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Ìåòîä Ãàóññà.

Ïðÿìîé õîä ìåòîäà Ãàóññà.
Çàïèøåì ñèñòåìó Ax = f â ðàçâåðíóòîì âèäå

a11x1 + a12x2 + . . . + a1mxm = f1,

a21x1 + a22x2 + . . . + a2mxm = f2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + ammxm = fm.

Èäåÿìåòîäà: Ïîñëåäîâàòåëüíîå èñêëþ÷åíèè íåèçâåñòíûõ x1,
x2, ..., xm èç ñèñòåìû.
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Ïóñòü a11 6= 0.
Òîãäà a11 íàçûâàåòñÿ ãëàâíûì èëè âåäóùèì ýëåìåíòîì ïåðâîãî øàãà.
Ïîäåëèì ïåðâîå óðàâíåíèå ñèñòåìû íà a11, ïîëó÷èì

x1 + c12x2 + . . . + c1mxm = y1,

ãäå c1j =
a1j

a11
, j = 2, . . . ,m, y1 =

f1

a11
.

Òîãäà

x1 + c12x2 + . . . + c1mxm = y1,

a21x1 + a22x2 + . . . + a2mxm = f2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + ammxm = fm.
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Âû÷òåì ïåðâîå óðàâíåíèå ïîëó÷åííîé ñèñòåìû óìíîæåííîå íà ai1 èç i-ãî
óðàâíåíèÿ ñèñòåìû, i = 2,3, . . . ,m:

x1 + c12x2 + . . . + c1jxj + . . . + c1mxm = y1,

a
(1)
22 x2 + . . . + a

(1)
2j xj + . . . + a

(1)
2mxm = f

(1)
2 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a
(1)
m2x2 + . . . + a

(1)
mjxj + . . . + a(1)

mmxm = f (1)
m ,

ãäå a
(1)
ij = aij − c1jai1, f

(1)
i = fi− y1ai1, ãäå i, j = 2,3, . . . ,m
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Ñòðóêòóðà ìàòðèöû ïîëó÷åííîé ñèñòåìû:
1 × . . . ×
0 × . . . ×
... ... . . . ...
0 × . . . ×


Åñëè a

(1)
22 6= 0 (ãëàâíûé ýëåìåíòâòîðîãîøàãà), òî èç ñèñòåìû àíàëîãè÷íî

ìîæíî èñêëþ÷èòü íåèçâåñòíîå x2 è ïåðåéòè ê ñèñòåìå, ìàòðèöà êîòîðîé
èìååò ñëåäóþùóþ ñòðóêòóðó:

1 × × . . . ×
0 1 × . . . ×
0 0 × . . . ×
... ... ... . . . ...
0 0 × . . . ×


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Èñêëþ÷àÿ àíàëîãè÷íî íåèçâåñòíûå x3, x4, ..., xm ïðèäåì ê îêîí÷àòåëüíîé
ñèñòåìå óðàâíåíèé âèäà:

x1 + c12x2 + . . . + c1mxm = y1,

x2 + . . . + с2mxm = y2,

. . . . . . . . . . . . . . . . . . . . . . . .

xm−1 + cm−1,mxm = ym−1,

xm = ym,
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Îáðàòíûé õîä ìåòîäà Ãàóññà çàêëþ÷àåòñÿ â íàõîæäåíèè íåèçâåñòíûõ x1,
x2, ..., xm.

xm = ym, xm−1 = ym−1− cm−1,mxm.

Â îáùåì âèäå ôîðìóëû îáðàòíîãî õîäà èìåþò âèä:

xi = yi−
m∑

j=i+1

cijxj, i = (m− 1), . . .1, xm = ym. (1)

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2019. 7



Ïîäñ÷åò ÷èñëà äåéñòâèé.
Îãðàíè÷èìñÿ âû÷èñëåíèåì êîëè÷åñòâà îïåðàöèé óìíîæåíèÿ è äåëåíèÿ.
• Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ cij òðåáóåòñÿ äåëåíèé:

(m− 1) + (m− 2) + . . . + 2 + 1 =
m(m− 1)

2
.

• Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ a
(k)
ij , òðåáóåòñÿ óìíîæåíèé:

(m− 1)2 + (m− 2)2 + . . . + 22 + 12 =
(m− 1)m(2m− 1)

6
.

• Âû÷èñëåíèå ïðàâûõ ÷àñòåé yk òðåáóåò m äåëåíèé, à âû÷èñëåíèå
êîýôôèöèåíòîâ f

(k)
i òðåáóåò óìíîæåíèé:

(m− 1) + (m− 2) + . . . + 2 + 1 =
m(m− 1)

2
.

Îñóùåñòâëåíèå ïðÿìîãî õîäà òðåáóåò äåéñòâèé:

m(m− 1)

2
+

(m− 1)m(2m− 1)

6
+ m +

m(m− 1)

2
=

=
2m3 + 3m2 + m

6
;
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Äëÿ ðåàëèçàöèè îáðàòíîãî õîäà òðåáóåòñÿ óìíîæåíèé:

1 + 2 + 3 + . . . + (m− 1) =
m(m− 1)

2

Èòîãî, äëÿ ðåàëèçàöèè ìåòîäà Ãàóññà òðåáóåòñÿ äåéñòâèé:

2m3 + 3m2 + m

6
+

m(m− 1)

2
=

m3 + 3m2−m

3
.
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Ìåòîä Ãàóññà ñ âûáîðîì ãëàâíîãî ýëåìåíòà.
Ìîæåò îêàçàòüñÿ òàê, ÷òî ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, äàæå

åñëè êàêîé-ëèáî èç óãëîâûõ ìèíîðîâ ìàòðèöû A ðàâåí íóëþ. Â ýòîì ñëó÷àå
îáû÷íûé ìåòîä Ãàóññà ìîæåò îêàçàòüñÿ íåïðèãîäíûì è ïðèìåíÿþò ìåòîä
Ãàóññà ñ âûáîðîì ãëàâíîãî ýëåìåíòà.

Îñíîâíàÿ èäåÿ: íà î÷åðåäíîìøàãå èñêëþ÷àþò íå ñëåäóþùåå
ïî íîìåðó íåèçâåñòíîå, à íåèçâåñòíîå, êîýôôèöèåíò ïðè
êîòîðîì ïî ìîäóëþ íàèáîëüøèé. Ò.å. â êà÷åñòâå âåäóùåãî
ýëåìåíòà âûáèðàåòñÿ íàèáîëüøèé ïî ìîäóëþ ýëåìåíò.
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Ïðîèëëþñòðèðóåì íà ïðèìåðå ÑËÀÓ èç 2-õ óðàâíåíèé.

a11x1 + a12x2 = f1;

a21x1 + a22x2 = f2.

Ìåòîä Ãàóññà ñ âûáîðîì ãëàâíîãî ýëåìåíòà ïî ñòðîêå. Òîãäà íà ïåðâîì
øàãå èñêëþ÷àåòñÿ ïåðåìåííîå x2

a12x2 + a11x1 = f1;

a22x2 + a21x1 = f2,

è ê äàííîé ñèñòåìå ïðèìåíÿåòñÿ ïåðâûé øàã îáû÷íîãî ìåòîäà Ãàóññà.
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Ìåòîä Ãàóññà ñ âûáîðîì ãëàâíîãî ýëåìåíòà ïî ñòîëáöó. Òîãäà

a21x1 + a22x2 = f2;

a11x1 + a12x2 = f1,

è ê íîâîé ñèñòåìå ïðèìåíÿþò ïåðâûé øàã îáû÷íîãî ìåòîäà Ãàóññà.

Èíîãäà ïðèìåíÿþò ìåòîä Ãàóññà ñ âûáîðîì ãëàâíîãî ýëåìåíòà
ïî âñåé ìàòðèöå, êîãäà â êà÷åñòâå âåäóùåãî ýëåìåíòà âûáèðà-
þò íàèáîëüøèé ïî ìîäóëþ ýëåìåíò ìàòðèöû ñèñòåìû.
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LU -ðàçëîæåíèå ìàòðèöû.
Ìåòîä Ãàóññà ïðåîáðàçóåò ñèñòåìó â ýêâèâàëåíòíóþ ñèñòåìó

Cx = y,

ãäå C { âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ åäèíèöàìè íà ãëàâíîé äèàãîíàëè.
Âåêòîðû ïðàâûõ ÷àñòåé f è y ñâÿçàíû ñîîòíîøåíèÿìè.

f1 = y1a11,

f2 = y1a21 + y2a
(1)
22 ,

f3 = y1a31 + y2a
(1)
32 + y3a

(2)
33 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . .

fm = y1am1 + y2a
(1)
m2 + y3a

(2)
m3 + . . . + yma(m−1)

mm .

