
Ñåìèíàð 17. Ëèíåéíûå íåîäíîðîäíûå

äèôôåðåíöèàëüíûå óðàâíåíèÿ n-ãî ïîðÿäêà

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

è ñïåöèàëüíîé ïðàâîé ÷àñòüþ

Óðàâíåíèå âèäà

y(n) + a1(x)y
(n−1) + . . .+ an−1(x)y

′ + an(x)y = b(x),

ãäå ai(x), b(x) 6= 0 � ôóíêöèè, íåïðåðûâíûå íà íåêîòîðîì èíòåðâàëå I, íàçûâà-
åòñÿ ëèíåéíûì íåîäíîðîäíûì óðàâíåíèåì n-ãî ïîðÿäêà. Òåîðåìà î ñòðóêòóðå
îáùåãî ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ óòâåðæäàåò, ÷òî îáùåå ðå-
øåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîí = yoo + y÷í,

ãäå yîí � îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ, yoo � îáùåå ðå-
øåíèå ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ, y÷í � íåêîòîðîå
÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ. Íàïîìíèì òåîðåìó î ñòðóêòóðå

îáùåãî ðåøåíèÿ ËÎÄÓ n-ãî ïîðÿäêà. Åñëè y1(x), . . . , yn(x) � íåêîòîðàÿ ÔÑÐ
ËÎÄÓ n-ãî ïîðÿäêà, òî îáùåå ðåøåíèå èìååò âèä

yoo = C1y1(x) + . . .+ Cnyn(x),

ãäå Ci ∈ R � ïðîèçâîëüíûå ïîñòîÿííûå. Òàêèì îáðàçîì, îáùåå ðåøåíèå ëèíåé-
íîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîí = C1y1(x) + . . .+ Cnyn(x) + y÷í.

Çíà÷èò, äëÿ çàïèñè îáùåãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ äîñòàòî÷íî
íàéòè âñåãî îäíî ÷àñòíîå ðåøåíèå ýòîãî óðàâíåíèÿ, à äàëåå âîñïîëüçîâàòüñÿ
ýòîé òåîðåìîé.

Ðàññìîòðèì óðàâíåíèå âèäà

y(n) + a1y
(n−1) + . . .+ an−1y

′ + any = b(x), ai ∈ R.

Ïóñòü èçâåñòíû êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ñîîòâåòñòâóþùåãî îäíî-
ðîäíîãî óðàâíåíèÿ

λn + a1λ
n−1 + · · ·+ an−1λ+ an = 0

ñ ó÷åòîì èõ êðàòíîñòåé.
Âèä ÷àñòíîãî ðåøåíèÿ òàêîãî íåîäíîðîäíîãî óðàâíåíèÿ çàâèñèò îò âèäà ïðà-

âîé ÷àñòè. Åñëè ïðàâàÿ ÷àñòü èìååò òàê íàçûâàåìûé ñïåöèàëüíûé âèä, òî åñòü
çàäàíà â âèäå êâàçèìíîãî÷ëåíà, òî âèä ÷àñòíîãî ðåøåíèÿ ìîæíî îïðåäåëèòü
áåç èíòåãðèðîâàíèÿ. Êâàçèìíîãî÷ëåíîì íàçûâàåòñÿ ôóíêöèÿ âèäà

b(x) = eαx(Pn(x) cos βx+ Tm(x) sin βx).
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Âèä ÷àñòíîãî ðåøåíèÿ y÷í íåîäíîðîäíîãî óðàâíåíèÿ â çàâèñèìîñòè îò âèäà
ïðàâîé ÷àñòè b(x) íåîäíîðîäíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

1) Ïóñòü ïðàâàÿ ÷àñòü èìååò âèä

b(x) = eαxPn(x),

ãäå α ∈ R, Pn(x) � íåêîòîðûé ìíîãî÷ëåí n-îé ñòåïåíè.

• à) åñëè α � íå êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî

y÷í = eαxQn(x),

• á) åñëè α � êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r, òî

y÷í = xreαxQn(x),

ãäå Qn(x) � ìíîãî÷ëåí n-îé ñòåïåíè ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè.
2) Ïóñòü ïðàâàÿ ÷àñòü èìååò âèä

b(x) = eαx(Pn(x) cos βx+ Tm(x) sin βx),

ãäå α, β ∈ R, Pn(x), Tm(x) � íåêîòîðûå ìíîãî÷ëåíû ñòåïåíåé n è m ñîîò-
âåòñòâåííî.

