

CUCTEMBI
i1 = 22(2 + uy) + 1 (u? + 0y) + 2uy + Uy (2.17)

Yo = To3Us + T3(T2 + Uu1),
roe Ty, To u x3 u3 (2.16).
Ormerum, uTo: 1) mERCTBUTEIHHO MpaBas YacTh [epBOro ypasHenus B(2.17) He comepxuT
BTOPOIl IEPEMEHHOI BBIXOIA U €€ TIPOM3BONHLIX; 2) ycioBus (2.15) MOXKHO 3ammcaTh B BULE

U17£27 ?Jl—uﬂh—ul#o

U cOenaTh BBIBOIL O TOM, UTO XOTs HCXONHOE OIMUCAHUE CHCTEMBI B IEPEMEHHBIX COCTOSHUS
ONpEIENIeHO ISt BeeX (DJIaNKNUX) YIPABICHUN, IJIsl IOy YCHHBIX YPABHEHIN OTOOPAKEHISI BXOL
— BBIXOII 9TO HEBEPHO; 3) €CJIN OMEHSTH B UCXOIHOI CUCTEME TIOPSIIOK BBIXOIOB, TO AHAJIOTMUHBIE
BBIUNCIICHNUS IPUBENYT K OIPYTUM ypPaBHEHUSIM OTOOpaKeHUs BXOH — BBIXOL.



3. IIOCTPOEHUE PEAJIN3AIINN

[lon 3adauets peasuzayuy MOHUMAIOT IPOOIEMY HAXOMXKICHIUS IO YPABHEHHUSIM OTOODAKEHIIS
BXOJI — BBIXOJI OIIECAHNS CUCTEMBI B IEPEMEHHBIX IPOCTpaHCTBa cocTostHuil. Cucremy (2.4)—(2.5)
(B wacTHOM ciyuae (2.1), (2.2)) HaseBaIOT peaqusayuet; ypaBHeHuUil (2.3) 0TOGpaAXKEHUS BXOL
— BBIXOM, €CJIM IpU HoncTaHoBke ¢yHKumil (2.5) B cuctemy (2.3) ¢ yuetom (2.4) momydarorcs
TOXKIECTBA, U CYIIECTBYET TaKas BEKTOPHAs (yHKITHSI

t=Xty, gy wa, . ubY), (3.1)
IOICTAHOBKA KOTOPOil B cucreMy (2.4)—(2.5) ¢ yuerom (2.3) Takxke maer TOXKAECTBA.

HanHoe ompenerneHne o3HaUaeT, ITO CUCTEMBI (2.3) u (2.4) 5KBUBAJICHTHBI, IIPUYEM 3aMe-
HBI [IEPEMEHHBIX 3a0at0Tcs ypasHeHusmu (2.5) u (3.1) coorBercTBerHo. OTMETHM TaK¥kKe, 4TO
cooTHOIIeHNs (2.3) TMO3BONAIOT yOAINTH U3 BhipaxeHuil (3.1) MpoOU3BOMHbIE IEPEMEHHON ¥; TIO-
psanka k; u BBIIIE 1715 1106010 1 = 1, p.

B cayuae peanusanun Buma (2.1) Beipazkenue (3.1) He MOXKeT comepKaTh IPOM3BOLHBIE U
HOPSIIKA BBIIIE, YeM S — 1, OCKOJIbKY MHAYE IIPH ero MOACTAHOBKE B MubdepeHInaIbHY 0 JaCTh
yPaBHEHUIT cOCTOstHUS (2.1) TOXKAECTBO MOy YNTHCS. HE MOXKET, TaK Kak JieBas 4acTh (1) 3aBUCHT
OT HPOU3BOMHBIX U 6GOJIee BBICOKOTO TOPSIIKA, UeM IpaBas 9aCcTh OTUX ypaBHeHuWn. Taxum
06pa3oM, B paCCMaTPUBAEMOM CITyuae B BhpaxkeHuu (3.1) mpasas 9acTh MOXKeT 3aBUCETH TOIBKO
OT TIePEMEHHBIX

. ki1— . _ S— s—
t7y17y1a-"7y§1 1)ay27y27'--7 ngp 1),U1,...,Ug 1)7U'27"'7u$n 1)' (32)

Yenosus cymiectBoBanust Gyukiun (3.1) ynobuo chopMynmupoBaTh Ha A3bike auddepeHtm-
anbHbIX 1-hopm [7, 11]. A mmenno, obo3naunm depe3 F KOIbLUO TIanKUX (QyHKIUN, KaxkKmas
3 KOTOPBIX 3aBUCUT OT t, IIepeMEHHBIX Y, U4 1 HEKOTOPOI'0 KOHECYHOI'O YMCJ/Ia UX IIPOU3BOOHBIX.
OTMGTI/IM, YTO XOTs KOJIMYECTBO apTYMEHTOB 3TUX (l)YHKHI/Iﬁ KOHCYHO, HO OHI MOI'yT 3aBUCETHb

OT TPOU3BOMHBIX U OOOTO MOpsnKa. PaccMoTpum Momyns Ham J, TOPOXKIEHHbI nuddepen-
[UaaMi IepeMeHHbIX (3.2):

My = spang{dt,dy,dy, ..., dy* "V du, ... du"D}.

OrmeTuMm, 9T0 H{ COCTOUT U3 KOHEUHBLIX JIMHEMHBIX KOMOMHAIINHN yKa3aHHBIX MuhdOEePEeHIInATIOB
¢ xosdunmentamu 3 F. O6ozHaunm depe3 D TpOM3BOMHYIO B CHIy cucTeMbl (2.3), uepes
w® — j-10 mpomsBonuyto 1-bopMer w, B actrocTH: WM = Dw = w, w® = w. TlycTs

Hior = {wE€Hy: @ €H},  Hoo={weH: VioecH)

[Ipu Beraucnenun H;, ¢ = 2, 3, . .., MOJIE3HO YIATHIBATD, UTO eciti 1-popma w = f1 € Hy, roe
feF, ar € Hp, Te. T € Hp,tow = fr+ fT € Hi 1 IOSTOMY COTJIACHO OIpeneaeHuto Hy i1
1I-dpopma w = fr € Hiy1. Tax xax H; — momyns Hamg F, TO U3 MPUBEIEHHOTO PACCYKICHUS
e, 1= (k)y _

nyer, uto H;, i = 2,3,..., ecTh Takxke Momyau Ham F. 3amerum Takxke, uro D(dug ') =
d(Du((Ik)) = dulF D(dy") = dy!"*V. Tloorony

(2 K3

dugk)eHj mpu k<s—j, ¢g=1,m, dyi(l)GHj mpu | < kj—j, i=1,p.



3. IOCTPOEHUE PEAJIN3ALINN 10

OTMeTHM, ITO Hammdme cuMBoiIa u'®) B mpaBoil yacTH ypaBHeHuit (2.3) o3mavaer, 4TO ML

HEKOTOPBIX © = 1,p m ¢ = 1,m (QyHKIUA (p; 3aBUCUT OT Uq . LJis OpPyrux i mpaBas uacTb

(k) \rosxeT me saBuceTb or ul¥. g = I
7 q >q - 7m7
(ki+1)  (ki+2)

XOTsI KakKas—In00 CIeyolas IPOM3BOMHAS B CIUILy cHCTeMbl (2.3): y; Y , ..., MOXET

COOTBETCTBYIOIIEro ypaBHeHus (2.3), a 3HAUYUT, Y

3aBHCETh OT S-Of ITPOU3BOMNHOI YHpPaBICHUS, T.e. OT KAKOro—TO g . g Kaxmoro i = 1,p

0603HAYNM Uepe3 »¢; MUHUMAJBHBIA MOPSIIOK MTPOU3BOMHON B CUILy CUCTEMBI (2.3) mepeMeHHOM
s I

Yi, KOTOpasl 3aBUCUT OT ué ) IJIL HEKOTOPOro g = 1, m, eciu Takas IPOU3BOOAHAs CYIIECTBYeT, U

MOJIOXKIUM 2¢; = OO, €CJIN TaKoi mpou3BomgHoi HeT. OTmerum, uTo ; > k;.

Teopema 3.1. (a) Peamusauns suna (2.4)—(2.5) mokaapHO CyIiecTByeT Iiist ypaBHeHU: (2.3)
0TOOpaXKeHMsT BXOI — BBIXOI TOTIA U TOIBKO TOTA, KOTOa MORYIb Hs_,,+1 UMeeT Gasuc u3
TOUIHBLIX 1-hopm.

Ecnu Takast peanmsarust CyiecTByeT, TO
(b) n="FKi+ ...+ ky;

(¢) dynxmus y; = h; B (2.5) 3aBUCHT TOMBKO OT £, T, U, 1, . .., ul™ Y ecnu »; > s, u 3aBUCHT OT
tox,u,t, ..., w7 ecmm s < S.

Bwmecto OOKazaTelbCTBa dTOU TEOPEMEI IIPpUBEOCM AJITOPUTM IIOCTPOECHUA peaJ'II/I3aI_II/II7L

1. Ompenensem 6a3uc momysst H.

2. IlocnemoBaTenbHo miast ¢ = 2,...,85 + 1:
2.1) maxomum 6asuc momyisa H;;
2.2) mposepsiem ycnoBue Ppobenmyca cymecrBoBanus B H; 6asuca u3 Tounblx 1-dopm. Ecmam
yCJIOBUE BBIMIOTHSETCSI, TO YBeIUYMBaeM ¢ Ha | U mepexomuM Ha mar 2.1, mHade mosiaraem
k =1 — 1 u mepexonuMm Ha 1iar 3.

3. Haxomum mitst momynst ‘Hj 6a3uc u3 TOUHBIX 1-dopm.

4. omomusem HAOOD

dt, duy, ..., dulF duy, ..., dulTFD (3.3)
mo 6asumca momyns Hjy 1-dopmamu dXi,...,dX, u3 npenbigyiiero nyakta. Popmupyem Bek-

Topuyio dyukumio (3.1). Sgece n = ki + ...+ k,.
5. Obpartiaem 3aMeHy

t,y,7,... ,y(kfl), u,u, ... ,u(g)) — (t,x,u, 1, . .. ,u(g)), (3.4)

KOTOpast OIpernessieTcs: BeKTopHoi dyukimeit (3.1). Boeruncisem Boipaxkenus (2.5).
6. Huddepennupyem 3ameny nepeMeHHbIX (3.1) B cuity cucteMsl (2.3) 1 UCKITIOUAEM U3 TIOITY-
YEHHBIX BBIPAKEHUI BBIXOMIBI Y C TOMOIIbIO0 cooTHomeHuit (2.5). Tlomyuaem peanusanuio (2.4).
IIpumep 3. Paccmorpum oToOpakeHme BXOMa B BBIXOI, 3a/IaHHOE CUCTEMOM

i1 = y1y5 + n = Ys . (3.5)

B o6osnauenmsx (2.3) umeem: ki = 2, ks = 1,5 = 2. Haitnem mocnenosatensao momynu Hy, Ho
u Hs. [IpousBosnbHbIN 31eMeHT u3 H; uMeeT BUI

Q= aldt + a2dy1 + (l3dy2 + a4dg)1 + CL5dU + a6d7:L, ai, s, as, a4, as, Qg € f(g)
Orcroma

DQ = Daldt + D(l2dyl + Dagdy2 + D(I4d:[/1 + Da5du + DCZﬁdU"‘
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+ aody; + az2yadys + a4(y§dy1 + 2y1y2dys + y—du — ?dyg) + asdi + agdii.  (3.6)
2 2

Ecnu D) € Hy, To xosdduument npu dii B (3.6) pasen uymo. [Tosromy ag/ys + ag = 0. Taxum
obpazoM, Momyb Ho mopoxmaeTcs 1-dopmamu

dt, dyl, dyg, du, du — ygdyl. (37)

Bee atu 1-dopmbl, Kpome mocienmeir, Tounele. Huddepennman mociemmeir 1-popMBl ecThb
—dys Ndy; = d(91dys). CnenoBarensHo, 106aBuUB K mocienueit 1-hopme wabopa (3.7) ciaraemoe
—11dya, MBI TOITYUnM TOUHYIO 1-bopmy d(t — yot; ). Ilomydennsiit Habop ocrameTcs 6a3ucom
MonyJist Ha, Tak Kak moOABOK BBIpaXKaeTCs depe3 ocTajbHbie 1-hopMmbr 6a3uca. Taxum obpasoMm,
IPOM3BOJILHBII SJIEMEHT 13 Hoy MMeeT BUM

Q = a1dt + axdyr + asdys + asdu + asd (i — Y1), ai, ag, as, aq, a5 € F(E).
[ToBTOpSsIs HAIII pacCyXKIEHUs, TOTyIaeM

DQ = Daydt + Daydy, + Dazdys + Dagdu + Dasd(t — ya31 )+
+ asdiy + az2y2dys + asdic — as(yadyr + 3y1ysdys + 291yadys + yadin ).

Ecin DS € Hy, To maiinercs takas dyukuus g € F(E), uto asdi + (ag — asy3)dy; = g(di —
yodiy). OTciona g = a4 m ay — asys + agy = 0. YT0OB HallTH GyHIAMEHTATLHYIO CUCTEMY
PEIIeHn!l TTOCTIeqHEr0 YPaBHEH!, ojlaraeM ay = 1, a5 = 0, Torma as = —ys, m ag = 0,a5 = 1,
Torna as = 5. CrenosaTenbHo, MOMyTb H3 mopoxmaercs 1-hopmamu

dt, dys, du—yodyr, d(t—yain) + y3dys.

Kaxk u BoIlIte, no6aBisis K mociequuM aOByM 1-popmam ciaraeMbie ¢ dys, moitydaeMm 6asuc Hsz u3
TOYHBIX 1-opm:

dt, dys, d(u—yoyn), d(i— yoth + youn).

[To reopeme 3.1 mist cuctembl ypasHeHuil (3.5) 0TOOGpakeHUs BXOIN — BBIXOI CYIIECTBYET
peammsanus Buna (2.1)—(2.5). s mocTpoenns Takoil peann3aliny BBEIEM IEPEMEHHBIE

Ti =Y, To=U—Y2Y1, T3=U—1Y2l1 +Z/§y1-

Tormna
U — To U — T3+ T1U — 1T

Y = y Yo =71, WY1 =
€1 x1

(3.8)

[ToncraBiss MOTyYeHHBIE BHIDAXKEHUS VIS Y1, Y2, Y1 B IPOU3BONHBIE B CIIIY CUCTeMHI (3.5) me-
PEMEHHBIX I1, T, L3, IIOJIYIaeM yPaBHEHUS COCTOSHUS:

. 2 . . 2
T =x7, Ty = w3 — 201U + 27129 i3 =z (u—x39) ,

a (QYHKIIN BBIXONA OMPENEIIAIOTCS MEePBBIME IBYMsI YPABHEHUAME CUCTEMBI (3.8).

OTMeTHM, 9TO BBIYUCIEHUs s CUCTeMbI (3.5) MOKA3bIBAIOT, UTO 3] = 2, 33 = 00, HO TO
HUKaK He UCIIOIL3YEeTCs I TOCTPOEHMS PeAIN3allii.

Bameuanne. Teopema 3.1 MoxkeT ObITH O0OIIIeHA Ha ciTydail peanmmsanuu Buna (2.4)—(2.5).
A mmMmeHHO, Takas peanm3aius JOKAJIBHO CYIIIECTBYET TOT[a U TOJIBKO TOTAa, KOTOAa MOMYIIb
Hs—ro+1 UMeeT Oa3uC U3 TOUYHBIX 1-hopM.
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IIpumep 4. Paccmorpum cuctemy

= 1ys + 7 Yo =1U . (3.9)
2

Paccyxg:[aﬂ AHAJIOTUYHO IIpedbIOyIIeMy IIpUMeEpPY, HaXOONM 0asuc m3 TOYHBLIX 1—cpopM
dta dyh dyQa dua d<u - 9291)

Momyst He u 6a3uc
dt, dy», d(u—y2y1), d(i—yotn) + udgs.

Monyist ‘Hsz. Monynbs Hgz He mMeeT 6a3uc m3 TOUHBIX 1-DOpM, Tak KakK OH HE YIOBIIETBOPSET
yenoBuio Ppobennyca: mubdepentman mocienueit 1-gpopmer du A dyjy He JEXKUT B UIeasIe, TO-
poxnerHoMm momysieM Hs. IlosTomy orobpaxenume Bxoma B BBIXOI, 3amanHoe cuctemoint (3.9),
umMeeT peanusanuio Buna (2.4)—(2.5), rme o = 1. Ilig mocTpoeHns Takoil peann3anuy BBEIeM
IepeMeHHbBIe

Ti =Y, Top=U—1Y2Y1, T3=U— Y2y — UY1.

TOI‘II& YpaBHEHUA COCTOAHUA €CTh

. . . o u? u .
T =u, Ty = T3 , x3:(xg—u)(x%+x——2—2)+2—(a:3—u),
1 T T1

a QYHKIINU BBIXOOA —
U — To

Y1 y Y2
x

xI1.



4. YIIPABJIFAEMOCTD, JOCTU2KNMOCTD
1N HABJITOOJAEMOCTDb CUCTEM

4.1. Onpe,ue.neHI/m AJOCTM2KMMOCTHA 1 YIIPpABJIAEMOCTHA

3adaua mepmuHaabHo2o YnpasAeHuAg OJ1s1 CUCTEMbBL

&= f(x,u), reDCR", wuweUCcCR™, (4.1)

¢ TPAHUYHLIMU YCJIOBUAMUI
Tli=ty = Tu (4.2)
x‘t:tK = TK (43)

COCTOUT B HAXOXKIEHUN TAKOro ynpasienus u = u(t), t € [tg, tx], TP KOTOPOM peIlleHne 3a0adK
Kommn (4.1)—(4.2) ymosrerBopsier yciosuio (4.3).
CocrosiHue rx € D HasbIBAIOT JoCMUNCUMbIM U3 cocmogwug vy € D B obmactu D, ec-
mu cyiectByer pernenne (z(t),u(t)), t € [tg,tx|, cucremsr (4.1), ymoBmeTBoOpsIoLIee yCIoOBU-
M (4.2), (4.3) n
z(t)e D, wu(t)eU upu tE€ [ty,tk].

Cucremy (4.1) HaseBAIOT ynpasagemot 6 obaacmu D, ecau moboe coctosane rx € D moctu-
KIMO 73 JII000ro cocTtosHus g € D B obmactu D.

4.2. IlepBble uHTErpasibl cucTemM u Ho,

s omucaHmss MITHIMAIBHBIX PEATN3alliil YPABHEHN OTOOPaYKEeHMsT BXO — BBIXOI HEOOXO-
IMO TIOJIYYUTDH OMUCAHUE MEPBBIX WHTETPAJIOB 9TUX yPABHEHUI.