или f = By,

ãäå B - íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ ýëåìåíòàìè bii 6= 0.
Òàê êàê

y = B−1f =⇒ Cx = B−1f =⇒ BCx = f .
Ñëåäîâàòåëüíî, ïîëó÷åíî ðàçëîæåíèå A = BC, ãäå

B - íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ íåíóëåâûìè ýëåìåíòàìè íà ãëàâíîé
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äèàãîíàëè, à
C - âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ åäèíèöàìè íà ãëàâíîé äèàãîíàëè.
Â ýòîì ñëó÷àå, ìåòîä Ãàóññà ìîæíî òðàêòîâàòü òàê:
• ïðîèçâîäèòüñÿ ðàçëîæåíèå ìàòðèöû A = BC,
• ïîñëåäîâàòåëüíî ðåøàþòñÿ äâå ñèñòåìû óðàâíåíèé:

By = f, Cx = y.
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Òåîðåìà îá LU -ðàçëîæåíèè. Ïóñòü

∆1 = a11, ∆2 = det

[
a11 a12

a21 a22

]
, . . . ,∆m = detA.

Òåîðåìà. Ïóñòü âñå óãëîâûå ìèíîðû ìàòðèöû A îòëè÷íû îò
íóëÿ, ∆i 6= 0, i = 1,2, . . . ,m. Òîãäà ìàòðèöó A ìîæíî ïðåäñòà-
âèòü, ïðè÷åì åäèíñòâåííûì îáðàçîì, â âèäå ïðîèçâåäåíèÿ

A = LU, (2)

ãäå L - íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ íåíóëåâûìè äèàãî-
íàëüíûìè ýëåìåíòàìè è U - âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ
åäèíè÷íîé äèàãîíàëüþ.
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Ìàòðèöû ïðåîáðàçîâàíèé Ãàóññà. Ïîñòðîèì ìàòðè÷íîå îïèñàíèå
ïðîöåññà îáíóëåíèÿ Ãàóññà. Ïóñòü n = 3, òîãäà 1 0 0

−τ1 1 0
−τ2 0 1

 α1

α2

α3

 =

 α1

0
0

 ,

ãäå τ1 = α2/α1 è τ2 = α3/α1, α1 6= 0.

Ïðèìåð. Ðàññìîòðèì ñèñòåìó Ax = f èç 3-õ óðàâíåíèé:

a11x1 + a12x2 + a13x3 = f1,

a21x1 + a22x2 + a23x3 = f2,

a31x1 + a32x2 + a33x3 = f3,

ãäå A =

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 , f =

 f1

f2

f3


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Ïîñëå 1-ãî øàãà ïî ìåòîäó Ãàóññà ïðåîáðàçîâàííàÿ ñèñòåìà ïðèìåò âèä
A1x = f1:

x1 +
a12

a11
x2 +

a13

a11
x3 =

f1

a11
,(

a22−
a21a12

a11

)
x2 +

(
a23−

a21a13

a11

)
x3 = f2−

a21

a11
f1,(

a32−
a31a12

a11

)
x2 +

(
a33−

a31a13

a11

)
x3 = f3−

a31

a11
f2,

(3)

ãäå ìàòðèöà ïîëó÷åííîé ñèñòåìû A1 = L1A è âåêòîð-ñòîëáåö f1 = L1f è

L1 =

 1/a11 0 0
−a21/a11 1 0
−a31/a11 0 1

 .