• à) åñëè α± βi � íå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî

y÷í = eαx(QN(x) cos βx+ SN(x) sin βx), N = max{n,m},

• á) åñëè α ± βi � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r
êàæäûé, òî

y÷í = xreαx(QN(x) cos βx+ SN(x) sin βx), N = max{n,m},

ãäå QN(x), SN(x) � ìíîãî÷ëåíû N -îé ñòåïåíè ñ íåîïðåäåëåííûìè êîýô-
ôèöèåíòàìè.

Åñëè ïðàâàÿ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä b1(x) +
b2(x), ãäå b1(x), b2(x) � êâàçèìíîãî÷ëåíû, òî äëÿ îïðåäåëåíèÿ ÷àñòíîãî ðåøåíèÿ
ìîæíî ïðèìåíèòü ïðèíöèï íàëîæåíèÿ ðåøåíèé: åñëè y1 � ðåøåíèå óðàâíåíèÿ

y(n) + a1(x)y
(n−1) + . . .+ an−1(x)y

′ + an(x)y = b1(x),

à y2 � ðåøåíèå óðàâíåíèÿ

y(n) + a1(x)y
(n−1) + . . .+ an−1(x)y

′ + an(x)y = b2(x),

òî y1 + y2 � ðåøåíèå óðàâíåíèÿ

y(n) + a1(x)y
(n−1) + . . .+ an−1(x)y

′ + an(x)y = b1(x) + b2(x).
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Õî÷åòñÿ çàìåòèòü, ÷òî ýòè ïðàâèëà òîëüêî óñòàíàâëèâàþò âèä ÷àñòíîãî ðå-
øåíèÿ. ×òîáû íàéòè íåîïðåäåëåííûå êîýôôèöèåíòû â ýòèõ ìíîãî÷ëåíàõ, íóæ-
íî ïðèìåíèòü ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Â ñëåäóþùèõ çàäà÷àõ óñòàíîâèòü âèä îáùåãî ðåøåíèÿ íåîäíîðîäíîãî óðàâ-
íåíèÿ (áåç âû÷èñëåíèÿ êîýôôèöèåíòîâ).

Çàäà÷à 9.346. y′′ − 8y′ + 16y = (1− x)e4x.
Ðåøåíèå: Ðåøèì ñíà÷àëà ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

y′′ − 8y′ + 16y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

λ2 − 8λ+ 16 = 0.

Óðàâíåíèå èìååò åäèíñòâåííûé êîðåíü êðàòíîñòè 2:

λ1,2 = 4.

Òàêèì îáðàçîì, ÔÑÐ îäíîðîäíîãî óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = e4x, y2 = xe4x,

à îáùåå ðåøåíèå ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî îäíîðîä-
íîãî óðàâíåíèÿ èìååò âèä

yoo = C1y1 + C2y2 = C1e
4x + C2xe

4x.

Òåïåðü ðàññìîòðèì ïðàâóþ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

b(x) = (1− x)e4x.

Ïðàâàÿ ÷àñòü èìååò âèä êâàçèìíîãî÷ëåíà, ïîýòîìó âèä ÷àñòíîãî ðåøåíèÿ íåîä-
íîðîäíîãî óðàâíåíèÿ ìîæíî îïðåäåëèòü áåç èíòåãðèðîâàíèÿ. Â äàííîì ñëó÷àå

α = 4, n = 1, r = 2,

ãäå α � êîýôôèöèåíò ïåðåä x â ïîêàçàòåëå ýêñïîíåíòû e4x è ýòî ÷èñëî ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè 2, n � ñòåïåíü ìíîãî÷ëåíà
Pn(x) = 1− x, r = 2 � êðàòíîñòü êîðíÿ α = 4 (ñì. òåêñò â ðàìêå, ñëó÷àé 1á). Â
ýòîì ñëó÷àå ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = xreαxQn(x),

èëè äëÿ çàäàííûõ çíà÷åíèé α, r è n:

y÷í = x2(Ax+B)e4x.