Oyukumo g(t,y, 7, ...,y u,,. .., u") HassmBaoT nepevim unmezpasom cucmemvr (2.3),
eCJI IPOU3BOMHASL DTON (QYHKINY B CHIIY CHCTEMBI (2.3) TOXKIECTBEHHO PaBHA HYIO. B maHHOM
IYHKTE MBI MIOKaXeM, 9T0 nuddepeHnnaibl IePBEIX NHTErPAIoB cucteMbl (2.3) mexar B Hoo

Cucremer Buna (4.1) ects gacTHbIl ciaydait cucteM (2.3): mpu p =n,s = 0,y; = x5, k; = 1
s mo6oro ¢ = 1, p. IloaToMy Bce HOHATHS U Pe3yabTATH 3TOTO IMyHKTA PACIPOCTPAHIIOTCS I
Ha cucreMsl Buma (4.1).

OTMmeTuM cHaYasa, YTO COOTHOMIEHUs (2.3) MO3BOJSIOT YAAJUTH U3 IEPBOTO MHTErPaja
cucTeMbl (2.3) MPOM3BOMHBIE TIEPEMEHHOI ¥; MOpsiaKa k; U BBIIIE IS J000TO | = 1,p. Iocae
TaKOI 3aMeHbI IIEPBBIN MHTErPaJl ¢ He MOXKET 3aBUCETH OT IIPOU3BOMHBIX U MOPSIKa BBIIIE, YeM
s—1. [leicTBUTENIBHO, €CITN S) — MAKCUMAaJIbHBIN TOPSIOK MTPOM3BOMHON 1, OT KOTOPOM 3aBUCUAT
g, 1 So > s — 1, To mpousBonHas ¢ B CuiLy cucTeMsl (2.3) paBHa

p ka—2 m  Sg
(la+1 (k+1)
+ZZ Eisoa E: ()
a=1 1,=0 a B= ﬂ
Jr
1 3aBHUCHUT OT u/(@so ) I HEKOTOPOTO ﬁ =1,...,m, a 3HAUNAT, HE MOXKET ObITh TOXKIECTBEHHO

paBHoll Hymo. Takum 06pa3oM, TEPBBII HHTErpas CUCTeMbI (2.3) MOXKeT 3aBUCETH TOIBKO OT
TepeMEHHBIX

tyr, Ui, - ,yi’“*”,y%yg, e ]gkp_l),ul, . ,ugsfl),ug, o ,u,(f;_l). (4.4)
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B wactHOCTH, OTCIONmA cnenyet, uTto dg € H;.

IIycte k* = s+ k; + ...+ k, + 2. IIpocTparcTBO ¢ KOOpOMHATAMHE

. (k1—1) . kp—1 (J+s-2) jHs—2 S ot
tvylayla"'vyl Y Y2, Y25 - -+ 1()p )7u17"'7u1 7u27"'7u7(n )7 j_k +]-7
obo3raunmM depes €. MoxHO moka3aTk, 4TO O oboro j = 1, k* 4 1 6a3uc momymnsa H; MOXKHO
BEIOpATh U3 1-hopM wi, ..., w; , 3aBUCSLIMX TOILKO OT koopauHaT Ha £. OTOXIECTBUM 5TH
J

dbopMbI ¢ cooTBeTCTBYIOIIMI 1—(opmamu Ha €. OTMeTHM, 9TO XOTs 5Tu GOPMBI 06Pa3yIOT
6asuc momyns H;, HO B HEKOTODBEIX TOYKax £ OHU MOTYT OBITH JmHeHHO 3aBucHMbIMHT. Ilonm
pasmeprocmpio modyag H;, j = 1,k* + 1, B Touke 6 € £ MBI HOHIMaeM Pa3MEPHOCTE JTMHEHHOI
060JI0UKHY, HATSHYTON Ha KOBEKTOPHL Wy ¢, - - - ) Wi, 6 O6ozuaumm ee gepes dim H,lg.

Touky 6 € £ 6Gymem Ha3bIBaTh H—pe2yagproti, eCcii B HEKOTOPOIl OKPECTHOCTU HTON TOUKI
st moboro j = s+ 1, k* + 1 mMomymns 'H; nuMeeT HOCTOSHHYIO Pa3sMEepPHOCTB.

Teopema 4.1. B okpecTHOCTH H-PETYIISIPHOI TOUKA
(a) cymecTByeT Takoe HarypaibHoe j* < k¥, aro Hje 11 = Hjx;
(b) Hoo = H,;» = spang{dt,dgi,...,dg,},

TIE G1, .- ., Jp — MAKCUMAJIBHEIN HAGOP (QYHKINOHAIBHO HE3ABUCHMBIX [IEPBLIX NHTETDAJIOB CH-
creMsl (2.3).

Hoka3zarenscTBo (a). Tak xak nmst Bcex j = 1, k* + 1 mbl umeem Broxerne Hj C H;,
TO B Kaxmoll Touke ¢ € £ pa3MepHOCTb Momyss H; He Bo3pacTaeT ¢ pocToM j. Ob6o3HaUMM
Tepes § Takoe MaKCHIMAJbHOE HATypasibHoe ducio, 9ro dim Mg < dim H;|p mpu j = s+ 1, 4.
Torma dim H,i1]p — dim H;41]g > ¢ — s. C mpyroit croporsl, B pabote [7] (eM. memmy 1 Tam)
g j = 1,5 GBLTO JOKA3aHO PABEHCTBO

Hj=Hj1 @ spanf{dugs_j), o dulsIY

[Mosromy dim Hgyq|g = dim H;|p — ms. Konugectso snemenTos 6asuca momyis Hi, a 3HAUNT,
I €ro pasMepHOCTH B JI000i Touke paBHa 1+ ki + ...+ k, + ms = k* 4+ (m — 1)s — 1. Taxum
obpazom,

k*—s—1=dimHs1]g > dimHepq]g — dim Hgq]g >0 — s,

orkyma ¢ < k* — 1. CnenoBarenbro, mits moboit Touku € £ cyiecTByeT Takoir Homep j* < k*,
yTo Momyan Hj-yq um Hj« MMEIOT OMUHAKOBYIO pasMepHOCTh. B okpectmocTn H-perymapHoi
Toukn 6 momymu Hj«yy m H;+ UMEIOT IIOCTOSHHYIO Pa3MEPHOCTB, a 3Ha4nmT, Hj«y; = H;« B
OKPECTHOCTH HTOW TOYKH.

Hoka3zarenbcTBo (b) MoxHO HaiiTu B [8].

loBopsaT, uto cucrema (4.1) yIOBIETBOPSET PAH2080MY YCAOBUI YNPABATEMOCTU, €CIIN

Hoo = spang{dt}.

Teopema 4.2. Eciu cucrema (4.1) ynpasisema Ha MHOXKeCTBe [, TO OHa HE UMEET TIep-
BBIX MHTETPAJIOB U YAOBJIETBOPSIET PAHTOBOMY YCJIOBHIO ympasisemocTu. Ecmu cucrema (4.1)
He yIOBJIETBOPSIET PAHTOBOMY YCJIOBHUIO YIIPABIISEMOCTH, TO OHA MMeeT IepBble MHTEI'DAJIBL B
OKPECTHOCTH JTI000I H—PEryasspHON TOUYKMN.

IIpumep 4.1.
By =29, &y =In(zd + 221) + 2iu.
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4.3. locTaTOYHbIE yCJIOBUS
OOCTVMXKVMOCTH U yIIPaBJIsA€MOCTH

Teopema 4.3. (JlokansHoe ycioBue moctuxumoctu) Eciu B Touke  cucrema (4.1)
YIOBIIETBOPSIET PAHTOBOMY YCJIOBHIO YIPABIAEMOCTH, a (X4 (1), u,(t)) — perrenne 5Toil cucTeMbl
u z.(ty) = xg, TO cymecrByer Takoe A > 0 u okpecuocts V' C M Touku x,(tg + A), uro V
IOCTIZKIMO U3 TOUKH Ty

Teopema 4.4. (JlokanbHoe ycioBus ynpasiisiemocTu) Ecin (x,(t), u.(t)) — mepuo-
muaeckoe perterne cucteMs (4.1), z.(to + 1) = x.(to) mas mexkoroporo T' > 0, u cucrema (4.1)
YIOBIIETBOPSIET DAHTOBOMY YCJIOBUIO YIPABISEMOCTH B OKDECTHOCTU KDPHUBOH = = Z(t),t €
[to, to + T'], TO cyIIecTBYyeT OKPECTHOCTH 3TOM KPUBOIL, B KOTOpO cucteMa (4.1) ympasisema.

3amadva: TpoOBEePUTH PAHTOBOE YCIIOBUE YIIPABIISIEMOCTH ISl CCTEMBbI

B = a9, 9= In(zs + 211) + Tiu.

4.4. HabmromgaeMoCTh CUCTEM
CucTteMa ¢ BXOIOM U BBIXOIOM

t = f(z,u), zr€DCR", uelUCR", (4.5)
— h(z), yeR”, (4.6)

nabarodaema, eciu ee GYHKIUIO COCTOSHUS X (1) MOKHO BOCCTAHOBUTD IO PE3YJIbTaTaM U3Mepe-
Hust yHkunn Berxona y(t).
Henoanasg nabarodaemocmsp: MOXKHO BOCCTAHOBUTD YaCTh KOMIIOHCHTOB BEKTOPA COCTOSIHIIS.
[Iycts V — momMuOXkecTBO MHOXKecTBa [ momycTuMbix coctostamit. CoctosHue a € 'V
HA3BIBAIOT Heomauuumbim B V oT coctosuus b € V| ecnu

VtE [to,T] w(t) €V, ayp(t) eV, u(t) €U Vit € [to, T
2u(t) = f(xa(t), u(t),  w.lto) = a,  y.(t) = h(z.(t)) mo :oy (t)
i) = Flop(t) u(t)), wp(t)) = b, up(t) = hlag(t)) R

Cucremy (4.5)-(4.6) Ha3BIBAIOT W0KAABHO Habaodaemoti B obmactu M x U (M C D), ecin
mobast Touka a € M mMeeT OKPeCTHOCTb, B KOTOPOW HET HEOTJIUIUMBIX OT G COCTOSHUI.

Teopema 4.5. (YcmoBus yokanbHOl Habmomaemoctu.) Cucrema (4.5)-(4.6) mo-
KaJabHO Habmiomaema B obmactu M X U < B mioboil Touke (x,u,u(l), e ,u("*z)) obmmacTu
M x U x R™"2) myveem

dh OD(h) D" ' (h)\
rang (%’W,.”’T —n, (47)
rme
) o 2.9
_9 9 (i+1)_9
D=o+ f(x,u)ax + Zu e

— [Ipou3BOMHAS B CIITY cucTeMbl (4.5).



5. OBPATUMBIE CUCTEMDBI

5.1. O6paTumbie OTOOpPaAXXEHU ST BXOA—BbIXO
Paccmorpum cucremy ¥ ¢ BXomoM (), BBIXOIOM () U 3aHaHHBIM HAYAIBHBIM 3HAYCHUEM

ZL’(to)Z

y=h(z), yecRr,

x(to) = xo.

5. {j::f(x,u), r €R"” ueR™,

Cucremy

R: {Z‘:F('Z?y?y.?"'?y(l))7
u:H(Z7y7y‘7"'7y(l))

HA3BIBAIOT NPasoll 06pammuotll s CUCTEMBL Y, €CJIN CyIIecTByeT Takoe z(tg), uTo Burxon ¥(t)
cucTeMbl Y paBeH Bxomy ¥(t) cuctembl R B cityuae, Korga BXon u(t) cucTeMbl Y, BEIOGDAH PABHBIM
BBIXONY K.

Y u » Y

7l Right inverse . 7

Cucremy

L: {Z':F(Z7y7y""7y(l))7
u:H(Z’y7y7"'7y(l))

HA3BIBAIOT €601 00pammotl IJisl CUCTEMBL Y, €CII CYIIecTByeT Takoe z(tg), uTo BeIxOm u(t)
cucrembl L paBeH Bxomy u(t) cucteMsl X B ciIyuae, Koraa Bxom y(t) cucreMbl L BHIOpAH PABHBIM
BBIXOMY 2.
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y X Y o Left inverse 7,

Hamee MBI OymeM HCIONB30BATH T€OMETPUYECKUN SI3LIK U CJIEMYIOIINe MOHSTHS Oas3uca u
pasMepHocTu Momysell muddepeHmaibabix 1-hopM. Ilycrs U — OTKPBITOE MOIMHOXKECTBO
MmHOrooOpasuss M, F — mommomynns momyns nuddepennuanbubix 1-dopm wHa M. Habop 1-
dhopM Wi, . . .,wy HazbBaeTcsa 6aszucom modyisg E B U, ecnu B kaxkmoir Touke ¥ € U KOBEKTOPEI
W19, -« ., Wey 00pasyroT Gasuc jmHEHHOTO mpoctpaHcTBa Fy = {wy € TyM |w € E}. llon
pazmeprocmyio monMonyis E 8 mouke ¢ € M Mbl HOHIMaeM pa3MEpHOCTH IMPOCTPAHCTBA KO-
BeKTOPOB Fy. Yepes dim E Mbl 0603HaYaeM IeJIOUNCICHHY 0 QYHKINIO Ha M | 3HAUEHIEe KOTOPOI
B TOYKe ¥ eCTh pa3MepHOCTh F B U.

O60o3maxmM uepes £ 06IACTH TIPOCTPAHCTBA ¢ KoopmuHaTamn t, x,u, u'Y ... u™ rme ompe-
MeJleHa cucTeMa Y, a yepe3 F — KOJIbIo Tiankux GyHkiui Ha €. Pacemorpum Ha £ BeKTOpHOE

oJie
@ n m

= — txu—
t+j2:;fj 8xj+z

=1 1=0

n—1
(1+1)
u

Huns dyskmmi (nuddepernnanbHbix GopM) Ha £, HE3ABUCSIIUX OT u("), npou3BonHas JIu Bmoib

D coBnanaet ¢ IpOoM3BONHON B CUTY CUCTeMEL Y. IlepeMeHHEIC COCTOAHUSA T, BXOOA U; W BBIXOIA

Y;, & TaKXKe UX IPOM3BOAHBLIE IO TOPSIOKA M B CHJLYy CUCTEMBI Y MBI IOHUMAaeM KakK (PyHKINN

Ha &. IIpomsBomuEle mopsnka BEIIEe N QYHKIWNA 2;, Uj, §; MBI He OyIeM najlee pacCMaTPUBATh.

st yuximm (muddepenmanbaoi 1-hopMbr) g depes g(j) OymeM 00O3HAUYaATh €€ MPOU3BOIHYIO

NOpAKA j BIOIb BekTopHOro mons D: gU) = Di(g). B wactaoctu, ¢ = g,¢") = g u T.1.
Pacemorpum cnenyrorue momynu nuddepeHnuaibHbx 1-hopM Ha E:

Ey = spang{dz}, F),=spang{dz,dy}, ..., E,=spang{dz,dy,...,dy"},
Yy = spang{dy}, Y1 =spany{dy,dy}, ..., Y, =spang{dy,dy,... ,dy ™Y
3neck u nasee gepes de, dy u T.1. Mbl 0603Ha"aeM HabopwL dr = (dw1, . .., dx,), dy = (dyy, . .., dy,)

u T.1. Paccmarpusaemele HAGOPEL GopM (uin GyHKINIT) MBI IOHIMAEM, B 3aBUCUMOCTH OT CH-
Tyalun, Wil KaK MHOXKECTBA, WM KaK CTOJIOIBL.

Touky 0 € £ GyneM HasBIBATDH pe2yagproli MOwKkol CUCTEMbL X, €C/I B HEKOTOPOU OKPECT-
moctu sroit Toukn det (Of/0u) # 0 m mng k = 0,n mMonymu Ej u Yj, UMEOT MOCTOSHHYIO
Pa3MepHOCTb. B OKPECTHOCTH PErysIsapHOIl TOUKH UHCIIA

Uk:dimEk—dimEk_l, k’zl,

HA3BIBAIOT CMPYKMYPHLIMU KOIPPuyuernmam, a p = 0, — PAGH20M CUCTEMDL 2.
Ha wmcnomb3yemMoM HaMu reOMETPUYECKOM SI3bIKE KPUTEPHUH OOPATUMOCTH CIpaBa CUCTEM
bopMyIupyeTcs CIenyIOIIM 00pa3oM.

Teopema 5.1. B okpecTHOCTHU PETYISIPHON TOYKM CHCTeMa X oOpaTmMa CIpaBa TOTIa 1
TOJIBKO TOTMIa, KOTIa €e PAHT PaBEH Pa3MEepPHOCTH MOIYIIS Y.
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Kax mpasmio, paccMaTpuBaroT citydail, korna QyHKIun Berxona hy (z), . . ., hy(z) dyskmo-
HAJIBLHO HE3aBUCHMBL. B 5TOM cilydae ycioBre 00paTUMOCTH CIPaBa U3 TeOPEMbI 5.1 BBITJISONT,
Kak p = p.

CTpyKTypHBIE KOO(DOUIMEHTEI CUCTEMBI I 0OpaTHas CUCTeMAa IJIsi Hee MOT'YT ObITh BBIUU-
CJIEHBI C MOMOIIIBIO, TAK HA3BIBAEMOTI0, CTPYKTYPHOIO aJIrOpuT™Ma. [IpUBeNeHHbIN HIXKe BapUAHT
5TOTO AJTOPUTMA MO3BOJIAET BHIYUCIATH HOPMAJIbHbBIE (POPMBI CUCTEM, a 3aTeM NX 00paIlaTh.

5.2. CucrteMbl HOPMAJILHOTO BUIIA

B cioygae m < p cucmemoti wopmasbro20 6uda 0TOOPAKEHNS BXOM—BBIXOMI OyIeM HA3BIBATH
CHCTEMY BHUOA

w = S, i=Tm,
yr(:rj]) = g](ﬂ)v j = 17p —m,
ﬁl = Sﬁl(?jﬂ?au)» :1,TL1,
roe y = (y1,...,Yp) — BBIXOL, 1) = (N1, ...,Ny, ) — HEHAOIIOZAEMAs IACTH IEPEMEHHBIX COCTO-

aans, § = (y1, ..y gy, det (Of JOu) # 0.

AJITOPUTM MOCTPOEHUS HOPMAIBLHON (POPMBI [JIs CUCTEMBI X ¢ m < p COCTOUT U3 3
5TAIoB.

Ha sTame 1 MHOXecTBO (GYHKIUI BLIXONA Y B OKPECTHOCTH Pery/apHoit Touku ¥ € & mo-

CIIEMIOBATEIBHO PAa30MBACTC HA HENEPECEKAIOIIMECS TIOAMHOXKECTBA Y(o], Y(1)s Y[1], - - - > Y(30)» Y[se+1]
CITEMYTOIITIM 00pa3oM.
[Mar 0: W3 mMuO)kecTBa PyHKIUN y BBIOMpAEM TaKoe MOIMHOXKECTBO (p, 4To d(y — 6asuc

momynst Yy = spanz{dy}. Ocranbuble GyHKINN y BKIIOIaeM B Habop yjg. Torma yp) = Go(Co) —
Habop pyHKIUI OT (.