Òàêèì îáðàçîì, ïîñëå îñóùåñòâëåíèÿ ïåðâîãî øàãà ïðèõîäèì ê ñèñòåìå:

L1Ax = L1f.
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Ïåðåïèøåì ïîëó÷åííóþ ñèñòåìó (3) â ñëåäóþùåì âèäå:

x1+c12x2 + c13x3 = y1,

a
(1)
22 x2 + a

(1)
23 x3 = f

(1)
2 ,

a
(1)
32 x2 + a

(1)
33 x3 = f

(1)
3 ,

(4)

è îñóùåñòâèì âòîðîé øàã ìåòîäà Ãàóññà.
Ïîñëå ýòîãî ïðèõîäèì ê ñèñòåìå âèäå:

x1 + c12x2 + c13x3 = y1,

x2 + с23x3 = y2,

a
(2)
33 x3 = f

(2)
3 ,

(5)

Ïåðåõîä îò ñèñòåìû (4) ê ñèñòåìå (5) îñóùåñòâëÿåòñÿ ïóòåì óìíîæåíèÿ
ìàòðèöû ñèñòåìû (4) ñëåâà íà ìàòðèöó L2

L2 =

 1 0 0

0 1/a
(1)
22 0

0 −a
(1)
32 /a

(1)
22 1

 .
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Òàêèì îáðàçîì, ïîñëå îñóùåñòâëåíèÿ âòîðîãî øàãà ìåòîäîì Ãàóññà
ïðèõîäèì ê ñèñòåìå:

L2L1Ax = L2L1f.

Äàëåå, óìíîæàÿ ìàòðèöó ñèñòåìû (5) ñëåâà íà ìàòðèöóL3 ïîëó÷àåì ñèñòåìó:

L3L2L1Ax = L3L2L1f,

ãäå

L3 =

 1 0 0
0 1 0

0 0 1/a
(2)
33

 .

Ïîñòðîåííûå â ïðèìåðå ìàòðèöà Lk, k = 1,2,3 íàçûâàåòñÿ ìàòðèöåé
ïðîáðàçîâàíèÿ Ãàóññà.
Ïîñëå ïðèìåíåíèÿ ïðÿìîãî õîäàìåòîäîìÃàóññà ïîëó÷èëè ýêâèâàëåíòíóþ

ñèñòåìó, ó êîòîðîé ìàòðèöà U = L3L2L1A ÿâëÿåòñÿ âåðõíåé òðåóãîëüíîé ñ
åäèíè÷íîé äèàãîíàëüþ. Âûðàçèì ìàòðèöó A:

A = LU,
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ãäå ìàòðèöà L = L−1
1 L−1

2 L−1
3 ÿâëÿåòñÿ íèæíåé òðåóãîëüíîé ìàòðèöåé.

L−1
1 =

 a11 0 0
a21 1 0
a31 0 1

 , L−1
2 =

 1 0 0

0 a
(1)
22 0

0 a
(1)
32 1

 ,

L−1
3 =

 1 0 0
0 1 0

0 0 a
(2)
33

 .

Òàêèì îáðàçîì ïîëó÷èëè LU -ðàçëîæåíèå ìàòðèöû.
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Îïðåäåëåíèå. Ìàòðèöà Lj íàçûâàåòñÿ ýëåìåíòàðíîé íèæ-
íåé òðåóãîëüíîé ìàòðèöåé åñëè îíà èìååò âèä

Lj =



1 0 0 . . . 0 . . . 0
0 1 0 . . . 0 . . . 0
... ... . . . ... ... ... ...
0 0 . . . ljj . . . . . . 0
0 0 . . . lj+1,j 1 . . . 0
· · · · · · · · · · · · · · · · ·
0 0 . . . lmj 0 . . . 1


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Îáðàòíîé êLj ÿâëÿåòñÿ òàêæå ýëåìåíòàðíàÿ íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà:

L−1
j =



1 0 0 . . . 0 . . . 0
0 1 0 . . . 0 . . . 0
... ... . . . ... ... ... ...
0 0 . . . l−1

jj . . . . . . 0

0 0 . . . −l−1
j+1,jl

−1
jj 1 . . . 0

· · · · · · · · · · · · · · · · ·
0 0 . . . −l−1

mjl
−1
jj 0 . . . 1


Â îáùåì ñëó÷àå ïðåäïîëîæèì, ÷òî x ∈ Rn è xk 6= 0. Åñëè

τ = (0, . . . ,0, τk+1, . . . , τn)
T , τi =

xi

xk
, i = (k + 1) : n,

òî
Lk = E− τeT

k ,
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è

Lkx =



1 0 0 . . . 0 . . . 0
0 1 0 . . . 0 . . . 0
... ... . . . ... ... ... ...
0 0 . . . 1 . . . . . . 0
0 0 . . . −τk+1 1 . . . 0
· · · · · · · · · · · · · · · · ·
0 0 . . . −τn 0 . . . 1





x1

x2
...