Òàêèì îáðàçîì, ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî íåîäíî-
ðîäíîãî óðàâíåíèÿ, îáùåå ðåøåíèå çàäàííîãî óðàâíåíèÿ èìååò âèä

yîí = yoo + y÷í = C1e
4x + C2xe

4x + x2(Ax+B)e4x.
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Çàäà÷à 9.349. yIV + 4y′′ + 4y = x sin 2x.
Ðåøåíèå: Ðåøèì ñíà÷àëà ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

yIV + 4y′′ + 4y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

λ4 + 4λ2 + 4 = 0 èëè (λ2 + 2)2 = 0.

Óðàâíåíèå èìååò ïàðó êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé êðàòíîñòè 2 êàæäûé:

λ1,2 =
√
2i, λ3,4 = −

√
2i.

Òàêèì îáðàçîì, ÔÑÐ îäíîðîäíîãî óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = cos
√
2x, y2 = sin

√
2x, y3 = x cos

√
2x, y4 = x sin

√
2x

à îáùåå ðåøåíèå ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî îäíîðîä-
íîãî óðàâíåíèÿ èìååò âèä

yoo = C1 cos
√
2x+ C2 sin

√
2x+ C3x cos

√
2x+ C4x sin

√
2x.

Òåïåðü ðàññìîòðèì ïðàâóþ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

b(x) = x sin 2x.

Ïðàâàÿ ÷àñòü èìååò âèä êâàçèìíîãî÷ëåíà, ïîýòîìó âèä ÷àñòíîãî ðåøåíèÿ íåîä-
íîðîäíîãî óðàâíåíèÿ ìîæíî îïðåäåëèòü áåç èíòåãðèðîâàíèÿ. Â äàííîì ñëó÷àå

α± βi = 0± 2i, n = 0, m = 1,

ãäå α = 0 � êîýôôèöèåíò ïåðåä x â ïîêàçàòåëå ýêñïîíåíòû 1 = e0·x, β = 2
� êîýôôèöèåíò ïåðåä x â ôóíêöèè sin 2x, ïðè÷åì ÷èñëà α ± betai = 0 ± 2i
íå ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, n � ñòåïåíü ìíîãî÷ëåíà
Pn(x) = 0, m � ñòåïåíü ìíîãî÷ëåíà Tm(x) = x. (ñì. òåêñò â ðàìêå, ñëó÷àé 2à).
Â ýòîì ñëó÷àå N = max{0, 1} = 1, à ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
èìååò âèä

y÷í = eαx(QN(x) cos βx+ SN(x) sin βx),

èëè äëÿ çàäàííûõ çíà÷åíèé α, β è N :

y÷í = (Ax+B) cos 2x+ (Dx+ E) sin 2x.

Òàêèì îáðàçîì, ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî íåîäíî-
ðîäíîãî óðàâíåíèÿ, îáùåå ðåøåíèå çàäàííîãî óðàâíåíèÿ èìååò âèä

yîí = (C1 +C3x) cos
√
2x+(C2 +C4x) sin

√
2x+(Ax+B) cos 2x+(Dx+E) sin 2x.

Çàäà÷à 9.352. y′′ + 2y′ + 5y = ex
(
(x+ 1) cos 2x+ 3 sin 2x

)
.

4



Ðåøåíèå: Ðåøèì ñíà÷àëà ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

y′′ + 2y′ + 5y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

λ2 + 2λ+ 5 = 0.

Óðàâíåíèå èìååò ïàðó êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé:

λ1,2 = −1± 2i.

Òàêèì îáðàçîì, ÔÑÐ îäíîðîäíîãî óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = e−x cos 2x, y2 = e−x sin 2x,

à îáùåå ðåøåíèå ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî îäíîðîä-
íîãî óðàâíåíèÿ èìååò âèä

yoo = C1e
−x cos 2x+ C2e

−x sin 2x.

Òåïåðü ðàññìîòðèì ïðàâóþ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

b(x) = ex
(
(x+ 1) cos 2x+ 3 sin 2x

)
.