[Mar 1: N3 muOXKecTBa DYHKITHI éo BEIOMpaeM TakKue MOOMHOXKECTBa U(1) U (i, YTO:
a) (dw,dvqy) — 6Gasuc momyns Ey = spang{dx, dy};
b) (dv(y,d(o, d¢y) — 6asuc momymns Y, = spang{dy, dy}.
O6o3nauaeM depes ;) Takoe IOAMHOXKECTBO (QYHKIMI Yy, UTO %) = (1), a HAOOp Y] CO-
CTaBJIeM M3 TeX KOMIOHEHT (y, IPOU3BONHEIC KOTOPLIX HE BXONAT HU B (i, HI B ¥(1). lorna
y[(ll]) = G1(Co, C1,v(1y) — dynximu ot (o, (1, V().

[Mar k: N3 mHOXKECTBA QYHKITUN ék,l BLIOUpaeM TaKue IIOIMHOXKECTBaA (k) U (j, UTO:
a) (dz, dv((f)),i =1,k,j =0,k —1i) — 6asuc momynsa E, = span{dz,dy, ..., dy"};
b) (dv()),d¢,i =Tk, j =0k —i,l=0,k) — 6asuc monyna Yy = spans{dy,dy, ...,dy"}.
Obo3HagaeM gepes y(x) TaKoe IOIMHOXKECTBO QYHKIHH ¥y, 4T k-asg MPOM3BOMHAL Y (k) COBIAIAET
C U(k), & HAOOP Y[ COCTABIIAEM U3 TeX KOMIIOHEHT ¥/, k-Ble IPOM3BOMHEIC KOTOPBIX BXOIAT B o1,

HO He BXOHAT HU B (i, HU B V(). Torna y[(:]) = Gk(g,v((f))), rmei=1,k,j=0k—1,1=0,k.

Oram 1 ocTaHaBIMBaeM Ha IIAre », €CIM HAOOPBI V(,41) U (.41 mycTeie. Torma y(”) =

. [se+1] —
Cor y[(j:_rll}) = G%H(Q,v((f))), rme | = 0,2,1 = 1,2, = 0,2x — 4, a paHr p CUCTEMBI Y. paBeH
KOJIMIECTBY 3JIEMEHTOB B HAOOPAX (1), - - - » Y(s)-

Oran 2. Ecim Y, # F,,, To n3 MHOXKeCcTBa GYHKINA & BEIOMPaEM TaKOe MOIMHOXKECTBO 1),
4TO HaOOP KOBEKTOPOB d1)y MOMOJIHAET 0a31C IPOCTPAHCTBA Y, y IO Oa3mca IPOCTPAHCTBA [V, ».

Ecnu momyne E,, conep:xut He Bce 1-popMbr HabOpa du, TO U3 MHOXKeCTBa GYHKITUH U BbI-
OmpaeM TakKoe IOIMHOXKECTBO Uy, YTO HAOOP KOBEKTOPOB dUy ¢y MONOIHAET 6a31C IPOCTPAHCTBA
spang{duy} N E,, y 0o 6asuca npocTpancTsa spang{duy }.
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~ 1 1 x
Ob6ozrauaem Yy = (CO? SR 7C%) - (y[1]7 Yy -+ -2 Ylsgdr Y30 Ylse+1]5 y[(Q])7 y((z))v s 7y[(%_)l,_1})7 v = (v(l)a
-, U(30), V) U CTPOUM HOPMAJIBHYIO (HOPMY
yg)) = U(j)) j: ]-7_%’
y o= Gi), j=Txt1, (5.1)

n = o»ny,v,0,... ,v(”_l)).

Oran 3. Haxomum o6parumoe mpeobpasoBaHue CUCTEMBI Y. B HOpMaIbHYIO dhopmy (5.1):

y = h(x)7 yéf)) = hE"Z))(x’ u7 u? AR 7u(]71)>7 y[(/;]}) = hff])(x7 u? /L.L7 A 7U(J_1))7
n=mn(x), v = hg%(x,u,u, conuT) vy =y (u), i=1x+1, j=1,i—1,(5.2)
TIIE U(3e41) B Y(se41) — IYCTHIE HAGOPHL.
Bameuanne. B ciydgae p = p mepeMeHHBIE Y|, ..., Y[41] U BTOpAS TPYIIa ypaBHEHMI

cuctembl (5.1) orcyrcTBytor. B ciayuae ke p < p mepeMeHHBIE BBIXOLA HE [IPOU3BOJIBHBI, &
CBSI3aHBI YKA3aHHBIMU ypaBHeHUsMHU cucTeMbl (5.1).

JaHHBIT aJIrOPUTM CONEPKUT HECKOIBKO YTBEDKIEHUH, TPeOYIOINX noKa3aTeabcTa. Te-
OpeTUYeCKIM OOOCHOBAHMEM 3TOTO aJIFOPUTMA SIBJISICTCS CIIELYIONIasl TeopeMa.

Teopema 5.2. B okpecrnoctn perymsproit Touku ¢ € £ CHCTEMBI Y. KaXKIbIil IIar
IPUBENEHHOTO AJITOPUTMA OCYIIECTBUM U PE3YIBTATOM €r0 IPUMEHEHUS SBIISEeTCS HOpMAaJIbHAsT
dopma (5.1) u obparumoe npeobpasosanue (5.2).

Iloka3zaTesbCTBO 5TOIl TEOPeMBl I METOI BhLICICHNs QYHKIMA V(k), (), OCHOBAHBI Ha, CJle-
MYIOUTNX BYX JIEMMAaX.
Jlemma o momostmeHum. Ecnu B okpectHOcTH Toukm 6 € M wmHOroobpasus M momynb

E = Span cee( M){dzl, ...,dza} MMEET TOCTOSHHYIO Pa3MEPHOCTD, W, . . .,Ws € F, a KOBEKTOPHI
W19, .,Wse ITHEHO HE3ABUCUMBI, TO CYILIECTBYIOT TaKHe WHIEKCHI 1, ..., [, (1<l; <a), gro
B HEKOTOPOII OKpecTHOCTH Touku 6 € M nHabop (w1, ..., ws, dz,, . .., dz,) ecTs 6a3uc momyns L.

JlemMma o pyHKIMOHAJIBHON 3aBUCUMOCTHU. IlycTh ¢, 21, ..., 2z, — Taagkue GyHKIUNT HA

Muoroobpasuu M, 0 € M,
(1) dg € spangee(pry(d21, - - -, dzs);

(2) xoBeKTODEL d21 g, . . . , 25 g TMHENHO HE3ABUCHMBL.
Torma cymecrByer Takas Gyuknus ¢ s mepemenubix, yto ¢ = P(21,...,25) B OKPECTHOCTH
TOoukm 6.

Teopema 5.3. Ilpu p = p cucrema (5.1) obpaTuma cnpasa, oOpaTHas K Hell eCTh CUCTEMA

/"7 = (p(n7 g’ /l)7/l.}7‘ A 7/1)(%_1))7
vy = ), j=1Lx (5.3)

C BXOIOM = (v (21
Y U BBIXOIOM U, T2ie § = (Y1), - - - Y(s)s Yiyr - - ,y(%H)).

st mocTpoeHns: 06paTHON CUCTEMBI MIJIsI CUCTEMBL X C p = P IOCTATOIHO
1) mpuBecTHu ee K HOPMAJILHOMY BHIY;
2) mpuMeHUTH TEopemy 5.3;
3) umcnonb3yst obpaTHOE MpeobpasoBaHue K mpeobpaszoBanuio (5.2), HAWTH 3aBUCUMOCTH U =
U(na g? U) :

Torma obpaTHas cucTeMa €CTh CUCTEMA

,r'] = gp(n7 g?v7/l>7"‘7/u(%71))7
u = U(n,yg,v), (5.4)
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1 P23
rue v = (yél)), . ,y((%)),v#).

IIpu p = m cucrema (5.4) obparHast cleBa K CHCTEME L.



6. MUHNUMAJIBHBIE PEAJIN3AIIAN
CUCTEM YIIPABJIEHWUA

6.1. MuHuMaJIbHbIE PEAJIN3ANNN JINHENHBIX CUCTEM

B Teopum JIMHETHBIX CTaIMOHAPHBIX CUCTEM €CTh IIOHATUE MHIHIMAaJILHON peanan3annn. HpI/I
m = ]_, P = 1 YpaBHEHUE OTO6pa}KeHI/I§I BXOHO — BBIXOO OJId TaKNX CHUCTEM MMEET BI

y(k) +ak,1y(k*1) +.. .—i—aoy = bsu(s) —i—bs,lu(s*l) +... +b0u, Ap—1,...,00, bs, . ,bo € R, (61)

I IIOJIHOCTBIO XapaKTepu3yeTcs ero nepenaTodHon PyHKINel, KoTopas sBiseTcss IpoOHO — pa-
UOHAJIBHON (DYHKIIEN CBOETO apryMeHTa:

Y(q) = %, Al =¢" +ap1d" V... Fag, B(q) =byq® +be_1¢" ...+ Do
Muorounensr A(g) uw B(g) MOryT UMeTb COBIANAOIINE HYJIM, & 3HAYNT, OOIIUE NEeTTHNTEIIN:
A(q) = E(q9)Ao(q), B(q) = E(q)By(q). B sTom ciyuae, cokpaiias obiiue NeTUTENN u-
CITUTEIIs. U 3HAMEHATEIIs IePeaTOIHON (QYHKIINY, Oy YaioT IPUBEIEHHYIO (PemLyInPOBAHHYIO)
nepenaTouHyo GyHkmmo Yoy(q) = ﬁg—gg. HuddepennmanbHoe ypaBHEHNE, COOTBETCTBYIOIIIEE
PELYIPOBAHHON TepenaToIHoN GyHKImY (6e3 O0IuX HeIuTeNIeil INCIUTeINsT U 3HAMEHATEI ),
Ha3bIBAIOT PELyIINPOBAHHBIM YpaBHEHHUEM OTOOPaKeHUs BXOI — BBIXOM WX PedyKIUel ypaBHe-
uus (6.1). Takoe ypaBHeHUe mMeeT peasnm3amnuio, KOTopast SBJSIETCs YIIPABIILEMOl 1 HAGIIIOIa~
€MOIl JIMHENHOW CTAIMOHAPHON crucTeMOon. Ee Ha3bIBAIOT MUHUMAJILHON peasin3alliueil ypaBHe-
Hust (6.1) oro6GpazkeHust BXOI — BBIXOI.

Omnpenenenus peqyKinyu 1 MITHIMAIILHON PeaIn3aluu B HEJIMHEHOM CIydae MOTUBUPYIOTCS
crenmyIonmMu coobpakeHusMu. 1IycTh BBemeHHBIE BBIIIE MHOTOUICHBI IMEIOT BUI

E(q) = ¢ +ea1q® " +...+ey, Aolq) =¢"+ a%_lqﬂ*1 +...4+a), Bolg) = bng ).

O6o3uaumM
g=y" + ag_ly(ﬁ_l) +.. 4 ady — bgum — ... = bu.

Torma penykuus ypasaerus (6.1) npencrasmnsercs B Bune g = 0, a camo ypasaenue (6.1) — B
BIIIC

P et ) (@) =0 (62)
dre Ca—1 die—1 . €0 g) =VU. .

Ormernm, uto ypasrenue (6.1) 1 ero MUHUMAIIBHAS PEATN3alnsd He SKBUBAJCHTHBL. Jleil-
cTBUTENbHO, penykuus g = 0 ypasrenus (6.1) He skBuBasieHTHa ypaBHenmio (6.2), Tax Kak
cpemu pereruii ypaBuenus (6.2) ects perenus, mis Kotopeix g = 0. C mpyroit ¢TOpoHBI,
PEmyKIsl SKBUBAJIEHTHA MUHUMAJILHON peanusanun, a ypasuenue (6.2) — ypasuenuio (6.1).

Ypasuenue (6.1) u ero penykiust g = 0 BMecTe ¢ HYJIEBLIMUA HAYATLHBIME YCIIOBUAMU

y(0) =§(0) =... = y*V(©0) =0 (6.3)

OTIPENENIAIOT OTOOPAKEHUS BXOMIA B BHIXOH. ODTHU OTOOPaKEHUS PA3INIHBI, TAK KAK CYyIIECTBYIOT
Takue pelenns ypasaerus (6.2), KOTOpPBIE yIOBIETBOPSIOT HAYAIBHBIM ycaoBusM (6.3), HO He
VIIOBIIETBOPAIOT ypaBHeHUO g = (.
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Omnako eciau paccmarpusaTh ypasuenue (6.1) u ero penykimio g = 0 BMecTe ¢ HyJI€BLIMU
Ha4YaJIbHBIMI YCJIOBUAMU 1 Ha Y, 1 Ha U:

y(0) =9(0) =...=y*V0) =0, u(0)=...=u“"D(0)=0. (6.4)
TO UX MHOXKECTBO pellleHull OymeT coBmalaTh, TaK KakK IjIsd Bcex Takux perienuit g = 0. Iei-
CTBUTEIBHO, mycThb (y(t),u(t)) — xakoeubo pemteHue ypaprerus (6.1), ymoBrmeTBopsirolee

HavaIbHBIM yenoBuaM (6.4), ¢g(t) — 3Hauenuwe dyHKunuM g Ha 5TOM perernu. Y pasaenue (6.1)
npencrasisercs B Bune (6.2), a 3HauuT, ¢ — pernerne 5Toro ypasaerus, npudem ¢(0) = 0, Tak
kak pererne (y(t), u(t)) ynoBrerBopser HauambHbIM yenoBusM (6.4). VI3 TeopeMbl equHCTBEH-
HOCTH peleHust 3amaan Komm nyist IrHeHOro ypaBHeHus noaydaeM g = 0.

Takum o6paszom, ypasrenue (6.1) u ero MUHIMAIBHAS DEATIN3AINs 3a0a10T Pa3Hble 0TOOpa-
KEHIS BXOI — BBIXOI, €CJIM PAaCMATPHUBATH HAJYAJIbHBIC YCJIOBHUS TOJIBKO HA Y, U ONUNHAKOBHIE
0TOGPaKEeHUsI BXOI — BBIXOJ, €CIII PACMATPUBATH HyJIeBble HaYaJIbHBIC YCIIOBUS U HA Y, U HA U
(mnst ypaBaerus (6.1) — ycmoBus (6.4), s MIHEMAIBHOR Peal3aiil — UM COOTBETCTBYIO-
umme). Kpowme Toro, eciu ypasuenue (6.1) umeer penykimio, To o > 0 B (6.2), u Torma dg € Heo
1o onpeneneHuio Ho,. B cioyuae o = 0 peanmusauns ypasuenus (6.1) sBIsSeTCs MUHIMAIBHOI,
11t TAKOTO ypasHeHus Ho, = spanz{dt}, u no Teopeme 4.1 OHO He MMeeT MEPBLIX UHTErPAJIOB.

6.2. MuHuMaJIbHbIE PeAJIN3ANNN HEeJIMHEMHBIX CHUCTEM

[Tepeiinem k obmeMy (HemuHeRHOMY) ciaydaro. HamomumM, uTo cucrema (2.3) u ee peannsa-
st (2.4)—(2.5) onpemesnsioT BBIXO [0 BXOIY MDY YCIIOBUN 3aaHNN HAYATIBHBIX 3HAUCHU BBIXO-
Ia U TEPEMEHHBIX COCTOSIHUSI cOOTBeTCTBeHHO. OObIuHO cucreMa (2.3) u ee peammsanust (2.4)-
(2.5) paccMaTpuBaeTCs B OKPECTHOCTH KAKOrO—IHOO DEIleHus. B oToM ciiyuae HadasbHBIE
3HAYEHWs BBIXOLA ¥ IEPEMEHHBIX COCTOSHIUS OIPEHEIISIOTCS 9TUM PEIIeHIeM (B JIMHEHOM CILy-
Jae — 5TO HYJIEBOE IIOJIOKEHIE DABHOBECH).

Paccmorpum oTobpakeHne BXOI — BBIXOI, 3aJaHHOE CHCTEMON (2.3) 1 HAUAIbHBIMU yCIIOBU-
SIMIL
yD(ty) = yﬁ)o, u(ﬁk)(to) = ugf()), a=1,p, 1=0k,—1, B=1,m, k=0,s—1. (6.5

«

[Ipennonokum, 5T0 ke 0TOOpaKeHNe 3a1aeTCs IPYTON CUCTeMOiT Buna (2.3) ¢ TeMH e Hadallb-
HBIMI YCJIOBISIME, HO MEHBIIIETO MOpsinka. 1orna BTOPYIO CHCTEMY HA3BIBAIOT Pedyyuposantot
cucmemoti wu pedyxyuet; cucteMsl (2.3) 0TOOPAKEHUS BXOI — BBIXOI C JAHHBIMI HAYAJIbHBIMI
YCIIOBISIMU.

Munumasvrot peasusayuet cucreMs (2.3) 0TOOpaKeHNs BXOL — BBIXO ¢ HAUAIIBHBIMI YCII0-
Busivu (6.5) HaspiBatoT cucteMy Buma (2.4)—(2.5), KoTopas He IMeeT EPBLIX HHTEIPAJIOB I 3a-
IAEeT C YIeTOM HAUAIbHBIX YCIIOBHIT HA IEPEMEHHBIE T, U, U, . . . , u* 1) To ke camoe 0TOGpazkeHne
BXOII — BBIXOI.

OTMeTHnM, UTO MUHUMAJIbHAS DeaIM3anus CUCTEMBI MOXKET He ObITh ee peajm3alneil, Tak
KaK B CJIydae pealn3alliil SKBUBAJEHTHBHI MHOXKeCTBa BCex pereHnil cucteM (2.3) u (2.4), a
B Cllydae MIHUMAJIBHOI Dean3aliil 5KBUBAJICHTHBl MHOXKECTBA TOJIBKO TEX DEIIeHUI 5THX
CHCTEM, KOTOPBIE YIOBIETBOPSIOT 3aJaHHBIM HAYAILHBIM YCIIOBUSIM.

MuHnMambHas peann3anus CHCTEMbI CTPOITCS METONOM YIAJIEHIS IEPBLIX NHTEI PAJIOB.

AJropuTM BBIYNCIIEHNS] MIHUMAJILHON peain3aliun.