xk

xk+1
...

xn


=



x1

x2
...

xk

0
...
0


ÌàòðèöàLk - ýòîìàòðèöà ïðåîáðàçîâàíèé Ãàóññà, âåêòîð τ - âåêòîð Ãàóññà.
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Îáðàùåíèå ìàòðèöû.
Íàõîæäåíèå ìàòðèöû, îáðàòíîé ê ìàòðèöå A, ýêâèâàëåíòíî ðåøåíèþ

ìàòðè÷íîãî óðàâíåíèÿ
AX = E, (6)

ãäå E - åäèíè÷íàÿ ìàòðèöà èX - èñêîìàÿ êâàäðàòíàÿ ìàòðèöà.
Óðàâíåíèå (6) ìîæíî çàïèñàòü â âèäå ñèñòåìûm2 óðàâíåíèé

m∑
k=1

aikxkj = δij, i, j = 1,2, . . . ,m, (7)

ãäå δij = 1 ïðè i = j è δij = 0 ïðè i 6= j.
Ñèñòåìà (7) ðàñïàäàåòñÿ íà m íåçàâèñèìûõ ñèñòåì óðàâíåíèé ñ îäíîé è

òîé æå ìàòðèöåé A, íî ñ ðàçëè÷íûìè ïðàâûìè ÷àñòÿìè:

Ax(j) = δ(j), j = 1,2, . . . ,m, (8)

ãäå x(j) = (x1j,x2j, . . . ,xmj)
T , à ó âåêòîðà δ(j) åäèíèöå ðàâíà j-ÿ êîìïîíåíòà,

à îñòàëüíûå ðàâíû íóëþ.
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Ïðèìåð. Äëÿ ìàòðèöû âòîðîãî ïîðÿäêà ñèñòåìà (7) ðàñïàäàåòñÿ íà äâå
íåçàâèñèìûå ñèñòåìû:{

a11x11 + a12x21 = 1,
a21x11 + a22x21 = 0,

{
a11x12 + a12x22 = 0,
a21x12 + a22x22 = 1.

Ñèñòåìû (8) èìåþò îäíó è òóæå ìàòðèöó A =⇒ äîñòàòî÷íî îäèí ðàç
ñîâåðøèòü ïðÿìîé õîä ìåòîäîì Ãàóññà è çàïîìíèòü ìàòðèöû L è U .
Îáðàòíûé õîä áóäåò îñóùåñòâëÿåòñÿ ïóòåì ðåøåíèÿ ñèñòåì óðàâíåíèé.

Ly(j) = δ(j), y(j) = (y1j,y2j, . . . ,ymj)
T , (9)

Ux(j) = y(j), j = 1,2, . . . ,m. (10)
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Ñîêðàùåíèå ÷èñëà äåéñòâèé. Èñïîëüçóåì ñïåöèôè÷åñêèé âèä ïðàâûõ
÷àñòåé ñèñòåìû (9).
Çàïèøåì ïåðâûå (j− 1) óðàâíåíèå ñèñòåìû (9):

l11y1j = 0,

l21y1j + l22y2j = 0,

. . . . . . . . . . . . . . . . . . . . . . . .

lj−1,1y1j + lj−1,2y2j + . . . + lj−1,j−1yj−1,j = 0.

Òàê êàê ìàòðèöà L - íåâûðîæäåííàÿ, òî ïîëó÷àåì

y1j = y2j = . . . = yj−1,j = 0.
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Ïðè ýòîì îñòàâøèåñÿ óðàâíåíèÿ ñèñòåìû èìåþò âèä:

ljjyjj = 1,

lijyjj + li,j+1yj+1,j + . . . + liiyij = 0, i = j + 1, j + 2, . . . ,m.