Ïðàâàÿ ÷àñòü èìååò âèä êâàçèìíîãî÷ëåíà, ïîýòîìó âèä ÷àñòíîãî ðåøåíèÿ íåîä-
íîðîäíîãî óðàâíåíèÿ ìîæíî îïðåäåëèòü áåç èíòåãðèðîâàíèÿ. Â äàííîì ñëó÷àå

α = 1, β = 2, n = 1, m = 0,

ãäå α� êîýôôèöèåíò ïåðåä x â ïîêàçàòåëå ýêñïîíåíòû ex, β = 2� êîýôôèöèåíò
ïåðåä x â ôóíêöèè sin 2x èëè cos 2x, ïðè÷åì ÷èñëà 1± 2i íå ÿâëÿþòñÿ êîðíÿìè
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, n � ñòåïåíü ìíîãî÷ëåíà Pn(x) = x + 1, m �
ñòåïåíü ìíîãî÷ëåíà Tm(x) = 3. (ñì. òåêñò â ðàìêå, ñëó÷àé 2à). Â ýòîì ñëó÷àå
N = max{1, 0} = 1, à ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = eαx(QN(x) cos βx+ SN(x) sin βx),

èëè äëÿ çàäàííûõ çíà÷åíèé α, r è n:

y÷í = ex((Ax+B) cos 2x+ (Dx+ E) sin 2x).

Òàêèì îáðàçîì, ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî íåîäíî-
ðîäíîãî óðàâíåíèÿ, îáùåå ðåøåíèå çàäàííîãî óðàâíåíèÿ èìååò âèä

yîí = C1e
−x cos 2x+ C2e

−x sin 2x+ ex((Ax+B) cos 2x+ (Dx+ E) sin 2x).

Çàäà÷à 1*. yIV−y′′′−3y′′+y′+2y = ex cos 2x+(x3−1)e−x+4xe2x+sinx−x cosx.
Ðåøåíèå: Ïîäîáíàÿ çàäà÷à åñòü â äîìàøíåì çàäàíèè (çàäà÷à 5) è â ÐÊ2

(çàäà÷à 4).
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Ðåøèì ñíà÷àëà ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå

yIV − y′′′ − 3y′′ + y′ + 2y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

λ4 − λ3 − 3λ2 + λ+ 2 = 0.

Ïåðâûé êîðåíü óðàâíåíèÿ íàõîäèòñÿ ïîäáîðîì: λ1 = 1. Â ðåçóëüòàòå äåëåíèÿ
õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà íà λ− 1 ïîëó÷àåì

λ4 − λ3 − 3λ2 + λ+ 2 = (λ− 1)(λ3 − 3λ− 2).

Ïîäáîðîì ìîæíî íàéòè è âòîðîé êîðåíü õàðàêòåðèñòèåñêîãî ìíîãî÷ëåíà: λ2 =
−1. Â ðåçóëüòàòå äåëåíèÿ (λ3 − 3λ− 2) íà λ+ 1 ïîëó÷àåì

λ3 − 3λ− 2 = (λ+ 1)(λ2 − λ− 2).

Êâàäðàòíîå óðàâíåíèå λ2−λ− 2 = 0 èìååò äâà êîðíÿ: λ3 = −1 è λ4 = 2. Òàêèì
îáðàçîì, õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò òðè äåéñòâèòåëüíûõ êîðíÿ:

λ1 = 1, λ2,3 = −1, λ4 = 2.

ÔÑÐ îäíîðîäíîãî óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = ex, y2 = e−x, y3 = xe−x, y4 = e2x.

à îáùåå ðåøåíèå ïî òåîðåìå î ñòðóêòóðå îáùåãî ðåøåíèÿ ëèíåéíîãî îäíîðîä-
íîãî óðàâíåíèÿ èìååò âèä

yoo = C1e
x + C2e

−x + C3xe
x + C4e

2x.

Òåïåðü ðàññìîòðèì ïðàâóþ ÷àñòü ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

b(x) = ex cos 2x+ (x3 − 1)e−x + 4xe2x + sinx− x cosx.

Ïðàâàÿ ÷àñòü èìååò âèä ñóììû íåñêîëüêèõ êâàçèìíîãî÷ëåíîâ. Íàéäåì ôóíê-
öèþ y÷íi, ñîîòâåòñòâóþùóþ êàæäîìó ñëàãàåìîìó ôóíêöèè b(x), ïîñëå ÷åãî ïðè-
ìåíèì ïðèíöèï íàëîæåíèÿ ðåøåíèé. Ïðåäñòàâèì ïðàâóþ ÷àñòü óðàâíåíèÿ â
âèäå

b(x) = b1(x) + b2(x) + b3(x) + b4(x),

ãäå

b1(x) = ex cos 2x, b2(x) = (x3 − 1)e−x, b3(x) = 4xe2x, b4(x) = sinx− x cosx,

è ðàññìîòðèì êàæäóþ èç ôóíêöèé bi(x) îòäåëüíî.