1. Cpemu gucern or 1 mo s+ 1 HaxonuMm MakcuMasbHOe k, I KOTOPOTO MOMY/Ib Hj mMeeT Gas3uc
13 TOYHBIX 1-popM.

2. Boibupaem 6asuc monyns Hy Buna {dt,dg.,...,dg,,dzy, ..., dx,}, voe gi,. .., 9, — MaKcu-
MAJIBHBI HAGOD (QyHKINOHAIIEHO HE3AaBIUCUMBIX [IEPBBIX MHTEIPAJIOB CUCTeMBbI (2.3).
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3. Haxomum cucremy Buma (2.4)—(2.5), KOTOpPO#l YIOBIETBOPSIOT GOYHKIUA 1, ..., T,. s
5TOTO IPOM3BOAHBIE B CIUIY CHCTEMBI (2.3) 5TuX (QYHKIWI U IePEMEHHBIE BEIXOIA Y1, - . - , Y BBI-
pazkaroTcsa uepes t,x, g, u, 1, . .., u™ . Tlocie 9TOro B MOMYUCHHBIX BEIPAKCHISX IICPEMCHHBIC
g=1(91,--.,9,) 3AMEHIIOTCS Ha Te 3HAUEHUS] COOTBETCTBYIOIINX IE€PBLIX HHTETPAJIOB, KOTOPEIE
ONPENENSIIOTCST HadalbHBIME yermoBusMu (6.5).
4. Ecmm mocropennas cucreMa Buma (2.4) He o6iamaeT HEPBBIME HHTEIDAJIAME, TO B COBO-
KYIHOCTH C BhIpaxKeHUAME (2.5) U HAYAIBHBIME YCJIOBUSMU HA TIEPEMEHHBIE X, KOTOPbIe Ope-
NEJSIIOTCS HavaJlbHBIMEI ycrioBusMu (6.5), OHA TpencrasiseT OO0 MCKOMYHO MUHUMAIBHYIO
peanu3anuio. Ecaum ke MOCTOPEHHAs CHCTEMa MMEET MEPBbIe MHTErPAJIbI, TO MOBTOPSEM IIarn
1-3 mpuUMEeHHTENBHO K 5TOi cucTeMe. [l BBIYUCIEHUs MEPBLIX MHTErPAJIOB CUCTeMBbI (2.4)
MOKHO TpuMeHuTh Teopemy 4.1. Illaru 1-3 MOryT MOBTOPSTBHCS TOIBKO KOHEYHOE YHCIIO pa3,
TaK KaK KayKII0€ MOBTOPEHNE YMEHbBIIAET TOPSIOK CUCTEMBI.

Heobxomumo maTh TeopeTmyueckoe 0OG0CHOBAHUE STOTO AJITOPUTMAa, T.€. MOKA3aTh, UTO Ka-
KIBII €r0 IIAr PA3PEIInM U Pe3yTbTATOM IPIUMEHEHUs aJITOPUTMa SIBIISETCS MIHUMAIBHAS Pe-
anm3amys CuCcTeMbl. MBI cIemaeM 9To B CIydae CyIIeCTBOBaHUS peamsanun Buna (2.1)-(2.5).

Teopema 6.1. [Iycts B okpectHOCTH H—perymsapuoit Toukn § € &£ ypasHenus (2.3)
0TOGpasKeHNsI BXOI — BBIXO MMEIOT peasmsaiuio Buna (2.1)—(2.5), a

th y(()i)O? u(ﬂlf()ﬁ o = ma l= Oa ka - 1? 6 = 17m7 k= 07 k*+s— 17

— koopausaThl Toukn 6. IIpenmonoxknm raxxe, 4To cucreMs! Buna (2.4), KOTOPBIE MOy Ial0T-
Cs B Ipoliecce IPIMEHEHNs IIPUBENEHHOTO AJITOPUTMA, O0IALal0T CBONCTBOM H—PeryspHOCTH
B TOUKax, cooTBeTcTByomux §. Torna B HEKOTOPOI OKPECTHOCTH TOUKH § KaXK[BI IIAr IpH-
BEIIEHHOTO aJITOPUTMa PA3PEIINM U Pe3yIbTATOM €ro IPUMEHEHHs SBIISeTCsS MIHIMAIbHAS Pe-
anu3amnus cucTeMsl (2.3) ¢ HadanbHbIMU ycaoBusMu (6.5).

Hoxka3aTenbcTBo. U3 1. (a) Teopemsr 3.1 crienyer, aTo MOmyiib H 1 B OKPECTHOCTU TOUKH
0 umeet Gasuc Bunma {d&,...,d&;}. A smauut, mar 1 amropurma mnaer k = s + 1.

W3 u. (b) Teopemer 4.1 ciemyer, uTo B okpecTHOCTH TOUKN § MOmynib Ho, uMeeT Gasuc BuIa
{dt,dg1,...,dg,}, roe g1,...,9, — MakCUMAJIbLHEIN HAOOD QyHKIMOHAIBLHO HE3ABUCHMEIX IIEp-
BeIX mHTerpasiop cucrembl (2.3). Tak xak Ho C Hsy1 (cM. sTan 1° nokasarenscrsa 1. (b)
Treopemsl 4.1), To dg = Ad§, rme dg m d§ — cronbusl Habopos 1-dopMm dt,dg,...,dg, n
d&, . ..,d&; coorBercTBenHo, a A — marpuna gyukuuit. Panr marpunsl A B OKpecTHOCTH
TOUKN ¢ MakcuMmajeH 1 paBeH p + 1, Tak Kak 1-dopmsl dit, dg,, . .., dg, TUHEHHO HE3aBUCUMBI.
Pacemorpum maTpuiy A B Touke 6 u kakoii—au60 ee 6a3uCHBI MIHOD B 3Tol Touke. OGo3HAUNM
Jgepes Ty, ...,T, Te GyHknuu Habopa &, ..., &4, KOTOPbIE COOTBETCTBYIOT HeOA3UCHBIM CTOJIO-
naMm. Torma 1-dopwmer dt, dgi, ..., dg,,dx,. .., dr, THHEHHO HE3aBUCUMEL B TOUKe ), a 3HAUNT,
u B HEKOTOpo# okpecTHOCTH . Tax kak pasMepHOCTH MOMyns Hyq MOCTOSHHA B OKPECTHO-
ctu Touku 6 m paBHA U + p + 1, To ykazauusii Habop 1-hopm obpasyer Gazuc Momyiist Hgy.
[TosToMy 1m1ar 2 Takke pa3perrmm.

B kadyecTBe KOMIOHEHT BeKTOPHOI dyHKImu (3.1), KOTOpas ompenesnser Mepexol K pean3a-
i Buga (2.1)—(2.5), MOXKHO B3aTh byHKIMI, nuddepeHnnansl KOTOPBIX BMecTe ¢ dt 06pasyioT
6asuc Hyyq. B mannoM ciyuae aTo GyHKIUN gy, ..., gy, 1, ..., T,. TaK Kak gi, ..., g, — IepBLIC
UHTErPasIbl, TO

OcranbHble ypaBHeHUs: cucTeMbl (2.1) uMeror Bun

$z:fz<t797$7u)7 = 17:“ (67)
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Tax kax 0601 351eMeHT Hgy 1 O ONPENeNeHnIo JIEXKUT B H1, & 3HAUUT, €CTh JINHENHAs KOMOU-
Hanus 6asucHeIX Mg Hy 1-dopm, To dyHKIMU g1, ..., 7), T1,- .., T, 3aBUCAT TOJIBKO OT IEpe-
MeHHBIX (4.4). [Tosromy Hauanbuble yenoBust (6.5) npeobpasyioTcsl B HAUAIBHBIC YCIIOBUS

gj(t()) = Gj,05 j = ]-Jpa (68)
zi(to) = 20, u(ﬁk)(to) = u(ﬁlf()), i=1,u, B=1m, k=0,5—1, (6.9)

TIe g0, Ti0 — 3HaUeHns QYHKOUA g;, x; B Touke 6. W3 ypasuennit (6.6) ciaemyer, aTo dyHKINT
g1, - ., J, MOCTOSHHEL BIOJIb KaxkKIoro permerus cucTeMsl (2.3). IlosToMy Ha Beex peleHmsX
cucteMsl (2.3), yOOBIETBOPSIOMINX HAYAILHLIM yeaoBmsM (6.5), GyHKIUM ¢; IPUHIMAIOT 3HA-
venus (6.8). A 3HAUNT, IJIsT ONUCAHUS BCEX TAKUX PEIIEHUN TOCTATOYHO PACCMOTPETH CUCTEMY,
KOTOpasl MOJIyTIaeTCs U3 cucTeMsl (6.7) 3aMeHOI ¢, ..., g, HA UX 3HadUeHHSI B Touke §. B Bb-
paxeHIsX (2.5) HepeMeHHBIE ¢y, . . . , §, TakyKe 3aMEHSIOTCS Ha 5TU 3HAUeHNI. DTO HOKA3EIBAET
Pa3pemmnMoCTh IIara 3.

Tak xak cucrema (6.6)—(6.7) sBrseTcs peanmsanueii cucteMsl (2.3), TO OHa €l SKBUBAIEHT-
Ha. A 3HAUNT HOTyYeHHAs U3 Hee CHCTEMa 3a0aeT C yIeTOM HadalbHBIX ycimouil (6.9) To xe
caMoe 0TOOpaXKeHne BXOI — BBIXOJ, UTO U cucTeMa (2.3) ¢ HauanbubiMu yetosusmu (6.5). ITosTo-
My eciu cucrema (6.7) ¢ MOCTOSHBIMU ¢ HE MMEEeT MEePBbIX MHTErPAJIOB, TO OHA B COBOKYITHOCTH
¢ BeIpaxkeHusME (2.5) 1 HavaIbHBIME yCIoBUIME (6.9) SIBISETCS MUHIMAJIBHON peasIi3aliietl.

Ecnn ke cucrema (6.7) ¢ HOCTOSHBIMU ¢ UMeeT HEPBBIE HHTETPAJIBI, TO OHA B COBOKYITHOCTH
¢ BolpaxkeHusiMu (2.5) mpemncrasiseT coGOl CBOIO peainm3anuio TpeOyemoro Buma, a 3HAUUT,
YCJIOBUSI T€OPEMBI BBIIOIHSIOTCS U IUIsL 9TON cucTeMbl. Kak TOIBKO UTO MBI HOKA3aJd, IIArK
1-3 MOTYT OBITH MMOBTOPEHBI. JTO 3aBEPINAET NOKA3ATEIHCTBO TEOPEMBI.

IIpumep 1. Haiimem MuHUMAIBHYIO pean3allnio 0OTOOPaKEHUs BXOIa B BBIXOIM, 3aIaHHOTO
CUCTEeMON

Y1 = Y2 + UY2 + U2, Yo = 2Y2y1 + 2u1y2y1 — 2Ury;.

NMveem ky = ky = 2,5 =1, a g = 7 — 1o — 2usly; — TIepBBIl UHTErpasl cucTeMbl. MuHIMaTbHAS
peanm3anus eCTh CUCTEMa,

. . . 2
T1 = T, X9 = T3+ UT3+ Usg, T3 = Ty — 2’&21’1

C BBIXOIIOM
Y1 =21, Y2 = 3.



7. INMHAMNYECKU JINMHEAPU3Y EMDBIE
N IIJIOCKUE CUCTEMDBI

7.1. IlorsaTue nuHAMUYECKON OOpaTHON CBS3U
PaCCMOTpI/IM CUCTEMY C yIIpaBJICHUEM BUOA
T = f(t,z,u), ze€R", ueR™ (7.1)

Hunamuueckot 06pamuoti cedsvio cucteMsl (7.1) Ha3bIBaIOT OOPATHYIO CBSI3b BHUIA

E=alt,z,&v), u=0b(txEv), £€RY veR™, (7.2)

¢ cocTosiHreM &, BXomoM (&, v) 1 BBIXomoM u. OGIIacTh MPOCTPAHCTBA ¢ KoopauHaTaMu t, x, &, v,
TJie OIpeesieHbl (QYHKIMN @ U b, HA3LIBAIOT 004GCMbI0 0NpedeseHusd, a IUCio d — pa3mepHo-
cmpio dunamuueckoti obpammnot ceg3u (7.2).

HNuaaMugeckyo o6paTHYO CBsI3b (7.2) MOXKHO MOHIMATH KaK IIpeobpasoBaHue cucteMs (7.1)
B CUCTEMY

T = f(t, x,b(t, x, f,v)), E=alt,z,& ) (7.3)
¢ coctosuueM (x,€) € R™ u ynpasnenuem (Bxonom) v. Bropoe pasencTso B (7.2) onpenenser
0TOOpazKeHNe U3 MHOXKECTBA pelleHnit cucreMsl (7.3) B MHOXeCTBO perteHnit cucremsr (7.1).

AnropuTM mocTpoeHuss IUHAMUYECKON OOpaTHOU CBsI3U, IIPe0Opa3yIolilieil cucTe-
My B HOPMAaJIbHYIO (OpMYy.
1. Il cucteMsr X ¢ m = p = p CTPOUM HOPMAIIBLHYIO (HOpMY

98)) = vy, Jj=1Lx
n o= o g,0,0, ... ,0%D) (7.4)
u obpaTumoe peodpa3oBaHTe
y = h(x), y(%) = hg))(x, u, 1, ..., ul™Y),
n=n(x), v = hgg(a:,u,u, cou)Y =T, =111, (7.5)

peobpasyrollee CucTeMy Y B HOpMasbHYIO dopmy (7.4).

2. Haxomum obpartnoe mpeobpasoBanune kK mpeobpazoBanmio (7.5). MoxkHO mokasarh, 4TO
dymKIIA © U3 cuctemsr (7.4) 3aBUCHT TOMBKO OT 1,9 = (1,7, ..., y* V) m w = y*), npu sToM
U,V(1), - - - VU(—1) — IOIMHOXKECTBa Habopa ¥, V(,) — HOIMHOXKECTBO HabOpa w, a obpaTHOe
npeoOpa3oBaHUe UMEET BUIT

v=Xn9), uw=U®mn9 w). (7.6)

3. Buibupaem dyukimm 1, . . . , & IepeMEHHBIX 7, 3 Tak, 9To0bI MaTpuia Axobu J(&, z)/0(n, y)
Obl7Ia KBaOPaTHOU 1 HEBBIPOXKIIEHHOU.
4. Boipaxkaem npomsBonasie &1, . .., & oTux GyHkunit B cuiny cucremst (7.4) gepes 1,y u w.
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5. B momyueHHBIX BbIpaxKeHUSIX s &1,..., g U Uq,. .., Uy, TEPEXOOUM OT TEPEMEHHBIX
n,Y,w K nmepeMeHHbIM &, x, w. [lomydaem nuHAMITYECKYIO OOPATHYIO CBS3b

£ =a(x,&w), u=0b(r,&w), (7.7)
KOTOpast B COBOKYIIHOCTHU C (7.6) npeobpa3yeT CUCTEMY ) B HOPMAJIbHYIO (HopMy

y = w,
n o= ¢ w)
loBopsar, uro cuctema (7.1) auneapuzyema Junamuueckot obpammuoti cégsvio (7.2) (mmm

IPOCTO QUHAMUYECKY AUNEAPU3YEMQ), €CIIU TOIYIAIOIIAsCI € MOMOIIBIO 3TOM CBS3U CHCTe-
Ma (7.3) mpeobpasyeTcs B 9KBUBAJICHTHYIO CUCTEMY BHIA

(ni) _ -
y, =, i=1,...,m, (7.8)
o0OpaTUMOil 3aMeHOI TePEMEHHBIX BUIA

=1, y:Y(t,l',g), v =",
~ . (n1-1) (nm—1) —
roe § = (Y1, Y1, - -, Yy JY2ys ey U ) — cocrosirue cuctemsl (7.8). B ciyuae d = 0, T.e.
korma & OTCYTCTBYET, ONPENeICHIe TMHAMIIECKON JIMHEAPU3YEeMOCTH SKBUBAJICHTHO OIPEIesIe-
HUIO CTATUYECKON JIMHEAPU3YEMOCTH.

Teopema 7.1.
1. Ecnu cuctema mpuBOOUTCs K KAHOHUYECKOMY BUIY, TO OHA MMHAMUYECKW JIMHEAPU3YeMa.
2. B ciyuae omHOMepHOrO yrpasienus (m = 1) cucremMa AUHAMUYECKH JIMHEAPU3YyeMa TOTIa 1
TOJIBKO TOT[a, KOTIa OHA IMPUBOMUTCS K KAHOHMYECKOMY BULY.

B ciiydae m > 1 CyIECTBYIOT CHUCTEMBI, KOTOPBIE OVMHAMWYCCKU JIMHEAPU3yEMbI, HO HE
OpUBOOATCA K KAHOHUYCCKOMY BUIOY.

ITpumep 7.1. Cucrema

T = wucosb,
= wusiné, (7.9)
. u

HE IMPUBOOUTCA K KAHOHNYIECCKOMY BUIOY. OJIHaKO OHa OUHaMHWYECKHN JINHEeapusdyeMa OUuHaMHI4de-
CKOU OOpaTHON CBSI3bIO

£ = v cosl+ vysind,
u = ¢

o = arctg l(vg cos O — vy sin 0).

£2
[Tormywaromasics: ¢ MOMOIIBIO 9TO AUHAMIIECKON 0OpaTHOI CBsi3u cucreMa Buna (7.3) 3aMeHOi

IEPpEMEHHBIX Y] = T, Yo = Y IIpeobpa3yeTcs B 9KBUBAJIEHTHYIO CUCTEMY U = U, Y2 = V. D

Banmaga 7.1 Hokaxure, uTo cucreMma (7.9) He IPUBOOUTCS K KAHOHIMIECKOMY BUIY.
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7.2. II;10CcKUEe cucTreMbl
[Tycts | — mekoToOpoe HeoTpuiaTeabHoe 1ejaoe. Cumras mepeMeHHbIe

. . . 1
T, T1y ooy Ty ULy oovy Uy Wiy woey Umy Uiy «.n u§,3

HE3ABUCHMBIMIE, PACCMOTPUM IPOCTPAHCTBO ¢ Takumu KoopmuaaTamu. Iycts OV — obmacTs
sToro npocrpancTBa. Cucrema (7.1) Ha3bIBaeTCS NAOCKOU B 06IACTH OW . ecimr ma OY ompe-
[eJIeHbl Takne QyHKIINN

g = h(t,z,uy .. uY), oy = he(txus . u®), (7.10)

YTO TEepPEMEHHbIe T U U BbIpaxkaroTcs depes t, dyukiun (7.10) u uX IPOM3BOMHBIE B CUILY CH-
creMmbl (7.1) IO KAKOrO—TO KOHEUHOT'O TOPSIIKa, a Joboil KoneuHslil Habop dyukuumit (7.10), ux
IIPOU3BOMHBIX B cuity cucTeMbl (7.1) u dyHkunm ¢ dyHKInOHATBHO He3aBucuM. [Ipu sTom HAGOD
dyuxuit (7.10) HasbIBaeTCA Naockum (AIH Auneapu3ywum) euizodom cucteMsl (7.1).