Îòñþäà ïîñëåäîâàòåëüíî íàõîäèì íåèçâåñòíûå yij:

yij =−

i−1∑
k=j

likykj

lii
, i = j + 1, j + 2, . . . ,m, (11)

yjj =
1

ljj
. (12)
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Ìåòîä ïðîãîíêè.
Ìåòîä ïðîãîíêè èñïîëüçóåòñÿ äëÿ ðåøåíèÿ ÑËÀÓAx = f , ãäå ìàòðèöàA

ïîðÿäêà N ÿâëÿåòñÿ òðåõäèàãîíàëüíîé, ò. å. ìàòðèöà âñå ýëåìåíòû êîòîðîé,
êðîìå ýëåìåíòîâ ëåæàùèõ íà ãëàâíîé äèàãîíàëè è 2-õ ïîáî÷íûõ, ðàâíû íóëþ
(aij = 0 ïðè j > i + 1 è j < i− 1).
Â ýòîì ñëó÷àå ÑËÀÓ ñ òðåõäèàãîíàëüíîé ìàòðèöåé èìååò âèä:

c1x1 + b1x2 = f1,

aixi−1 + cixi + bixi+1 = fi, i = 2, . . . ,(N − 1),

aNxN−1 + cNxN = fN .

(13)
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Ïðåîáðàçóåì ïåðâîå óðàâíåíèå ñèñòåìû (13) ê âèäó

x1 = α1x2 + β1,

ãäå α1 =−b1/c1, β1 = f1/c1.
Ïîäñòàâèì ïîëó÷åííîå äëÿ x1 âûðàæåíèå âî âòîðîå óðàâíåíèå ñèñòåìû:

a2(α1x2 + β1) + c2x2 + b2x3 = f2.

Äàííîå óðàâíåíèå ìîæíî ïðåîáðàçîâàòü ê âèäó

x2 = α2x3 + β2,

ãäå
α2 =− b2

a2α1 + c2
, β2 =

f2− a2β1

a2α1 + c2
.

Íà i-ì øàãå i-å óðàâíåíèå ñèñòåìû ïðåîáðàçóåòñÿ ê âèäó

xi = αixi+1 + βi, i = 1, . . . ,(N − 1), (14)

ãäå αi è βi - íåèçâåñòíûå êîýôôèöèåíòû.
Ïîëó÷èì âûðàæåíèÿ äëÿ äàííûõ êîýôôèöèåíòîâ. Íàéäåì xi−1:

xi−1 = αi−1xi + βi−1 =αi−1 (αixi+1 + βi) + βi−1 =

= αi−1αixi+1 + (αi−1βi + βi−1) .
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Ïîäñòàâèì âûðàæåíèÿ xi è xi−1 â (13) è ïðèäåì ê óðàâíåíèþ

xi+1 [αi (aiαi−1 + ci) + bi] + [βi (aiαi−1 + ci) + aiβi−1− fi] = 0.

Äàííîå óðàâíåíèå ðàâíî íóëþ, åñëè ïîëîæèòü

αi (aiαi−1 + ci) + bi = 0,

βi (aiαi−1 + ci) + aiβi−1− fi = 0.

Òîãäà

αi =− bi

aiαi−1 + ci
, i = 2, . . . ,(N − 1),

βi =
fi− aiβi−1

aiαi−1 + ci
, i = 2, . . . ,(N − 1).

(15)

Äëÿ âû÷èñëåíèé, ñ èñïîëüçîâàíèå âûðàæåíèé (15), íåîáõîäèìî çàäàòü
íà÷àëüíûå çíà÷åíèÿ α1 è β1, êîòîðûå âû÷èñëÿþòñÿ èç 1-ãî óðàâíåíèÿ
ñèñòåìû.
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Íàõîæäåíèå òàêèì îáðàçîì êîýôôèöèåíòîâ αi è βi íàçûâàåòñÿ ïðÿìîé
ïðîãîíêîé.
Ïîñëå íàõîæäåíèÿ ïðîãîíî÷íûõ êîýôôèöèåíòîâ, ðåøåíèÿ ñèñòåìû íàõîäÿò-
ñÿ ïî ðåêóððåíòíîé ôîðìóëå (14) íà÷èíàÿ ñ i = N − 1.
Äëÿ íà÷àëà ñ÷åòà ïî äàííîé ôîðìóëå òðåáóåòñÿ çíàòü çíà÷åíèå xN , êîòîðîå
îïðåäåëÿåòñÿ èç óðàâíåíèé

xN =−aN

cN
xN−1 +

fN

cN
, xN−1 = αN−1xN + βN−1.