• b1(x) = ex cos 2x

Â ýòîì ñëó÷àå α = 1, β = 2, è ÷èñëà α±βi = 1±2i íå ÿâëÿþòñÿ êîðíÿìè õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Çíà÷èò, ðåàëèçóåòñÿ ñëó÷àé 2à (ñì. òåêñò â
ðàìêå), è ÷àñòü ÷àñòíîãî ðåøåíèÿ, ñîîòâåòñòâóþùàÿ ýòîé ôóíêöèè, èìååò
âèä

y÷í1 = ex(A1 cos 2x+B1 sin 2x).
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• b1(x) = (x3 − 1)e−x

Â ýòîì ñëó÷àå α = −1, è ÷èñëî α = −1 ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷å-
ñêîãî óðàâíåíèÿ êðàòíîñòè 2. Çíà÷èò, ðåàëèçóåòñÿ ñëó÷àé 1á (ñì. òåêñò â
ðàìêå), è ÷àñòü ÷àñòíîãî ðåøåíèÿ, ñîîòâåòñòâóþùàÿ ýòîé ôóíêöèè, èìååò
âèä

y÷í2 = x2e−x(A2x
3 +B2x

2 +D2x+ E2).

• b3(x) = 4xe2x

Â ýòîì ñëó÷àå α = 2, è ÷èñëî α = 2 ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ êðàòíîñòè 1. Çíà÷èò, ðåàëèçóåòñÿ ñëó÷àé 1á (ñì. òåêñò â ðàìêå),
è ÷àñòü ÷àñòíîãî ðåøåíèÿ, ñîîòâåòñòâóþùàÿ ýòîé ôóíêöèè, èìååò âèä

y÷í3 = xe2x(A3x+B3).

• b4(x) = sinx− x cosx
Â ýòîì ñëó÷àå α = 0, β = 1, è ÷èñëà α±βi = 0±i íå ÿâëÿþòñÿ êîðíÿìè õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Çíà÷èò, ðåàëèçóåòñÿ ñëó÷àé 2à (ñì. òåêñò â
ðàìêå), è ÷àñòü ÷àñòíîãî ðåøåíèÿ, ñîîòâåòñòâóþùàÿ ýòîé ôóíêöèè, èìååò
âèä

y÷í4 = (A4x+B4) cosx+ (D4x+ E4) sinx

Ïî ïðèíöèïó íàëîæåíèÿ ðåøåíèé ÷àñòíîå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî
óðàâíåíèÿ èìååò âèä

y÷í = y÷í1+y÷í2+y÷í3+y÷í4 = ex(A1 cos 2x+B1 sin 2x)+x
2e−x(A2x

3+B2x
2+D2x+E2)+

+xe2x(A3x+B3) + (A4x+B4) cosx+ (D4x+ E4) sinx

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîí = yîî + y÷í = C1e
x + C2e

−x + C3xe
x + C4e

2x+

+ex(A1 cos 2x+B1 sin 2x) + x2e−x(A2x
3 +B2x

2 +D2x+ E2)+

+xe2x(A3x+B3) + (A4x+B4) cosx+ (D4x+ E4) sinx

Â ñëåäóþùèõ çàäà÷àõ íóæíî íå òîëüêî âûïèñàòü âèä îáùåãî ðåøåíèÿ, íî è
íàéòè åãî.

Çàäà÷à 9.354. y′′ − y = e−x.
Ðåøåíèå: Ñíà÷àëà ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′′ − y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ2 − 1 = 0.

Êîðíÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà

λ1 = 1, λ2 = −1.
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Çíà÷èò, ÔÑÐ óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = ex, y2 = e−x,

à îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîî = C1e
x + C2e

−x.

Ðàññìîòðèì ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ:

b(x) = e−x.

Çäåñü α = −1, è ýòî ÷èñëî ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
êðàòíîñòè 1, òî åñòü ðåàëèçóåòñÿ ñëó÷àé 1á, è ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî
óðàâíåíèÿ èìååò âèä

y÷í = Axe−x.

Íàéäåì êîýôôèöèåíò A. Ïóñòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y = Axe−x,

òîãäà
y′ = Ae−x − Axe−x, y′′ = −Ae−x − Ae−x + Axe−x.