Banmaga 7.2 Jlokaxure, uTo cucreMa (7.8) IIIOCKAs C IIIOCKUM BBIXOIOM (Y1, - -« Ym)-

Teopema 7.2. Jluneiinas cucTema IJIOCKasl TOTIa U TOJIBKO TOTIa, KOTIa OHA YIIpaBIIsIeMa.

HOKaSaTe.TIbCTBO STON TEOpEMEI ClIenyeT 13 TeOPEMbBI Bp}THOBCKOFO, 3a0a4m 7.2 u unBa-
PUAHTHOCTHU IIOHATUSA MJIOCKOU CUCTEMEL.

Teopema 7.3. Perymnspuas cuctema (7.1), mpuBomsinascs K KAHOHUYIECKOMY BILILY

yz(nz) :g’i(tagau)a izl?"'ama

3aMEHON MepeEMEeHHBIX

t=t, y,=Yilt,x), w=wu;, i=1,...,m,
SIBIETCS IUIOCKOI ¢ mtockuM BbixonoM (y1 = Y1 (¢, @), ..., Ym = Yiu(t, 7))
3amaua 7.3 llokaxute TeopeMy 7.3, UCIOIB3YS OMPENETICHNS.

Teopema 7.4. FEcnu perynapras cuctema (7.1) miockas, To ee ylIpaBieHUE U IIIOCKUIT
BBIXOIl UMEIOT ONUHAKOBYIO Pa3MEPHOCTD (1 = m), a mis aro6oro ¢ = 1,...,m HOpSIoK cTap-
el TPOU3BOMHON (DYHKIIUNU ¥;, BXOMSIIEH B BBIPAKEHUE IJIs U, HA €IWHUILY OOJIbIIEe MOPSIKa
cTapIIell MTPOU3BOMHON ¥; M3 BBIPAKEHUS I T

T = X(taybyla s aygnlil)ay% s 7y7(77;m_1))7 (711)

u = U(tuyhyl"“Jy§n1)7y27"'7y7(7?m))' (712)

3amaqy TpPOBEPKH, SIBIISIETCS JIU 3aIaHHBIN HAOOD GYHKIINN MJIOCKIM BBIXOIOM, PEIIaeT Clle-
ITYIOITIAs

Teopema 7.5. Ilyctsb cucrema (7.1) perymspaas.

1) Ecrmr B o6mactn O cymectsyoT Takue r = m dbyuxmmit (7.10), 9T TepeMeHHEE CO-
CTOSIHUS T, ..., T, BBIpAXKAIOTCI 4depe3 t, QYHKINN Y, ..., Y, U UX IPOU3BONHBLIC B CUIY CH-
cremer (7.1) MO KaKOro-To KOHEWHOTO Mopsmka, To cucTema (7.1) mmockas B obmactu OV, a
GyHKUUA Y1, ..., Y, 00PaA3YIOT ee HJIOCKUN BBIXOI.
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2) Ecnu BexTopuas dyukums y = (yi, ..., Yn) Buga (7.10) TakoBa, 9TO IEepEeMEHHBIE T CO-
crosans cucteMer (7.1) He BBIpaxatorcs uepes t,y, 7, ...,y mpu K =n+ (m—1) -1, o x
HEJIB3S BBIPA3UTH uepes b, 4,1, . ..,y ™ mu nas kakoro k, T.e. y He ABILETCS IIOCKUM BEIXOIOM

cucteMmsl (7.1).

[Tosmyuennyto B Teopeme OIEHKY il K HEIB3s yaydIInTh. A MMEHHO, s JTOObIX 1, m, [
MOKHO IIOCTPOUTH MIPUMEPHI IJIOCKIX CUCTEM U IIJIOCKUX BBIXOIOB, IS KOTOPHIX K OymeT paBeH
yKa3aHHOH B TeopeMe OIeHKe.

ITpumep 7.2.  Cucrema (7.9) perymspaas u mwiockas B obmactu {u # 0} ¢ mwiockum
BBIXOIOM ¥; = &, Y = 2. IIJIOCKOCTHOCTH CJIemyeT U3 yTBepkKIeHus 1) TeopeMsl 7.5, Tak Kak
u? = i + 93, a mpn gi + g3 # 0 mveem

r =1, z=1y, 0O=arctg 2, korma 1 #0, m 6 = arcctg &, korma 1o # 0.
Y1 Y2

Teopema 7.6. Cucrtema miIockas TOTa U TOIBKO TOTIA, KOT/Ia CYIIIECTBYET TAKON BBIXOL
Y, 9TO
1) y 3aBUCHUT OT T, U U KOHEUHOTO UKCJIA MTPOU3BOMHBIX U;
2) cucreMa HabIIOOAEMa OTHOCUTEIIBHO Y;
3) COOTBETCTBYIOIIAsE CUCTEMA BXOI-BBIXOMI O6paTUMa CIpaBa U CJIEBA.

7.3. IlocTpoenne nuHaMuUYIeCckKon oOpaTHON
CBsI3U, JINHEAPU3YIOIIIEN TIJIOCKYIO0 CUCTEMY

Kaxmnoe pemenne cucremsl Buna (7.8) omHo3HauHO ompemnensercs byHKmusMu yq(t), . . .,
Yim(t), KOTOPEIE MOTYT GEITH BBIOpaHb! mponssoibEEn (vi(t) = ™ (¢)). Taxmm obpasom, co-
orromenus (7.10) mpu r = m onpenensoT 0TOOpaXKeHre U3 MHOKECTBa pelleHuil cucreMsl (7.1)
BO MHOXeCTBO perrennil cucremsl (7.8). Oro orobpakenue ects Guekims, eciau (7.10) — mwioc-
Kuil BIxon cucteMsl (7.1). JIeficTBUTENBHO, CIOPBEKTUBHOCTE 9TOIO OTOOGPAKEHUs CIIELYeT U3
(YHKIMOHAILHON HE3aBUCUMOCTH JIIO60T0 KOHeuHOro Habopa dyukuumit (7.10), nX Tpou3BOAHBIX

u t, a coorHouenus (7.11) u (7.12) 3amaroT o6paTHOE OTOOPAKEHIE.

Teopema 7.7. Iycte B o6mactu OV perymspras cucrema (7.1) mmockas ¢ IIOCKIM
BerxonoM (7.10) m mveer mecto pasenctBo (7.11). Torma B okpecTHOCTH MIOGOI TOUKE 6 €
OW cymiecTByer muHaMmueckas oGpaTHAS CBA3b PA3MEPHOCTH d = 1y + ... + N, — N, KoTopas
nuaeapusyet cucremy (7.1).

Huuamuaeckas o0paTHas CBSI3b, JTMHEAPU3YIOIIAsl MIJIOCKYIO CUCTEMY, MOXKET OBITH TOCTPO-
eHa C TIOMOIIIBIO CJIEAYIOIIEr0 AJITOPUTMA.

[Iycts dyuxuun (7.10) o6pasyor miockuit Bexon cucteMbl (7.1) U BBITOIHSAIOTCS COOTHO-
mwenust (7.11).

1. Buibepem dyuknnm &, . . ., &y nepeMensbx t, § = (Y1, Y1, - - - ,yim_l), Y2, . .. ,yﬁ?’”‘”) TaK,
yToObI MaTpuia slkobu 0(€, X)/0y Oblna KBaAPATHON U HEBBIPOXK IEHHOI.

2. BopasuM mpomsBomHEIE &, ...,E&; 5TuX GyHKUMA B cuy cucTeMmbl (7.1) U dyHKIuM
ULy .oy Uy depes t, guv = (vy,...,0y), TOe V; = yz(m)

3. B [OIIyIeHHBIX BBIPAKEHISIX UL &1, . . ., &q LU, . . . , Uy, TEPEIIEM OT IEPEMEHHBIX t, §, U
K mepeMeHHbIM ¢, &, x, v. [loaydnm IuHeapu3yIOMIyo IMHAMIYIECKYIO 00OPATHYIO CBA3b.

, it =1,m.

IIpumep 7.3. Ilepementusie cocrosaus cuctemsl (7.9) Beipaxaorces uepes t, § = (y1, Y2, Y1, Yo)-
[HosTomy ny = ny = 2, d = 1. Buibepem dynkIuio { nepeMeHHBIX ¢, Y TaK, YTOOBI TEPEXOI OT
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NepeMeHHbIX ¢, , 2, 0, & k mepemenHbIM ¢, § Gbin o6patum. [lomoxum & = /9% + 3. Torma
U1 U Y BeIpaxatoTces uepes 0 u £ = cosb, g, = Esinf. Buipazum &, u, ¢ uepes t, y, i, Yo
B cayuae v > 0 momydgaem:

101+ Y2y [9 (ij23n — $192)
= T oo u = + s = arct — 5o -
¢ (92 + 43)1/2 SR SR T R

[Tepexons x mepemenuniM t, x, z, 0, £, V1 = {j1, Vs = o, MOIyUAEM JIMHEAPU3YIOIILYIO TUHAMUI-
4eCKyl0 0OpaTHYIO CBSI3b

u=2¢, ¢ =arctg —(vycosf —vysinf), & =wv;cos+ vysind

[
&
¢ obnacreio onpenenenus {u # 0}. O6paTHOe OTOOpaXKEHNe U3 MHOXKECTBA DEIIeHUNl CHCTe-

MBI (7.9) BO MHOYXKECTBO PeIeHUN JIMHEWHOU CUCTEMHEI §j; = U1, {Jo = Uy UMEeT BUII

. u? . . u?
t=t yp=x 1y =2, vlzuCOSQ—TtgcpsmG, v2:us1n0+7tg<pcose.

Sameuanue 1. U3 coorHomennit (7.11) u (7.12) ciemyer, 4To COCTOSIHUE T IIIIOCKOI CHCTE-
Mel (7.1) BbIpakaeTcs depes BpeMs ¢ U COCTOSIHEE § JTMHEHHOi cucTeMsl (7.8), a ynpasieHue u —
uepes t, § u ynpasiienue v cucteMsl (7.8). OmHako o6paTHOe 0TOOpAKEHNE MOKeT He 00Ia1aTh
STHUM CBONCTBOM, T.€. BBIPaXKEHUS IS §J, U MOTYT CONEPXKATH t, T, U U MPON3BOMHBIE U, . . . ,u(k)
10 HEKOTOporo mopsaka k. Tak, B paccMaTpuBaeMOM BHIIIE MIPUMEPE yIIPABIIECHUE (vl, U2) -
HEMHOIl CHCTEeMBI BHIPAKAETCS depe3 cocTosHue f, yrnpasienne (u, @) u npousBonuyio 4. Ta-
KM 06pa3oM, YTOObI IPECTAaBUThL IpeobpasoBanue miockoi cuctemsl (7.1) k Bumy (7.8) xak
obpaTtumMoe oToOpaxkeHHe objlacTeil MIPOCTPAHCTB, HEOOXOOUMO PacCcMaTpPUBAThH IPOCTPAHCTBA
OECKOHEYHON Pa3MEPHOCTH, KOOPINHATAMU KOTOPBIX SIBJISIIOTCSI BpEMsI, COCTOSIHISL, YIIPABJIEHUE
1 BCE IIPOM3BOOHBIE YIIPDABJICHUSI.



8. METOII IMHAMMNYECKON
OBPATHOMU CBsI3N

8.1. PerrteHue 3amady TepMUIHAJIBHOI'O
yIIpaBJIeHUS U cTabujm3anum

PaceMOTpUM MEXaHUUYECKYIO CuCTeMy, onuchbiBaeMyio cuctemon (7.1). TIpenmomoxum, Mbr
HaU GYHKIMIO YIIPABIEHUS Uy (), KOTOpas MO3BOJIET HAM CIIEIOBATH BBHIODAHHON TPAaEKTO-
pun x,(t). Ho kakue—mu6o ciryuaiiible BHENTHNIE BO3IENCTBES, He yunThiBaeMble cuctemoit (7.1),
U3MEHUTN (PYHKIIUIO COCTOSIHUS cucTeMbl Ha x(t), mpuueM z(tg) # () B HEKOTOPBI MOMEHT
t = to. B sTOM cityuae i BO3BpAIllEHUs HA 3a[0aHHYIO0 TPAEKTOPUIO X, (t) yrnpasieHue BbIOU-
paeTcs Kak perieHune 3adaut cmabuiu3ayu.

B knmaccuueckoit ¢hopMyIupoBKe 5Ta 3afada 3aKII09YaeTCs B MOUCKE TAKOW OOPATHON CBSI3U
u=U(t,x), a0 * = 2,(t) €CTh ACUMITOTUIECKN YCTONUNBOE PEIICHNE CHCTEMbI OOBIKHOBEH-
HBIX nuddepeHnnaabHbIX YpaBHeHUN & = f (t, z,Ul(t, x)) Llunamuveckut BapuaHT HOPMYITH-
POBKE TpebyeT HAWTU TAKyl0 MTUHAMUYECKYIO OOPAaTHYIO CBA3b (7.2) U BEKTOPHYIO (DYHKIIUIO
v="V(t, z,£), aTobBl M1 HEKOTOPOI BeKTOpHOU (yHKImu &, (1) HAGOD (:17* (1), &, (t)) OBLIT ACKM-
OTOTUYICCKN yCTOMUNBEIM PEIICHIEM CHCTEMEI

T = f(t,m,b(t,x,é,V(t,x,f))),
£ = a(t,:x,f,V(t,:E,f)). (8.1)

Iiist BO3BpAIlleHsI HA 3aMaHHYI0 TPAEKTOPHUIO T (1) B OMUCAHHOI BBIIIE CUTYAIUN YIPABIIe-
HUE BBIYUCISIETCS TI0 GOPMYIIe

w = b<t,g(t),x(t), V(t, x(t>,£(t>)>a

rae x(t) — cocTostHUEe CUCTeMbl B MOMEHT ¢, a £(t) ecTh pelreHne CHCTeMbl OOBIKHOBEHHBIX
nuddepeHIuaIbHbIX YPaBHEHNAN

£= a(t, &, x(t), V(t,x(t),§)>

¢ HauabHbIM ycroBueM () = £.(tp). Torma B ciyuae OTCYTCTBUS BHEIIHIX BO3LEHCTBUI IPK
t > to yuxums cocrosuuit z(t) Bmecte ¢ dyukimeit (t) obpasyor pemenne cucrems (8.1),
koTOpoe B ciydae 6musoctn z(tg) k x.(tg) crpemutes x pemenmo (z.(t), &.(t)) npu t — oo B
BUIY yCTONUMBOCTH HOCIenHero. A sHauut, x(t) crpeMutcs K . (t).

[Iycrs cucrema (7.1) muHeapusyema MUHAMUYIECKON 0OpaTHON CBsA3bIO (7.2) U msis Hee IO-
CTaBJICHA 3a]a9a TePMIHAIBLHOTO YIIPABICHU:

r(ty) = on, x(tx) = ox. (8.2)

IToxaxkem Kax pelIarTCAa IIOCTaBJICHHDBIC 3a0a49l OJIA TaKNX CUCTEM. PaCCMOTpI/IM CUCTEMY

i=f(t,z,b(t,x,&v),  &=alt xv), (8.3)
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B KOTOpYIO mpeobpasyercs cucreMa (7.1) mocsie TpuUMeHEHUs MUHAMIYECKOR OOPATHOM CBs-
su (7.2). Ilns BekTOpa & HONOIHUTENBHBIX [EPEMEHHBIX 3aIalliM IIPOM3BOJIbHBE (HAIPUMED,
HyJIeBbIe) HauasabHOe (&) 1 KoHeuHoe ({k) 3HAYCHUS U PACCMOTPUM Il cucTeMbl (8.3) 3amady
TEPMUHAIBLHOTO YIIPABIICHNUS:

v(ty) = vy, &(tu) =&u, 2(tx) =k, §(tx) = &k (8.4)

[To ompeneneHuio AUHAMUYECKON JmHeapu3yeMocTu cucteMa (8.3) o6paTuMOll 3aMeHON mepe-
MEHHBIX BHIA

t=t, §=Y(t,z,8), v=uv (8.5)
npeobpasyeTcs B S9KBUBAJICHTHYIO CHCTEMY

ygni) =, i=1,...,m. (8.6)

[Ipumenss npeobpaszosanue (8.5), momyuaem mis cucteMbl (8.6) 3amaay
g(tr) =Y (tm, 2w, &n),  G(tx) =Y (tx, 2k, &x)- (8.7)

Perenne 5Toit 3a1a4u 1 COOTBETCTBYIOLIEH 3a1a41 CTabUIN3aIIE XOPoLIo u3secTHo [6]. Ha-
IpUMep, CyIIeCTBYET PEIICHIe (y*(t), v*(t)) cucreMsbl (8.6), yIoBIeTBOpsoLIee yCIOBIsIM (8.7),
B BUOE MHOTOYJIEHOB IO 1:

2n;—1

yei(t) = D ait’, v(t) = ()™, i=1...,m, (8.8)

s=0

roe koshduunentsl {a; s} HaxomsTcs u3 cucreMbl ypasHeHumil (8.7). Dra cucrema cocTOUT
U3 JIMHEHHbIX ypaBHeHUil Ha {a;s}, U B ciydae tx # tg MATPULA CHCTEMBI HEBBIPOXKICHHA.
[TosTOMy CcuCTeMa UMEET eNUHCTBEHHOE PEIICHIE.

[Ipumensst 3aMeHy epeMEeHHBIX

t = t? T = X(t7 g)? £ = E(t7 g)? U= /U’ (8'9)

obpaTHyIO K 3aMeHe (8.5), momydaeMm W3 peIIeHIs (y*(t),v*(t)) perenne (a:*(t),ﬁ*(t),v*(t))
cucteMbl (8.3). DTo pelleHne yaOBIeTBOPseT yCIoBUsIM (8.4) B BULY B3aUMHOI 06pATUMOCTH
samer (8.5) u (8.9). Takum o6pasom, 3aBUCHMOCTD

us(t) = b(t, &u(t), 2u(t), vu(1)), 1 € [tu, 1],

pelaer 3amady TePMUHAIILHOTO yIpasieHus (8.2).
Iyt perienns COOTBETCTBYIOMIEN 3aaun CTAOUIN3AININ TIOCTPOUM OOPATHYIO CBA3b

n;—1 )
v = (o)™ + 3 35 (0 = e, i=1m, (8.10)
§=0

rae MOCTOSHHBEIC KOX(MOUIMEHTHI 7; ; HAXONATCS U3 yCJIOBUA aCUMITOTUYECKON yCTOMYUBOCTH
CIeNyIoIIeN IMHENHON CUCTEMBI NUPHepeHnaIbHbIX YPABHEHUNI

ni—l

el(nl) = Z’YZJG,S]), 7, = 1,...,m.
3=0
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O6partHas cBsa3b (8.10) maer perrerne 3amadn crabunumsanuu cucTeMsl (8.6), Tax Kax moIyda-
OITIAsICST C TIOMOIIIBIO Hee cucTeMa OOBIKHOBEHHBIX Nu(@epeHIInaIbHBIX YPABHEHUN NMeeT BUI

n;—1 )
=0

a 3HAYNT, Y, (f) eCTh AaCUMITOTUYIECKH YCTOMUNBOE PEILIEHIe DTON CUCTEMBbI.
O6o3raunm uepes v = V (¢, 7) dyskmmo (8.10). 3ameHa mepeMeHHBIX

t=t, x=X(t79), ¢&=Z(t7),

noJiyueHHast u3 3aMeHbl (8.9) ynmanenuem v, mpeobpasyetT perrenue y,(t) cucremsr (8.11) B pe-
wenne (2,(t),&(t)) cucrembr

i o= f(t,x,b(t,x,g,V(t,Y(t,x,g)))>,
£ = a(t,x,f,V(t,Y(t,x,ﬁ))).