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ xN−1 â âûðàæåíèå äëÿ xN ïîëó÷àåì

xN =
fN − aNβN−1

cN + aNαN−1
.

Îêîí÷àòåëüíî

xi = αixi+1 + βi, i = (N − 1),(N − 2), . . . ,1,

xN =
fN − aNβN−1

cN + aNαN−1
.

Ïðèâåäåì óñëîâèÿ íà êîýôôèöèåíòû ñèñòåìû, ïðè âûïîëíåíèè êîòîðûõ
âû÷èñëåíèÿ ïî ôîðìóëàì ïðÿìîé ïðîãîíêè ìîæíî äîâåñòè äî êîíöà, ò. å.
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íè îäèí èç çíàìåíàòåëåé γi = aiαi−1 + ci íå îáðàùàåòñÿ â íîëü. Ýòè óñëîâèÿ
áóäóò ãàðàíòèðîâàòü ñóùåñòâîâàíèå ðåøåíèÿ ñèñòåìû è åãî åäèíñòâåííîñòü.

Òåîðåìà. Ïóñòü êîýôôèöèåíòû ñèñòåìû óäîâëåòâîðÿþò
ñëåäóþùèì óñëîâèÿì äèàãîíàëüíîãî ïðåîáëàäàíèÿ:

|ck|> |ak|+ |bk|, |ck|> |ak|, k = 1,N.

Òîãäà γi = aiαi−1 + ci 6= 0 è |αi|6 1 äëÿ âñåõ i = 1,N .

J Âîñïîëüçóåìñÿ ïðèíöèïîì ìàòåìàòè÷åñêîé èíäóêöèè.

Ïî óñëîâèþ òåîðåìû èìååì γ1 = c1 è |α1|=
|b1|
|c1|

6 1.

Ïóñòü γk−1 6= 0 è |αk−1|6 1 äëÿ íåêîòîðîãî k > 1. Òîãäà

|γk|= |akαk−1 + ck|> |ck| − |ak||αk−1|> |ck| − |ak|.

Èç ïîëó÷åííîé îöåíêè âûòåêàåò, ÷òî |γk| > 0 è îäíîâðåìåííî |γk| > |bk|.
Ñëåäîâàòåëüíî |γk| 6= 0 è |αk|= |bk|/|γk|6 1. I

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2019. 32



Èòåðàöèîííûå ìåòîäû ðåøåíèÿ ÑËÀÓ
Ïóñòü äàíà ñèñòåìà ëèíåéíûõ óðàâíåíèé

AX = f (16)

Ïîñëåäîâàòåëüíîñòü âåêòîðîâ X(1), X(2),..., X(k),... ñòðîèòñÿ ïî ðåêóððåíò-
íûì ôîðìóëàì

X(k) = X(k−1) + H(k)
(
f −AX(k−1)

)
, (17)

ãäåH(1),H(2),... { íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü ìàòðèö,
X(0) { íà÷àëüíîå ïðèáëèæåíèå, â îáùåì ñëó÷àå ïðîèçâîëüíîå.
Ðàçëè÷íûé âûáîð ïîñëåäîâàòåëüíîñòè ìàòðèö H(k) ïðèâîäèò ê ðàçëè÷íûì
èòåðàöèîííûì ïðîöåññàì.
Òî÷íîå ðåøåíèå X∗ ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé äëÿ èòåðàöèîííûõ

ïðîöåññîâ ïðîòåêàþùèõ ïî ñõåìå (17). Ñëåäîâàòåëüíî, åñëè çà íà÷àëüíîå
ïðèáëèæåíèå âçÿòü X(0) = X∗, òî âñå ïîñëåäóþùèå ïðèáëèæåíèÿ áóäóò
òàêæå ðàâíûX∗.
Ïîêàæåì, ÷òî âñÿêèé èòåðàöèîííûé ïðîöåññ, äëÿ êîòîðîãî X∗ ÿâëÿåòñÿ