Ïîäñòàâèì ôóíêöèþ y è åå ïðîèçâîäíóþ â èñõîäíîå ÄÓ:

y′′ − y = −2Ae−x + Axe−x − Axe−x = e−x.

Ñîêðàòèâ â ïîñëåäíåì óðàâíåíèè âñå, ÷òî ìîæíî, ïîëó÷àåì óðàâíåíèå äëÿ îïðå-
äåëåíèÿ A:

−2A = 1,

îòêóäà A = −1
2
. Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

èìååò âèä

y÷í = −
x

2
e−x,

à îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

yîí = yîî + y÷í = C1e
x + C2e

−x − x

2
e−x.

Çàäà÷à 9.357. y′′ − 5y′ + 6y = 13 sin 3x.
Ðåøåíèå: Ñíà÷àëà ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′′ − 5y′ + 6y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ2 − 5λ+ 6 = 0.

Êîðíÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà

λ1 = 2, λ2 = 3.
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Çíà÷èò, ÔÑÐ óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = e2x, y2 = e3x,

à îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîî = C1e
2x + C2e

3x.

Ðàññìîòðèì ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ:

b(x) = 13 sin 3x.

Çäåñü α = 0, β = 3, è ÷èñëà α ± βi = ±3i íå ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ, òî åñòü ðåàëèçóåòñÿ ñëó÷àé 2à, è ÷àñòíîå ðåøåíèå íåîäíî-
ðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = A cos 3x+B sin 3x.

Íàéäåì êîýôôèöèåíòû A, B. Ïóñòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìå-
åò âèä

y = A cos 3x+B sin 3x,

òîãäà
y′ = −3A sin 3x+ 3B cos 3x, y′′ = −9A cos 3x− 9B sin 3x.

Ïîäñòàâèì ôóíêöèþ y è åå ïðîèçâîäíûå â èñõîäíîå ÄÓ:

y′′−5y′+6y = −9A cos 3x−9B sin 3x−5
(
−3A sin 3x+3B cos 3x

)
+6

(
A cos 3x+B sin 3x

)
=

= cos 3x(−3A− 15B) + sin 3x(−3B + 15A) = 13 sin 3x

Ïðèðàâíÿâ â ïîñëåäíåì óðàâíåíèè êîýôôèöèåíòû ïåðåä îäèíàêîâûìè ôóíê-
öèÿìè, ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé

cos 3x : − 3A− 15B = 0,

sin 3x : − 3B + 15A = 13,

îòêóäà ïîëó÷àåì

A =
5

6
, B = −1

6
.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í =
5

6
cos 3x− 1

6
sin 3x,

à îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

yîí = yîî + y÷í = C1e
2x + C2e

3x +
5

6
cos 3x− 1

6
sin 3x.

Çàäà÷à 9.360. y′′ + y = 4x cosx.
Ðåøåíèå: Ñíà÷àëà ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′′ + y = 0.
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ2 + 1 = 0.

Êîðíÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà

λ1 = i, λ2 = −i.

Çíà÷èò, ÔÑÐ óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = cosx, y2 = sinx,

à îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîî = C1 cosx+ C2 sinx.

Ðàññìîòðèì ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ:

b(x) = 4x cosx.

Çäåñü α = 0, β = 1, è ÷èñëà α± βi = ±i ÿâëÿþòñÿ êîðíÿìè õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ êðàòíîñòè 1, òî åñòü ðåàëèçóåòñÿ ñëó÷àé 2á, è ÷àñòíîå ðåøåíèå
íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = x
(
(Ax+B) cosx+ (Dx+ E) sinx

)
.

Íàéäåì êîýôôèöèåíòû A, B,D, E. Ïóñòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
èìååò âèä

y = x
(
(Ax+B) cosx+ (Dx+ E) sinx

)
,

òîãäà

y′ = (2Ax+B) cosx− (Ax2 +Bx) sinx+ (2Dx+ E) sinx+ (Dx2 + Ex) cosx

y′′ = 2A cosx− 2(2Ax+B) sinx− (Ax2 +Bx) cosx+

+2D sinx+ 2(2Dx+ E) cosx− (Dx2 + Ex) sinx.