IIpumepsl mokasbiBaloT (cM. [13] 1 ccbIKu Tam), 4To oveHb yacTo pemenue (z(t), & (t)) mo-
CITeTHEN CUCTEMBI TOXKE aCHUMIITOTUYECKH YCTONYMBO. B 5TOM cilydae MUHAMUYEcKas oOpaTHast
cBa3b (7.2) m BekTOpHAs GYHKIUI v = V(t,Y(t,x,f)) peIaT 3amady CTAaOWIM3AINKI s
cucremsl (7.1). Ilpm sToM monbop xosdduuerTos 7; ; B (8.11) mo3BOIsIET PEryIupoBaTh CKO-
POCTH BO3BPAIIEHUS CHCTEMBI HA 3a/IaHHYIO TPAEKTOPHIO T ().

8.2. YnpaBJijieHuEe OBUXKEHUEM
caMoJieTa BEePTUKAJIBHOTO B3JIeTAa

Paccmorpum gBmKeHue caMosieTa BEpTUKAJIBHOTO B3JIETA Ha DTAIle BBITOJTHEHUS MPEIIoca-
NOYHBIX MaHeBpOB. Mcmonb3yeM yImpoleHHyo Monesb |[13], KoTopas yuuThIBaeT TOIBKO IBU-
JKEHIEe B BEPTUKAIILHON IIOCKOCTHU, MEPIEHIUKYISIPHON MPOIOIBLHON OCH. OTO IBIXKEHUE OIIN-
CBIBaET CUCTEMa YPaBHEHUI

T = wuysinf — cuycosb,
= wuycost + cugsing — 1, (8.12)
é = Uy,

rlle T U 2 — HOPMUPOBAHHBIE KOOPIWHATHI IIEHTPa MacC CaMOJIeTa 10 TOPU30HTAJIBHOW U Bep-
TUKAJIBHON OCSIM COOTBETCTBEHHO, ) — yTOJI KpeHa, vy, v, Uy — COOTBETCTBYIOIINE CKOPOCTH,
U1 — YyTOpaBJIeHNe, TPOMOPINOHAIBHOE CyMMe TSI IBUTATENeH, Uy — yIpaBjeHue, IPOIOPIIIo-
HAJbHOE PA3HOCTU TST IBYX IBUTATEJICH, € — MaJjias KOHCTaHTa. BeKTop ¢ KOOpAuHATaAMU

T, V=T, 2, V=2, 0, vg=10

3a[1a€T COCTOSHUE CUCTEMBI, BEKTOD (U1, Us) — €€ yIpaBJIeHIUe.
Cucrema (8.12) perymispHa Bo BceM TPOCTPAHCTBE, a B TOUKaX, rae vy # 0 u u; — evs # 0,
OHA IIOCKas, U QYHKIINN

Y1 = x +esinb, Yo = 2+ £cosb
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00pa3yIoT ee MIOCKUN BbIXON. l[efCTBUTENBHO, B YKa3aHHBIX TOUKAX MMEEM

r = Yy1—¢€ = yl.. )
vV (@1)% + (2 + 1)?
Yo + 1
Z = Y2 — €&

Vi + G+ 17

n
f = arctg — .
gyz+1

Tak Kak vy, v,, Vg — MPOU3BOAHBIE B CiTy cucTeMbl (8.12) dyHkimit x, 2z, § COOTBETCTBEHHO,
TO TIEPEMEHHBIE Uy, U,, Vg TaKXkKe BBIPAXKAIOTCS Yepe3 Vq, Yo U UX npomsBonuble. [ImockocTHOCTD
cucremsl (8.12) cremyer u3 Teopemsr 7.5.

[TocTponM ArHAMIYIECKYIO OOPATHYIO CBsI3b, IuHeapu3yollyio cuctemy (8.12). Ilepemenusie
cocrostHus cucteMbl (8.12) Beipazkatorcs uepes €, 7 = (Y1, Y2, U1, Y2, Y1, Yo, Y1, Yo). DBbibepem
takue nBe GyHKIUu &1,&y TMEPEMEHHBIX ¢, %, YTOOBI TEPEXOm OT TMEPEeMEHHBIX t, X, 2,0, v,, v,
vy, &1, &9 K TIepeMeHHBIM ¢, ¢ ObLT oOpaTtuM. [lomoxum:

=V +(+1)? L=E.

Torma 1, u js BeIpaxkatTcs gepes 0 u &;:

91 = & sind, o = —1 + & cos,

U, 3HAYUT, ¥, Yo BBIpAXKAIOTCs 1depe3 x, 2,60, &, a yl,yz, U1, Yg — UEpe3 TPOM3BOMAHBIE IOJTY-

YEHHBIX BBIDAXKEHUN MJIS Y1, Yo, Y1 U Uo. BbIpaxkas 51, {2, Uy, Ug depes t,y, vy = y§ ), Vg = yé ),

IIOTOM TIePEXOMsl K MePeMeHHbIM t, &, T, v, TToIydaeM ONHAMIYIECKYI0 OOPATHYIO CBSA3D

él = 527

& = wvpsinf 4+ vycosf + vgfl,

up = & +evp,
1

Uy = f (v1 cos O — vy sin @ — 2vp&y) ,
1

KOTOpas imHeapusyer cucremy (8.12).
C 1enbio AeMOHCTPAINY U3JI0KEHHOTO BLIIIEe METONA IOJIOKKUM € = 1 U PEIIM CJCHYIOLIYIO
3a7lady TePMUHAIBHOTO YIIPABICHUs I cucTeMbl (8.12):

) =5, 0(0) =0,  v,(0) = —10,
(0)=0, 2(1)=0, =z(1)=0, (8.13)
0(1) =0, v,(1)=—10, v,(1)=—5, vg(1)=0.

Hauanbable 1 KOHEUHBIE 3HAUEHUS MOMOIHUTEIbHBIX MTepEeMEHHBIX &1, &y 3a0aauM CIICOyOITIM
obpazom:

§(0) =1=&6(1),  &(0) =0=2&(1).

Torma cooTBeTCTBYyOIIAI 3aava TEPMUHAIILHOTO YIIPABJICHUS MJIs JIMTHEWHON CUCTEMBI MEET
BUII:

y1(0) =10, 2(0) =6, §1(0) = =10, 3(0) = =5,
71(0) =0, #2(0) =0, %,(0) =0,  §,(0)=0,
(1) =0, u(1) =1, 5(1) =-10, 5a(1) = -5,
(1) =0, (1) =0, ,(1) =0,  ¥,(1)=0.
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Pertenne »Toit 3amaun B IpoCTPAHCTBE MHOTOUIEHOB TIOPSIIKA 7 €CTh
Yen(t) = —10t + 10, Yso(t) = —5t + 6.
7151 pertieHnst COOTBETCTBYIOIIEH 3a/1a4un CTAOUIN3AINN PACCMOTPUM CJICIYIONIYIO YCTONYINBYIO

cucteMy nuddepeHnaaIbHbIX YPaBHEHUN

e = —47¢ —66; —dé;— e, i=1,2.

1
CooTBeTCTBYyIOIIAS CTAOMIN3UPYIOIIas OOpaTHAas CBSI3b MMEeT BT

vy = =4, — 6ij1 — 4(g1 + 10) — (y1 + 10t — 10),
Vg = —4@.2 - 6y2 - 4(y2 + 5) - (yg + 5t — 6)

Bosepammasics x cucreme (8.12) ¢ € = 1, nomyuaem pemtenne u; = 1,us = 0 samaun (8.13) u
pellleHne 3a0aul CTAOWI3AIIN:

él = 527
& = & (v} —6) —4& — 1 —sinf(dv, + + 10t + 30) —
—cosf(4v, + z + 5t + 8),

U = 51 + Ug)
0
Uy = —4dvy— 4% — 2—621}9 _ o8 (4v, + = + 10t + 30) +
&1 &1 &1
in 6
+%(4vz 42+ 5L+ 8).
1

HpI/I 9TOM XKeJjlaeMad TPacKTOpuia eCTb
2. (t) = =10t + 10, z.(t) = =5t +5, 6,(t) =0.

3amaua. OmnummTe pelreHne 3a1ad TePMUHAIBHOTO YIPABICHUS 1 CTAOUIN3AIUN OJIsT MO-
eI aBTOMOOMIIA.



9. IIPUMEHEHWY
HOPMAJIBHBIX ®OPM CUCTEM

9.1. IlocTpoeHue nuHAMUYIECKON OOpPATHOU CBSI3M

Paccmorpum cucremy

t = f(z,u), xzeR" ueR™, (9.1)
y = h(x), yeR™

pasMepHOOCTD Bxoa (u) U BeIXona () KOTOPOI PABHBI DAHTY CUCTEMBL: p = m = p. Ilpumenss
airopuT™ u3 1. 5.2, nocrpouM mis cucteMsl (9.1) HopmanbHyio opmy. Tax kak pasMepHOCTH
BXOJla ¥ BEIXOZA COBIAIAIOT C PAHTOM CHCTEMEI, TO IEPEMEHHBIC Y[o], - - - , Yzt 1] V4 (CM. L. 5.2)
OTCYTCTBYIOT, HOpMaJIbHas (pOpMa MMEeT BUI

(9) ST
y(j) = Yy, J= 17%7
. ~ . 1
no= om0 .. 0%Y), (9.2)
a COOTBETCTBYIOIIee obpaTuMoe mpeobpaszoBanue cucteMsl (9.1) B HopMaabHyto hopmy (9.2) —
BUII

y = h(x), yg)) = hg)) (z,u, 1, ..., u0™Y),
n=n(x), ve = hgg(x,u,u, D) =T, j=T1,i—1 (9.3)
MoxHo nokasaThb, uTo GyHKUUsA @ u3 cucremsl (9.2) saBucut TONBKO OT 7,7 = (Y, ¥, . -,
y*) m 9 = y® | mabopwr §,v(), ..., Vr_1) €CTH "UacTH HAGOPA J, V() — TacTb Habopa U, a
obpaTHOe mpeobpaszoBaHue K npeobpasosaruio (9.3) numeer Bus
r=X(1n79), u=Un7y"7). (9.4)

AJIropuTM MOCTPOEHUST MUHAMUYECKON OGPATHON CBA3M, IPeoOpasyIoIeil CucTeMy
B HOPMAaJIBHYIO (GOPMY OpHA p = P = M.

1. Ons cucremsr (9.1) ctponm HOpMasbHYO dopmy (9.2).

2. Buibupaem BeKTOpHYIO (GYHKIHUIO £ MEPEMEHHBLIX 7),7 Tak, 4To0bl MaTpuma SIkobu
d(&,X)/0(n,y) 6buna kBampaTHO! u HeBbpoxkmeHuoi. Torma dyukunum & u X ompenensor
06paTUMYIO 3aMEHYy MepeMeHHbIX (1), §) — (2, ), obpaTHas K KOTOPOI MMeeT BUI

n=nx), §=Y(8). (9.5)

3. Bripaxaem npoussomnyto £ dyukuun & B cuity cuctemsr (9.2) uepes 1,y u 0.
4. B monmyueHHBIX BBIDAXKEHUSX I £ U U TIEPEXONUM OT MEPEMEHHBIX 1), 1, U K TePEMEHHBIM
&, x,0. TlomygaeM muHAMUIECKYIO OOPATHYIO CBSI3H

5 = a(x’€7 /19)7 u = b(x7 57 19)7 (9'6)
KoTopas B komnosuiwu ¢ (9.5) npeo6pasyer cucremy (9.1) B HOpMasIbHYIO HOpMY
y® =0,
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9.2. 3amaua aBTOHOMHOT'O PEryJIMpPOBAHUSI

st cucremer ¢ BxomoM (1) u BeIXOHmOM (y)

oo {ifen

r € R" ueR™,

y=nh(z), yeRe
TpebyeTcs HalTU OUHAMUYEeCKYyI0 OOpaTHYIO CBSI3b
C=alz,C,v), u=Dbx_v), CeRY velkR?,
KOTOpas Ipeodpas3yeT Y B TaKyl CUCTEMY
i:f(:v,b(x,f,v)), {za(az,(’,v), y:h(ﬂf),
9TO IS BCEX § = 1, p BEIXOI 4; T BCE €T0 IIPON3BOMHEIE 3aBHUCAT TOIBKO OT X, (, Vi, Vj, - . . ,vgj ), -
I He 3aBUCAT OT Uy, 1, . . . ,vl(]), ... mpu | # i.
Teopema 9.1. 3amaya aBTOHOMHOI'O PeryJINpPOBAHUS paspelnMa <> CHcTeMa o0paTuMa
CIIpaBa.
IIpumep 9.1.
T = u — A
. ! ! : .fi'g = X4 + f
Te = Ty4+U §=1 Lo
. o . - T3 Ty — I3
Ty = T4y w=¢ B o= Oy — 0
Ty = U u2:192—191 5 . 01
ho= T G = =Y —th -0
Yo = X2 Yo = Vs (n = x3)

Anroputm periieHns 3a1auy aBTOHOMHOI'O PEeryJIMpPOBaHUS.

B cnyuae p < p 3amaua aBTOHOMHOTO PEryINPOBAHUS HE MMEET PEIeHUS.

B cityuae p = p cTponm quHAMEIUECKY0 00paTHYIO CBs3b (9.6), kKoTopas B kKoMnosunui ¢ (9.5)
npeobpasyer cucteMy Y B HopMmasbhyio dopmy (9.7). TlocTpoennas muHammueckas obpaTHas

CBs3b PEIIaeT 3ada4dy aBTOHOMHOI'O PEryJIMPOBaHUA.

9.3. 3amaua U30JIAIIUM BO3MYIITEHUN

st cucremer ¢ BxonoM (1), BBIXOmoM (y) 1 Bo3MyIeHusMEI (w)

3 j::f(:v,u,w),
. y:h(l‘), y € RP,

TpebyeTcsl HalTU TaKylo OUHAMUAYECKYIO OOPaTHYIO CBS3b

r€eR" ueR™ we R

é:a(l',g,l)), u:b(l‘7<7?}), CeRd7 v eRpa (98)
KOTOpasi Ipeobpas3yeT Y B TaKy CUCTEMY
i = f(z,b(x,¢,v), £=a(z,(v), y=h),

TTO [t § = 1, p BBIXOX ¥; W BCE €r0 IMPOM3BOLHEIE HE 3aBICAT OT W, W, ..., wd, . ...
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IIpumep 9.2.
l"l = U e i‘l - 5
) : To = T4+
Ty = Tgtu §=1 xz — xj—§3+w
ft3 = X4 —2T3twWw ulzf j,’4 _ 192_191
Zt4 = U3 U = 192 — ’191 5 _ 191
Lo
y1 = I1 ?{1 o 191
Y2 = @ 2o = U2
N = Yo——ntw
O6o3HaunM

E = spang{dz}, U =span {du :j >0}, Y =span {dy" :;j>0}.

Teopema 9.2. 3amaga M30IA1IMN BO3MYIIIEHUH pa3pelmMa <> TPOU3BOMHAS B CUJTY CHU-
CTeMBI KayKIoro srreMenTa Moyt EgNY nmexut B Eg+U, a 3HAUUT, HE 3aBUCUT OT BO3MYIIIEHU
w.

Aacopumm pewenus 3a0auu U30ATYUY 803 MYW,EHUT.
1. JImst cucTeMbr X ¢ BXOIOM U UM BBIXOIIOM ¥ CTPOUM HOPMAJIBHYIO (OPMY

T‘] = @(7]7 g? U? ’l'j? A 7,0(%71)

Jw, b, ..., wFY),
a Takye Ipeobpa3zoBaHUe CICTEMBI B HODMAJIBHYIO (hopMy.
2. Ecrm ¢pysKmm ‘ ‘
V) = hgi(m,u,u, . ,u(z_l)), i=1, s,

HE 3aBHUCAT OT W, TO COOTBETCTBYIOIIAd NUHAMIYECKas OOpaTHas CBA3b pellaeT 3a0ady M30Js-
MU BO3MYILIEHUN.

IIpumep 9.3. Monensb Tene:xkku ¢ GUKCUPOBAHHON 3aTHEN OCHIO

T = wujcos(f+ )

Z = wusin(0 + @) Y1
6 = Uy sin —w Yo
Y = usFw.

|
w



10. ITAPAMETPUYECKAZA
NMOAEHTUOUKAIINA

10.1. 3amaua mapameTpudeckKon uaeHTuduKanmm
1 KJIACCUYECKUM MOAXON K €e PelIeHUIo

PaccmoTpuM 3agady mocTpoeHnss MaTEMATUIECKITX MOJIETIEH TEXHIYIECKUX, Pu3niecknx, 6uo-
JIOTMYECKUX 1 T.II. CUCTEM UJIA IIPOLIECCOB IO JaHHBIM Ha6JIIOI[eHI/IZ. HpeHHOHO)KI/IM N3BECTHO,
YTO MOMETb €CTh JUHAMWYECKas CICTEeMa C BBIXOIOM, HO HEM3BECTHBI 3HAUEHUS HEKOTOPHIX ITa-
pameTpos 0 = (61, ...,0;) oTOl cuCTEMBIL:

t = f(t,z,0), xeR"
= h(z), yeR?

roe t — BpeMs, £ = (%1, ..., %,) — COCTOSHUE CUCTEMEL, Y = (Y1, . . ., Yp) — U3MEPSIEMBbIIl BBIXOLI,
a & = dx/dt. s mocTOBEpHOCTH MATEMATHUYECKON MONETN HEOOXOMUMO, U4TO Obl De3ylibTa-
TBI, IOJIYYEHHBIE C €€ TIOMOIIBIO, COBIAMANN C PE3yIbTATaAME IOy YeHHBIME 13 SKCIIEPUMEHTA.
Badaua napamempuueckots udenmudurayuy 3aKIHOUACTCA B HAXOXKICHUE TAKNX YNCJICHHBIX
3HAYEHUI TapaMeTpoB #, uTo 3HaueHus GOYHKIWI Bbxona y(t), nomyuennsre u3 momemn (10.1)—
(10.2) ¢ mauHbIME 0 1 U3 SKCIIEPUMEHTA, OB MaKCHMAIBLHO Oin3ku. TouHOTO coBIameHns 5TIX
3HAYEHUI TI0JTyUNTh OOBIYHO HE YIAeTCs M3-3a HETOYHOCTY MOMETU U M3-33 HETOUHOCTU BLIUU-
CIICHUIU.