Ïîäñòàâèì ôóíêöèþ y è åå ïðîèçâîäíûå â èñõîäíîå ÄÓ:

y′′ + y = 2A cosx− 2(2Ax+B) sinx− (Ax2 +Bx) cosx+

+2D sinx+ 2(2Dx+ E) cosx− (Dx2 + Ex) sinx+

+(Ax2 +Bx) cosx+ (Dx2 + Ex) sinx =

= 2A cosx− 2(2Ax+B) sinx+ 2D sinx+ 2(2Dx+ E) cosx = 4x cosx

Ïðèðàâíÿâ â ïîñëåäíåì óðàâíåíèè êîýôôèöèåíòû ïåðåä îäèíàêîâûìè ôóíê-
öèÿìè, ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé

x cosx : 4D = 4,

x sinx : − 4A = 0,

cosx : 2A+ 2E = 0,
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sinx : − 2B + 2D = 0,

îòêóäà ïîëó÷àåì
A = 0, B = 1, D = 1, E = 0.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = x
(
cosx+ x sinx

)
,

à îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

yîí = yîî + y÷í = C1 cosx+ C2 sinx+ x
(
cosx+ x sinx

)
.

Â ñëåäóþùèõ çàäà÷àõ íóæíî íàéòè ðåøåíèå çàäà÷ Êîøè.
Çàäà÷à 9.371. y′′′ − y′ = −2x, y(0) = 0, y′(0) = 2, y′′(0) = 2.
Ðåøåíèå: Ñíà÷àëà ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′′′ − y′ = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ3 − λ = 0.

Êîðíÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà

λ1 = 0, λ2 = 1, λ3 = −1.

Çíà÷èò, ÔÑÐ óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = 1, y2 = ex, y3 = e−x,

à îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîî = C1 + C2e
x + C3e

−x.

Ðàññìîòðèì ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ:

b(x) = −2x.

Çäåñü α = 0, è ýòî ÷èñëî ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàò-
íîñòè 1, òî åñòü ðåàëèçóåòñÿ ñëó÷àé 1á, è ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâ-
íåíèÿ èìååò âèä

y÷í = x(Ax+B).

Íàéäåì êîýôôèöèåíòû A, B. Ïóñòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìå-
åò âèä

y = Ax2 +Bx,

òîãäà
y′ = 2Ax+B, y′′ = 2A, y′′′ = 0.

Ïîäñòàâèì ôóíêöèþ y è åå ïðîèçâîäíûå â èñõîäíîå ÄÓ:

y′′′ − y′ = 0− 2Ax−B = −2x
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Ïðèðàâíÿâ â ïîñëåäíåì óðàâíåíèè êîýôôèöèåíòû ïåðåä îäèíàêîâûìè ñòåïåíÿ-
ìè x, ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé

x : − 2A = −2,

1: −B = 0,

îòêóäà ïîëó÷àåì
A = 1, B = 0.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = x2,

à îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

yîí = yîî + y÷í = C1 + C2e
x + C3e

−x + x2.

Òåïåðü íàéäåì ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûìè óñëîâèÿìè:

y(0) = 0, y′(0) = 2, y′′(0) = 2.

Ïðîäèôôåðåíöèðóåì yîí äâà ðàçà, ïîëó÷èì:

y′
îí

= C2e
x − C3e

−x + 2x, y′′
îí

= C2e
x + C3e

−x + 2.

Ïîäñòàâèâ x = 0, y = 0, y′ = 2, y′′ = 2 â âûðàæåíèÿ äëÿ îáùåãî ðåøåíèÿ,
ïîëó÷àåì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ êîíñòàíò C1, C2, C3:

y(0) = 0 ⇒ C1 + C2 + C3 = 0,

y′(0) = 2 ⇒ C2 − C3 = 2,

y′′(0) = 2 ⇒ C2 + C3 + 2 = 2,

îòêóäà
C1 = 0, C2 = 1, C3 = −1.

Ñëåäîâàòåëüíî, ÷àñòíîå ðåøåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå çàäàííûì íà-
÷àëüíûì óñëîâèÿì, èìååò âèä

y(x) = ex − e−x + x2.