Cucrema (10.1)—(10.2) masweiBaercs udenmuduyupyemoti, el Mo U3MEPEHUSIM BBIXOIOB Y
CHCTEMBI MOYXKHO OIPENENIUTH ee TapaMeTps 6.

Omus 13 XOPOIIO M3BECTHBIX MOMXOMOB K PEIIEHUI0 3TOM 3aadul OCHOBAH Ha HAXOXKICHUS
MIHIMyMa HEKOTOPOTO LeTICBOro (yHKIMOHAIA, OTHOCHTENBHO Hepsskn &(t, 0) = y(t) — (¢, 0),
BEIHCIACMOIT KAK PA3HOCTH HAGMIONACMBIX 3HaucHMI o0bekTa (y(t)) n sHavenmit (4(t,0)) BbI-
XOIIOB MATEMATHYECKOIl MO IpH HAGOpe HapaMeTpos 6, HampuMep:

T
0~ argmin [ 3(t.0) - y(0)*dr
0
0

rne T' — OIUTeTbHOCTH SKCIepuMeHTa. MuHUMYyM HaHHOTO (YHKIIMOHAJIA O3HAYAET, YTO CO-
OTBETCTBYIOIIINE 3HAUEHNUS MTapaMeTPOB NOMOOpaHBbI HauboJjiee TOYHO JId BHIOPAHHOU MOMEIU.
Cxema 5TOro mporecca mapaMeTpudIeckon naeHTuGUKaINN IpeacTasieHa Ha pucyrke 10.1.

JaHHBI TOIXOM MMeeT HECKOJIBKO CYIIECTBEHHBIX HemoCTaTKoB. OMHWM U3 HUX SBIISETCS
HEOOXOMUMOCTh HA KayKIIOM IlIare Mpolecca ONTUMU3ALNE pernaTh cucremy ypasaerntit (10.1)
IUIst onpenesieHns 3Havenus Beixoma (10.2) Ha ompenesieHHOM HaGOpe mMapaMeTpOB 6.
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1) le

Puc. 10.1. Knaccuueckuit mogxon Puc. 10.2. Meton obpariienus

10.2. ITapameTpuyeckas naeHTUOUKAIINS
C MCHOJIb30BaHUEM OOpATUMbIX CHUCTEM

Cucrema (10.1)—(10.2) me umeer BxomoB. Ee HopmanbHas GopMma Takke He IMEET BXOIOB, &
3HAuUT, ecTh Buma (cm. (5.1))

vl = Gi(5,0), j=0x+1, (10.3)
n o= »n790).

re § = (Yuls - - - Ypet1]s y[(;]), . ,y[(ﬁr”). [TpaBble wacTu ypaBHEHUIT 3aBUCIAT OT BBIOOpa mapa-

MeTpoB 6, Tax xak or  3aBucut mcxonHas cucrema (10.1)-(10.2). Bpoms Bxomsr kak vj;) =

y[(j]) G;(9),j = 1,2+ 1, nomyuaem obparumyto cucteMmy (cM. Teopemy 5.3). Ecmu napameTpsr

¢ Takosbl, uTo BhIxOX Y(t,6) cucremser (10.1)—(10.2) coBnamaeT ¢ HAGIIONACMBIME 3HAYCHUSIME
y(t), To dyukmms y(t) ynosnersopsier cucreme (10.3). IlosTomy perraem 3amady mapamMeTpude-
CKOIT MIeHTU(UKAINI, MIHIMI3HPYs (GyHKIMOHAT OTKJIOHEHNS BXOIOB U = (V[1], - . ., Upset1]) OT

0:

T 2+1

[ TGRSO

0

dt, (10.4)

rue y[(j}) (t) — mpomsBonHas mopsaka j GyHKINHI yj;(t), oIy deHHOH sKcrepuMeHTaIbHO. Cxema
ATOTO MeTOda pelleHUs 3aadu NIeHTUGUKAIINN TapaMeTPoB IpeacTasiseTcs pucyHkoM 10.2.

,HJIH ClIy4das CUCTEeMBI C BXOOOM, BBIXOOOM U ITapaMeTpaMIM:

r = f(t,r,u,0), xzeR" weR™ (10.5)
y = h(z), yeR” (10.6)

3adaua napamempuyeckoti udenmudurayuy 3aKIT0IACTCS B HAXOXKICHIE YNCICHHBIX 3HAUCHITH
mapaMeTpoB f TI0 3HAYEHUSIM BBIXOIOB Y U BXOIOB U.
Ora 3amaua TakXke MOXKET OBITH peIlleHa MeTOHOM obparieHus. A uMeHHO, mpeobpasyem

cuctemy (10.5) k BuIY
T = f(t,z,u,0), U= w, (10.7)

rae (x,u) — COCTOSIHIE CUCTEeMBbI, W — BXOM. [IpuMeHsis MpuBeNeHHbI B pasiere 5.2 aaropuTM
k cucteme (10.7) ¢ Beixomom (y,u), roe y = h(z), sHaxomum ee HopMmasbHbI Buf (5.1) ¢ GyHK-
nmsvu o u Gj,j = 1,2+ 1, 3aBucsamumMu ot mapaMerpos (. MuHuME3IpYeMBI (yHKIIHOHAT
B 5TOM CIIy4ae MMeeT BUII

x+1 P
/ (Z ’ v () = G(3(1).9) T+ > Hy((j))(t) = ()

2) dt, (10.8)
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rze v(;) — byrkmmn ot §(t), u(t), u(t),. .., u* (), 0, momygennbie u3 npeobpazoanms (5.2) 1
obpaTHOro mpeobpaszoBanus K (5.2).

Ormernym, uro u B ciaydae cucremsl (10.1)—(10.2), u B caygae cucremst (10.5)—(10.6) dyHk-
monasel (10.4) u (10.8) xapaxTepusyioT HEBS3KY YPaBHEHUIl, KOTOPHIM MOJIKHBI YIOBIIETBO-
paTh Gyukiun Bexona y(t) (B ciydae cucremsr (10.5)—(10.6) — 510 wacTh HaGopa GyHKIUI
(y(t),u(t))). Ocrampubie ypaBaeHus cucteMsl (5.1) He yIUTHIBAIOTCS (YHKIMOHAIOM, TaK Kak
OHM HE [al0T HUKAKUX OMPAHWYEHUI Ha TOJIyUYeHHBIE SKCIEPUMEHTAIBLHO HaHHbLIE, MOCKOIBKY
3HAYEHUS 1) ONPENENIAITCA TOIBLKO STUME YPABHEHUSIMIL.

Banaua. Haiinure dyuximonasn suna (10.8) miis cucTeMbl BXOO-BBIXOM € TOIOKUATETHHBIMI
napamerpamu 61, . . ., 6g:

. C — [xl + QZQ]

T = Og——F——x1 — Ohz 173,
C

Ty = bO1r173 — O2209 — U,

Ty = O3x9 — Oy — 012123,

Ty = 0579 + 0423,

Yy = T3,

Y2 = 4.

HoBwril monxon nmuiieH yIOMSHYTOTO HEOOCTATKA KIACCHYECKOTO IMOOXONa, T.e. PEeIIaTh Ch-
cTeMy HeIMHENHBIX ONuddepeHInaIbHBIX YPaBHEHNN Ha KayKIOM IIare ONTUMU3aIlnl HeT HeoO-
xonumoctu. OmHako OH uMeeT cBou HemocTaTKu. (OCHOBHBIM U3 HUX SIBIISETCS HEOOXOMUMOCTD
HaXOXKIEHNUS MTPOU3BOMHBIX OT BBIXOMIOB CHCTEMBI U MTAJILHENIIIEe ONEPpUPOBAHNE C HANIEHHBIMI
MIPON3BOMHBIMI.

10.3. HYucsiennoe nuddepeHIIupoBaHUE

Beixombl cucremsr y(t) ONpemnesnsorcs: SKCIEPUMEHTAIBHO, a 3HAUNT, ¢ ONPAHUIEHHON TOY-
HOCTBIO. BekTopHyto QyHKImO y(f) MOXKHO NPENCTABUTL cebe KaK CYMMY TOYHOTO 3HAUCHUS I
CITyYaiiHOTO IryMa w(t), BBI3BAHHOTO HETOYHOCTBHIO SKCIEPUMEHTA. XOPOIIO U3BECTHO [4], uTo
3am1ava IMCIEHHOTO HAXOXKIEHUS MPOU3BOMHBLIX SIBIISIETCS HEKOPPEKTHO MOCTaB/IeHHON. Tak xke
M3BECTHBI OIIEHKW, TTO3BOJISIONINE CYANTH O BIANSHUN IIIyMa B N3HAYAITLHBIX JaHHBIX Ha PE3yilb-
TaTHI OTIEPAITNN YNCIEHHOTO MuddepeHInPOBAHNS PA3HOCTHBIMI METOIAMU: SKCIIEPUMEHTHI TI0-
Ka3bIBAIOT, YTO ommbka (1rym) BospacraeT npubiausureasro B 100 pas.

B xagecTBe mpuMepa pacCMOTPUM UYKUCICHHOE HAXOXKIEHUE MPOU3BOMHON OT (PYHKIINHU Y =
sin(t), UCKaXKEHHON ANIUTUBHBIM [ayCCOBBIM IIYMOM C HYJIEBBLIM CPEIHUM 3HAUEHUEM U IUCIIe-
pcueit ¢ = 0.01. [lycts dynknus 3amana wa cerke t € [0,67] ¢ marom h = 0.01. Vcxonuas
OYHKIINS 1 HalIeHHas MO PA3HOCTHOW (HOPMYJIe MPOW3BOMHAS, BMECTE C TOYHBIM 3HAUYEHUEM
MPOM3BONHON M300pakeHbl Ha pucyHke 10.3.

XOpOoIIIo BUIHO, YTO TPUMEHEHE PA3HOCTHBIX (DOPMYIT 3HAUUTEIHHO YCUIIMBAET UCKAKEHE
maHHBIX. TakuMm 06pa3oM, naxe HeGOIBIION MIyM w (1) MOXKET CIesIaTh HEBO3MOXKHBIM HAXOXK I1e-
HIle TIPOU3BOMHBIX ¥ (), HE TOBOPsI y2Ke O HaJIbHEMIIeM UCIOIb30BAHIN STUX [TAHHbIX.

B nocnienaue romsr 6611 nperyioxker MeTon [16, 17], mo3BOSISMIONINIT BOCCTAHABIMBATE UNCIIEH-
HOE 3HAUEHUEe MPOU3BOMHBLIX U MOMABISATH HIYM JTFOO0TO XapakTepa. HOBBIT MOIXON OCHOBAH HA
OIIEPAITMOHHOM WCYUCEHUN W HAET CJEMYIOIINe OIEHKW IJIs ITPOM3BOMHBIX 1O HAOIIOMAEMbIM
3HaUeHUN (PYyHKIUN

=0

1
n 1 - n dn n
2t ko) = 7 / D W AWk b | @t = Tir)dr
0
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sin(t)+AWGN(0,0.01)
15 ! ‘ ‘ ! 1 1 ‘ ‘ !

d(sin(t)+AWGN(0,0.01))/dt
4 ! ‘ !

; \ 5 ! uh “
I ‘I” m! iy f ‘ | W \ I
\W”WMM

3

1

0f

| Hn“

I h“m
\

1 ’ ‘ \H\

—4 I \ \ I | I \ \ !
0 2 4 6 8 10 12 14 16 18
t
Puc. 10.3. YcuneHnue mymMa Ipu TPUMEHEHUN PA3HOCTHBIX HOPMYII.
rae T} — OPOmOIKUTENLHOCTL Habmonenuit, k, i, q € Ny — mapameTpsl MeToma (Xoporiue

pe3yabTaThl nonydarores npu k= 1, u=1,¢q =0 uwmm g = 1),

)
(2n + 14k + )!
|

=kt gl =p+l A, = R S
l q Hi H Vg, (k/’l—‘—n) (,ul+n) ku ( )
A0, - - - s Ag — BBIUHCIAEMbIe KOOQPUImeHTs: \g = lmpu g =0, 1 \g = —n—k—1, A\ = n+k+2

npu ¢ = 1 (mompo6uoctu cMm. B [16]). IlpuBenennas dopmyna maer XOpolwe pe3ylibTaThl B
cllydae ONEHKHU IPOU3BOMHBIX MIEPBOTO U BTOPOIO MOPIIKA.



11. METOII HAKPBITUM
JISI PEIMIEHUY 3AITAY
TEPMUWHAJIBHOTI'O YIIPABJIEHUS]

11.1. Onmucanme meTona HAKPBLITUN

HHH OEMOHCTPpaIU nOen MeTOOa paCCMOTPUM IINIOCKYIO CUCTEMY
&= f(t,z,u), reXCR? wueldcCR.

Kax m3BecTHO (cM. § 7), Taxas cucTeMa SKBUBaIeHTHa cucteMe y'?) = v, a rpaHIYHBIE yCIOBUS
IJIsI TITIOCKOU CUCTEMBI IIPeoOpa3yloTcs B yCIIOBUS

y(tu) =yu, Y(ta) =vn, y(x)=vk, Y(x) = k- (11.1)

bBynem uckaTh pereHme B MPOCTPAHCTBE MHOTOWIEHOB. TakK Kak JTaHHAS 3ajlada BKIIIOYAET
JeThIpe TPAHWYHBIX YCJIOBUS, TO PACCMOTPUM MHOTOYJIEHLI HE BBIIIE TPETHLETO TOPSIIKA, T.€.
MCKOMOE PEIeHne YIOBIETBOPSIET YPABHEHUIO

y@ =0. (11.2)

Taxum o6pasoM, 3amaya TEPMUHAILHOTO YIPABIEHUS mepedopMyIupyeTcs B KPAeBYIO 3aa-
qy (11.2), (11.1).
st pernenns kpaesoit 3amaun (11.2), (11.1) pacemorpum QyHKINIIO

1 1
p=y— 5(1%1{ —1)%y@ — g(tK —1)%y®. (11.3)

st mroGoro perterust y ypasHenus (11.2) mveem

1
p o= 9+ (tx — t)y? +§(tK—t)2y<3>, (11.4)
i = 0. (11.5)

dyukuus p TakoBa, uTo 3HauUeHUs P(ty),p(fx) OMHOZHAUHO OMpEmensoTcs 3HadeHusMu Y(ly),
y(tx), a smavenns y @ (tg),y® (ty) — smavemmavm p(ty),p(tu),y(ta), ¥(ta). HosTomy 3ama-
ga (11.2)—(11.1) moxeT GbITH perreHa ciemyiommuM obpasoMm. M3 komeunwrx ycmosuit (11.1)
HaxomATcs 3Havenus p(tx), p(tx). OTu 3HAYEHUs OMHOZHAYHO ONPENesioT perenue p(t) ypas-
merus (11.5), kak pererne 3amauun Komm B ¢TOPOHY yMeHbIIIEHUs BpeMeHn: OT lk 1o ty. Haxo-
mm p(tu), p(te), a u3 ypassenuit (11.3)-(11.4) — smauenms y@ (ty), y® (ty). Haxowmer, pemmas
samauy Ko s ypasrenus (11.2) ¢ m3pectrbivu 3mavenusvu y(ty), v(tu), ¥ (ta), y© (tn),
HaXOMUM 3aBucuMocThb y(t). Hannas dynkuus ectsb perrenne 3anaun (11.2), (11.1), Tak kak ona
YIOBIIETBOPsIeT HaYaIbHBIM yciioBusM (11.1) mo mocrpoenuio, a koHeUHbIM yesoBusM (11.1) —
u3 ypasrenuit (11.3), (11.4).

Ormerum, uto coorTHotenue (11.3) onpenenser oTobpaxenue u3 pemennit ypasaerus (11.2)
B pemenus ypasuerus (11.5). OTobpaxeHus Takoro Buma B reoMeTpun HuddOepeHInaIbHBIX
ypaBHeHU# [9] HA3BIBAIOT HAKPHITUAME. TOUHOE OIpenesieHue CleayoIee.



11. METOI HAKPBITUW IJIS PEIMEHAA 3ATAY TEPMUHAJIBHOI'O YTIPABJIEHUSA 43

[Mycts £ m Y — nBe cucTeMbl OOBIKHOBEHHBIX MU GEPEHINATBHBIX ypaBHeHnt. Haxpvimuem
u3 cucteMbl £ B CICTEMY ) HA3BIBAIOT CIOPBEKTUBHOE PEryIISIPHOE OTOOPAaXKEH!e I PACIITIPEH-
HOTO ()a30BOTO MPOCTPAHCTBA CUCTEMBI £ B paciIupeHHoe Ga3oBoe MPOCTPAHCTBO CUCTEMBI ),
IpU KOTOPOM JTI00ast TPAEKTOPUS CUCTEMBI £ PEryIISIPHO OTOOPaKAETCsI B TPACKTOPUIO CUCTEMBI
Y. PerynapuocTs oTOOpaxkeHus v O3HAYAELT, UTO B KaXKIOW Touke paur nuddepenimaia dv pa-
BeH pa3MepHOCTH obpasa. PerymspHocTh 0TOOpaXKeHus TPaeKTOPUI O3HAYAeT, UTO B KaXKIION
TOUYKE KacCaTeJIbHBIN BEKTOP K TPACKTOPUU HE JICXKUT B supe du.

W3 sToro ompenenenust ciemyeT, 9TO Tpoobpas 00N TPACKTOPUU CUCTEMBI )) COCTOUT U3
TOUYEK TPACKTOPUI HEKOTOPON MOACUCTEMBI cucTeMbl £. DTOT PakT UCIOIB3YETCs Hajiee.

PaccmoTpuM Termeps o0l caydai 3aadn TEPMUHAILHOTO YIIPABICHUS MJIsS CUCTEMBbI

T = f(t,x,u), reXCR", weld CR™ (11.6)

C 'PAaHUYHBIMHI YCJIOBUAMU

[Ipennonoxnum, uro Mel Hamu Gysknun U;, p;,1 = 1, m,j = 1,n, nepeMeHHBIX
. (k1—1) km—1 —
LT,y Ty U, Uy ey Uy ,ug,...,uin’" ) k4. 4k =,

YIOBJIETBOPSIOIINE CJIEYIOIIIM YCIIOBUSIM.
(A) Coorroutenus p; = ¢;,j = 1,n, OUPENENIIOT HAKPHITHE U3 CUCTEMBEL

ij = fj(t,xl,...,xn,ul,...,um), j:L_n, (118)

u, = Ui(t,:cl,...,Jnn,ul,ul,...,ugkrl),ug,...,ugfm_l)), 1=1,m, (11.9)

B CUCTEMY BUIOa
p="P(.p), peR" (11.10)

(B) Banannbie koneunsle 3HaUeHNs T(fx) OMHO3HAYHO ONPENEILIIOT 3HadYeHUs px = p(tx) U Ha-
060poT 3HaUeHUs P(tx) OMHO3HAUHO ONpENessioT 3HadeHus T (lx).