Çàäà÷à 2*. y′′ + 4y′ + 4y = 2e−2x + 8x+ 12, y(0) = 2, y′(0) = −1.
Ðåøåíèå: Ïîäîáíàÿ çàäà÷à åñòü â äîìàøíåì çàäàíèè (çàäà÷à 4).
Ñíà÷àëà ðåøèì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′′ + 4y′ + 4y = 0.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λ2 + 4λ+ 4 = 0.
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Óðàâíåíèå èìååò åäèíñòâåííûé êîðåíü êðàòíîñòè 2

λ1,2 = −2.

Çíà÷èò, ÔÑÐ óðàâíåíèÿ îáðàçóþò ôóíêöèè

y1 = e−2x, y2 = xe−2x,

à îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä

yîî = C1e
−2x + C2xe

−2x.

Ðàññìîòðèì ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ:

b(x) = 2e−2x + 8x+ 12.

Ïóñòü b(x) = b1(x) + b2(x), ãäå

b1(x) = 2e−2x, b2(x) = 8x+ 12.

• b1(x) = 2e−2x.

Òîãäà α = −2, è ýòî ÷èñëî ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíå-
íèÿ êðàòíîñòè 2. Òàêèì îáðàçîì,

y÷í1 = Ax2e−2x.

• b1(x) = 8x+ 12.

Òîãäà α = 0, è ýòî ÷èñëî íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ. Òàêèì îáðàçîì,

y÷í2 = Bx+D.

Çíà÷èò, ïî ïðèíöèïó íàëîæåíèÿ ðåøåíèé ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî
óðàâíåíèÿ èìååò âèä

y÷í = Ax2e−2x +Bx+D.

Íàéäåì êîýôôèöèåíòû A, B, D. Ïóñòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
èìååò âèä

y = Ax2e−2x +Bx+D,

òîãäà

y′ = 2Axe−2x − 2Ax2e−2x +B, y′′ = 2Ae−2x − 8Axe−2x + 4Ax2e−2x.

Ïîäñòàâèì ôóíêöèþ y è åå ïðîèçâîäíûå â èñõîäíîå ÄÓ:

y′′ + 4y′ + 4y = 2Ae−2x − 8Axe−2x + 4Ax2e−2x+

+4
(
2Axe−2x − 2Ax2e−2x +B

)
+ 4

(
Ax2e−2x +Bx+D

)
Çàìåòèì, ÷òî â ïîëó÷åííîì óðàâíåíèè ñîêðàùàþòñÿ ñëàãàåìûå ïåðåä xe−2x è
x2e−2x. Â ðåçóëüòàòå ïîëó÷àåì

2Ae−2x + 4B + 4Bx+ 4D = 2e−2x + 8x+ 12.
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Ïðèðàâíÿâ â ïîñëåäíåì óðàâíåíèè êîýôôèöèåíòû ïåðåä îäèíàêîâûìè ôóíê-
öèÿìè, ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé

e−2x : 2A = 2,

x : 4B = 8,

1: 4B + 4D = 12.

îòêóäà ïîëó÷àåì
A = 1, B = 2, D = 1.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä

y÷í = x2e−2x + 2x+ 1,

à îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ

yîí = yîî + y÷í = C1e
−2x + C2xe

−2x + x2e−2x + 2x+ 1.

Òåïåðü íàéäåì ðåøåíèå çàäà÷è Êîøè ñ íà÷àëüíûìè óñëîâèÿìè:

y(0) = 2, y′(0) = −1.

Ïðîäèôôåðåíöèðóåì yîí, ïîëó÷èì:

y′
îí

= −2C1e
−2x + C2e

−2x − 2C2xe
−2x + 2xe−2x − 2x2e−2x + 2.

Ïîäñòàâèâ x = 0, y = 2, y′ = −1 â âûðàæåíèÿ äëÿ îáùåãî ðåøåíèÿ, ïîëó÷àåì
ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ êîíñòàíò C1, C2:

y(0) = 2 ⇒ C1 + 1 = 2,

y′(0) = −1 ⇒ −2C1 + C2 + 2 = −1,

îòêóäà
C1 = 1, C2 = −1.

Ñëåäîâàòåëüíî, ÷àñòíîå ðåøåíèå óðàâíåíèÿ, óäîâëåòâîðÿþùåå çàäàííûì íà-
÷àëüíûì óñëîâèÿì, èìååò âèä

y(x) = e−2x − xe−2x + x2e−2x + 2x+ 1.

Äîìàøíåå çàäàíèå

9.347, 349, 350, 355, 361, 362, 370, 372.
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