(C) Eciu pg — 3HaueHue B Touke ty pemenus p(t) cucremsr (11.10), yaoBIeTBOPSIOIIEro yCiIo-
Buio p(tx) = px, TO CUCTeMa HEJIMHENHBIX YDABHEHUI

pr = ot 1w, - - T ua (tr), 01 (b)), - ul D (b)), ua(ty), - u®»Ditg))  (11.11)

IIMEET peIleHre OTHOCUTEIbHO Uy (ty), U1 (tg), - - - ,ugkl_l)(tH), us(tg), .. . ,uyrfm_l)(tH).

B cnyuae Bemonuenus yemoeuit (A), (B), (C) samaga (11.6), (11.7) MoxeT GbITH pelieHa
CIEMYIOIINIM 00pa30M.

1. U3 xomeunerx yciosmit (11.7) Beraucisem 3nadenue p(ty).

2. Haxomum perienue p(t) cucremsr (11.10), ynosiersopsioiiee yenosuio p(ly) = px (pere-
Hue 3ama4un Komn B ¢CTOPOHY YMEHbIIEHNsT BpEMeHH: OT fx [0 tx).

3. Boraucmsaem p(ty).

4. U3 cucremsr (11.11) maxonum 3Haverus u (tg), U1 (tg), - . . ,ugkl_l)(tH), us(tg), - . ,ug,im_l)(tH).

5. Pemras 3amaay Kommn st cuctemer (11.8)—(11.9) ¢ HaYanbHBIME 3HAYCHUSIMA

tH, T1H,---,TnH, Ul(tH), U1<tH), e ,u(lkl_l)(tH), UQ(tH)7 e ,uﬁ,’fm_l)(tH), (1112)

naxonuM pemenne (z(t), u(t)) cucremst (11.6).

Haiinennoe Takum o6pasoM perrerue ecTh pemnenue 3amaun (11.6), (11.7), Tak xax dyHK-
st x(t) yOOBIETBOpsET HAYAIbHBIM ycsoBusaM (11.7) mo mocTpoeHuio, a KOHEYHBIM yCIIOBH-
sm (11.7) — u3 ycnosus (B).
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Cxema MeTOona HAKPBLITHUIA:

3amaua T = f(t,x,u) x(ty) = Ty (z(t), u(t))
z(t) = @
l T
r-savekarme  u = U(t, z, )
= (u,,...uf"D) ! (ty) = iy
HAKPBLITHE I p=plt,z,a) 1 T
Gasa p=P(tp) plt) =pc = p(t), pu = p(tu)

N 3710KeHHBIN aITOPUTM PEIIEeHNs 331849l TEPMUHAIIBLHOTO YIIPABJICHNS OCHOBAH Ha MOCTPO-
ennn takux Gyskunit Uy, ..., U, mis koTopbix coorBeTcTByomas cucrema (11.8)—(11.9) na-
kpeiBaeT cucremy Buma (11.10). Ycnosue (B) ycramaBmmBaeT CBs3b 9TOrO HaKPHITUS C KO-
HEUYHBIMU YCIIOBUSME MOCTABIEHHON 3a1a4ull TEPMUHAJIBLHOIO yrnpasienus, a yciaosue (C) — ¢

HAYAIIBHBIMI YCJIOBUSIME DTOI 3a1aul.
Cucremy Bunma (11.8)—(11.9), ymoenersopsioryio yemousm (A), (B) u (C) mns mexoro-

peIX QYyHKIWN @;,j = 1,n, OymeM Ha3BIBaTh 7' -3aAMbIKGHUEM 3aadl TEPMHUHAIBLHOTO yIpa-
Brerns (11.6), (11.7). Kax mokaszarno Bble, r—3aMblKaHne [MO3BOJIAET perrnaTsb 3anady (11.6),
(11.7).

B ciyuae, korma ecTh OrpaHUYEHUs HA T, U IPOU3BOMHBIE U, HEOOXOMUMO MONOUPATH T—
3aMBbIKAHUE TaK, YTOObI COOTBETCTBYIOIIEE PEIICHNE 3a[0aul TePMUHAILHOTO YIIPABIEHUS VIO0-
BJIETBOPSLIO STUM OTPAHUIEHUsIM. [71s1 TIOCTPOEHUS TAKOTO T—3aMbIKAHWUS MOYXKHO MCTIOIb30BATh
MOHATHUE WHBAPUAHTHOTO MHOXKECTBA AUHAMUYECKON cucTeMbl. HamoMHIM, 9TO MOAMHOKECTBO
U pactmperHoro $pa3oBoro MpOCTPAHCTBA INHAMUYECKON CUCTEMBI HA3BIBAIOT UHEADUAHIMHbIM,
eca [T JII000M TOYKM U3 U TPAeKTOPUs CUCTEMBI, MPOXOMAIas 9epe3 3Ty TOUKY, HEeTIKOM
comepxurcs B Y. Ilpenmomoxmmv r—3amerkanme (11.8)-(11.9) obnamaer mHBApUAHTHBIM MHO-
KECTBOM U, BCE TOYKI KOTOPOTO YIOBJIETBOPSIOT OTPAHMYEHUSM 3amadun. 1orma eciaum Tod-
ka (11.12) mpunammexur U, To pemmenne 3anaun Komm mst cucremsr (11.8)—(11.9) ¢ Havuans-
HbIMH 3HaueHusME (11.12) (a 5To 1 ecTh peleHue 3amaun TepMUHAIBHOTO yupasierns (11.6),
(11.7)) mexut B U, a 3HAUAT yOOBIETBOPSET OIPAHNICHUAM 3aIAUM.

OTMeTnM TakXke, 9TO MOHATHUE I'—3aMBIKAHUS WHBAPUAHTHO OTHOCUTEIBLHO MpeobpasoBa-
HUI CUCTEM, T.e. €C/IU [BE CUCTEMbI SKBUBAJICHTHBI, & IJI OMHOI M3 HUX MOCTaBJICHA 3aada
TEPMUHAIILHOTO YIIPABIIEHUS U TIOCTPOEHO T—3aMbIKAHUE, TO UCIOJIB3Ysl COOTBETCTBYIOIIIEE Ipe-
o6pa3oBaHne S5KBUBAJIEHTHOCTH, TIOJIyIaeM 3a0a1y TEPMUHAILHOTO YIPABIICHUS U I'—3aMbIKAHUE
IUIst BTOpOil cucTeMbl. Hampumep, mrobas miockas cucTeMa SKBUBaJleHTHa cucTeMe Buna (8.6)
(em. [10, 13, 15]), mosTOMY TIpH TEPMUHAIBLHOM YIPABIEHUN TUIOCKON CUCTEMOI TOCTATOYHO TI0-
CTPOUTDH T—3aMbIKanue mist cucreMbl (8.6). Kpome toro, eciau cucrema (11.6) perymsapras, To
U3 Hee IepeMeHHbIe YIIPABIICHUS U MOXKHO BBIPA3UTh uepes t, T U yaajauTh u u3 cucreMsr (11.8)—
(11.9). r—BaMblkaHus TAKOrO BUOA MBI U OyIeM PacCMAaTPUBATH HaJiee.

11.2. MeTon HaKPBLITUN OJI IIJIOCKUX CHCTEM

[Toxaxxem, 4TO MJIS TIJIOCKOW CUCTEMBI B KQUECTBE T—3aMBIKAHUS MOYKHO B3sTh JTIOOVIO OIpe-
METeHHYI0 MTMHAMIYIECKYIO CUCTEMY, TIOPSIOK KOTOPOU OMPENessieTCsT KOIMIEeCTBOM I'PDAHTIHBIX
YCIIOBUM 3a/lauy TEePMUHAJIBLHOTO yIpaBieHus. s MocTpoeHns COOTBETCTBYIOIIEINO HAKPHI-
Tust OymeM MpeanosaraTh, YTO U3BECTHO O0IIee perrenne >Toi cucTeMbl. C IeIb0 YIIPOIIEHUs
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0003HAUEHNIT PACCMOTPUM CHadaJja ciiydaim m = 1, a moToM obcynum 0600ITeHne TPUBOOUMON
KOHCTPYKIINN Ha ciaydan m > 1.
NssectHo (cM. § 7), uTo B ciayduae m = 1 mo6as mI0CKas CUCTeMa TIPUBOMUTCS K KAHOHUIe-
CKOMY BUIY
y™ =, (11.13)

a 3HAYUT, TPAHUYHBIE YCIIOBUS IS TIJIOCKON CUCTEMBI IIPeo0pa3yioTcs B 21 YCIOBUI BUOA

glta) =g, 9(te) =3k, §=(4,9.---,4™). (11.14)
CrenoBaTenbHO, r—3aMbIKaHUE TOJIKHO ObITH nuddepeHnnaabHbIM YPABHEHUEM Ha i = ¥; O-
psinka 2n. U3 cBoiicTBa MHBAPMAHTHOCTHU I'—3aMBIKAHUS CIIELAYET, YTO NOCTATOYHO IIOCTPOUTH
r—3aMbIKaHUe [T 3aa49K TepMuHaIbHoro yupasmienus (11.13), (11.14).

[Iycts y = x(t, 21, . . ., 22,) — Taxas QYHKIUS HE3ABUCUMBIX TEPEMEHHBIX T, 21, . . . , 29, ITO
MaTPUIIA .
(a;;) = <0_X) i=1,2n, j=1,2n (11.15)
1)) i—1 9 - ) - ) .
8# 6zj
HEBBIpOXKIEeHa B Touke (fx,Zo), Zo0 = (Z10,--.,%2m0). llocTponm Taxoe nuddepeHmaabHOE
ypaBHeHUe mopsnka 2n, 4robbl Gyukuusa y = x(t, 21, . . ., 22,) O6bu1a ero obmmum perterneM. 1o
TeopeMe O HEIBHON (DYHKIMN B HEKOTOPOI OKPECTHOCTH TOUKU ({x, Zp) MEPEMEHHBIE 21, . . ., Zo,
IpeNCTaBIIoT coboit hyukimu ot t,y,yV), ..., y@=b:
1 2n—1 . T
zi= Zi(ty,y, .y, 1=1,2n. (11.16)

PaccmoTpum nuddepeHnuaibHOE YpaBHEHUE TOPSIKa 2N

y(2 ) = ath <t7 Zl(t7y7y(1)7'7y(2 1))7 R Z2n(t7y7y(1)7"'7y(2 1))>7 (11‘17)
oIpellesIeHHOE B OKPECTHOCTHU TOYKHI
B aX B e aanlx -
(1 0 =t 20), " = St 20), oy 0 = TS, 7)), (11.18)
ot ot?n
[To mocTpoenuto, miis a0060r0 HAOOPA 3HAUYECHUH 21, . . . , 29, U3 OKPECTHOCTU TOUKU Zy (YHKIIUS
y = x(t, 21, ..., 29,) ecTb pertenue ypasaerus (11.17), a dyukmuu (11.16) — nepsbie nHTErpAIILL
sToro ypaBHeHus. [losTomy dyHKIIIN
b1 = X(tKa Zl(tvyhy(l)’”'7y(2n71))7 ER) ZQ?’L(t7y7y(1)7"'7y(2n71)>>7
0
p2 - a_>;<tK) Zl(t’y7y(1)7"’7y(2n_1))7 AR ZQn<t7y7y(1)7'"7y(2n_1))>7 (]‘]“]‘9)
" 'x 1) (2n—1) (1) (2n—1)
Pn = W(tlﬁ Zl(tayay s Y )7 LI ZQn(tay7y yeeen Y ))7
Kak (YHKIMI HEPBBIX MHTErPAIIOB (3[eCh tx — KOHCTAHTA) TAKXKe eCTh MEePBBIE MHTErPAIIBI

ypasaenus (11.17). CremoBaTesbHO, UX MPOU3BOMHBIE B CUILy STOIO YPABHEHUS DABHBI HYIIIO:
pi =0, i=1,n. (11.20)

dyukunn (11.16) kak nepseie nHTErpassl ypasHerus (11.17) ze 3aBuciaT oT ¢ Ha ero perie-
Hugx. [losTomy

az‘—lX

(D)= 4~

(tK, Zl,...,Zgn) :pz(tK>a 7 :1,_7’L (1121)
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Sameuanne 1. Kak ussectno [1, §5.3], obliee pertenne auHeNHON cucTeMbl quddepeHI-
aJIbHBIX YPaBHEHUN C MIOCTOSIHHBIMHI KO3(DPUIIMEHTAMI €CTh CyMMa YaCTHOTO PEIIeHNs 1 JIMHEN-
HO KoMOuHanum dhyumamerTaabHol cucreMbl pernernii (PCP) coorBeTcTByIOMIEl OMHOPOTHOI

cucrembl. Beibpas B kauecTBe GyHKmu X (¢, 21, . . ., 22,) TaAKOe BbIpaKeHNe n 0003HAUNB Uepes3
21y - -5 2o KOAPOUIIMEHTHI TUHENHON KOMOMHAIINY, TOJIYYUM CUCTEMY JUHENHBIX ajlrebpamue-
ckux ypasrernit, csspaonmx v,y ..y u 2y, ... 29,. MaTpuma 5Toil CHCTEMBL €CTh

marpuna (11.15), coBnamatoras ¢ marpuneit Bpouckoro @CP. Kax ussectno [1, §5.2], Takas
MaTPUIA HEBBIPOXKIeHa s Beex t. [Tooromy uTober Haiitu Beipaxkenus (11.16), mocrarouno

obpaTHyIo MaTpuIy X (a;;) YMHOXUTH Ha cTonben (y,y™, ... y@ )T,
IIpumep 11.1. B kauecrse x(t, 21, ..., 22,) BO3bMeM (DYHKIIIIO
(t —tx)? (t —tg)* !

y221+22(t—tK>+Zg + ...+ 2o

2! (2n — 1)!

Torma matpuna (11.15) BepxHETpEyTOIbHAS C €OUHUIIAME HA IUATOHAIM, & 3HAUUT, HEBBIPO-
JKJIeHHAs BO Bcex Toukax. Ypapsenns (11.13) mmeer sum y® = 0, Bepaxenns (11.16) na-
XOISITCSI YKA3aHHBIM B 3aMedaHun 1 cmoco6om, dopmyisr (11.19) Taxke HETDPYIHO BBHIIHCATH.
[Tpumenenme MeTOna HAKPBLITUN NaeT PelleHre B MHOTOYJIEHAX U COBIIAHAET C PeIIeHUeM, I0-
JIy9YeHHBIM M3BECTHBIM MeTomoM (cM. § 8).

Teopema 11.1. Ilycrts y = x(t, 21,...,22,) — Takas dyukuus, uro marpuna (11.15)
HEBBIPOXKIICHA B TOUKe (tk, Z), Z0 = (21,0, .-, %2n,0). Lorma cymecrByer Takoe d > (0, 9T0 mpu
lg € (tgx — 0,1x) cyuecTByeT Takas okpecTHOCTb V C R™ Toukn

aX anflx
T, 2 —(tu, 2 e, —(tg, 2
<X( H, 0)7 8t( H, 0)7 ) otn—1 ( H, 0) )
YTO IJIst JIEOO0H TOUKY (Y, yg )L, ygz _1)) u3 V ypasaenue (11.17) ecTs r—3aMbIKaHue 32180

TEPMUHAIILHOTO yIpaBieHus miis ypasHenus (11.13) ¢ rpaHUIHBIME YCIIOBUAME

= o = e V) =
y(tx) = o, yV(tx) = w5, .., YV (tx) =y,
roe wmena yo, v, ..,y onpenensmores coornomenmavm (11.18).

MoxHO chOpMyIUPOBATH NBA MONXONA K UCTIONB30BAHUIO KOHCTPYKIWMN r—3aMbikarus (11.17)—
(11.20) u Teopemsr 11.1. TIpu nepsoM momxome TepMmuHanbHYIO 3amady (11.6), (11.7) nepedop-
myupyioT B 3amauy (11.13), (11.14), pemator ee ¢ momortsio r—3ambikarus (11.17), a moTom
o6paTHBIM IepexonoM HaxonsT pererne 3amadn (11.6), (11.7). IIpu BTOpoM momxome MCHOIb-
3yeTcst CBOMCTBO MHBAPHMAHTHOCTHU T—3aMbIKaHUs. A uMeHHO, nepexons B ypasHenunu (11.17) or
MePEMEHHBIX , §j, U K MepeMeHHBIM , , u TolydaeM r—3aMbikarue 3amaun (11.6), (11.7).

s 06061erns popmyn (11.15)—(11.21) u Teopemsr 11.1 ma ciaywait m > 1 3ameTuM, 4To
Ha ¢yuknuo y; (1 < j < m) mamaraercs 2k; rpanmunbix ycmosuit (11.14). Ilostomy r—

3aMBbIKaHHIE JOJKHO MMETb MOPSNOK 2k; IO IepeMeHHOR y;, j = 1, m. OObiuee peleHne Takom

CHCTeMBI IPEACTABIISET COOOM TaKyIo BEeKTOpHYIO dyHKmmio y; = x;(t, 21,...,2n), j = 1,m,
N =k + ...+ ky,, xoropast onpenessier o6paTUMYyIO 3aMeHy OT MEePeMeHHBIX Z = (21, ..., ZoN)

. . (2k1—1) (2km—1) y
K mepeMeHHbM § = (Y1, U1, .-, Y JY2s e s Y ). Matpuna (a;;) nmpencrasiser coboi

maTpury Skobu sroit 3amensl. [lo anamorun ¢ ypasaennem (11.17) r—3aMblkaHue IJisi MHOTO-
MEpHOT'O CJIydas eCThb CUCTEeMA
2k;
(k) _ 079X
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TIIe Z CIIeMyeT BBIPA3UTh Yepes ¢, ¥, UCTIOIIb3y st 0OpaTHYIO 3aMEHY MepeMeHHbIX. PYHKIUN Py, . . .,
PN, KOTODBIE OIPEeTIS0T HAKPBITHe 13 5T0il cucteMbl B cucremy (11.20), mo anamorun ¢ (11.19)
€CTh QYHKIINN

akl Xl ak‘m Xm

Ix1 - - _
W(tK’ Z)a Xz(tK, Z)a sy at—km(tK, z)

x1(tx, 2), E(tKa Z), s
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