íåïîäâèæíîé òî÷êîé, ïðîòåêàþùèé ïî ôîðìóëå

X(k) = C(k)X(k−1) + Z(k), (18)
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ãäå C(k) { ïîñëåäîâàòåëüíîñòü ìàòðèö, Z(k) { ïîñëåäîâàòåëüíîñòü âåêòîðîâ,
ìîæåò áûòü ïðåäñòàâëåíà â âèäå (17).
Ïóñòü

X∗ = C(k)X∗ + Z(k),
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îòêóäà

X(k) = C(k)X(k−1) + X∗−C(k)X∗ =

= X∗ + C(k)
(
X(k−1)−X∗

)
= X∗ + C(k)

(
X(k−1)−X∗

)
−

−E
(
X(k−1)−X∗

)
+ E

(
X(k−1)−X∗

)
=

= X(k−1) +
(
C(k)−E

)(
X(k−1)−X∗

)
=

= X(k−1) +
(
E−C(k)

)
A−1A

(
X∗−X(k−1)

)
=

= X(k−1) + H(k)
(
f −AX(k−1)

)
,

ãäåH(k) =
(
E−C(k)

)
A−1.
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Ñòàöèîíàðíûå èòåðàöèîííûå ïðîöåññû - ïðîöåññû, â êîòîðûõ ìàòðèöà
H(k) íå çàâèñèò îò íîìåðà øàãà k. Â ÷àñòíîñòè, åñëè H(k) = H = E, òî
ïîëó÷àåì êëàññè÷åñêèé ïðîöåññ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Ëþáîé ñòàöèîíàðíûé ïðîöåññ ïðèH 6= E ìîæíî ðàññìàòðèâàòü êàê ïðîöåññ
ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ïðèìåíÿåìûé ê ýêâèâàëåíòíîé ñèñòåìå

HAX = Hf.

Åñëè ìàòðèöà H(k) ïîâòîðÿåòñÿ ÷åðåç íåêîòîðîå ÷èñëî p øàãîâ, òî òàêèå
èòåðàöèîííûå ïðîöåññû íàçûâàþòñÿ öèêëè÷åñêèìè.
Èç êàæäîãî öèêëè÷åñêîãî ïðîöåññà ìîæíî ïîëó÷èòü ðàâíîñèëüíûé åìó

ñòàöèîíàðíûé ïðîöåññ, ïðèíèìàÿ çà îäèíøàã ðåçóëüòàò ïðèìåíåíèÿ ïîëíîãî
öèêëà èç p øàãîâ.

Íåñòàöèîíàðíûå èòåðàöèîííûå ïðîöåññû ðàçäåëÿþò íà äâà òèïà:
• Èçìåíåíèå ìàòðèöûH(k) îñóùåñòâëÿåòñÿ íà êàæäîì øàãå.
• Ïðîâîäÿò óñêîðåíèå ñõîäèìîñòè ñòàöèîíàðíîãî èòåðàöèîííîãî ïðîöåñ-

ñà çàìåíîé, âðåìÿ îò âðåìåíè, ñòàöèîíàðíîé ìàòðèöû H íà ïîäîáðàííóþ
ñïåöèàëüíûì îáðàçîì ìàòðèöóH(k).
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Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
Ïåðåïèøåì ñèñòåìó óðàâíåíèé AX = f â ýêâèâàëåíòíîì âèäå

X = BX + C, (19)

ãäå B = E−A, C = f . Òîãäà

X(k) = BX(k−1) + C. (20)

Åñëè ïðîöåññ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ñõîäèòñÿ, òî îí ñõîäèòñÿ
ê ðåøåíèþ ñèñòåìû, ò. å. åñëè X(k) → X∗ òî, ïðè ïðåäåëüíîì ïåðåõîäå â
ðàâåíñòâå (20) ïîëó÷àåìX∗ = BX∗ + C.
Ïðîöåññ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì

îáùåãî èòåðàöèîííîãî ïðîöåññà (18) ïðèH = E.
Äåéñòâèòåëüíî

X(k) = (E−A)X(k−1) + C = X(k−1) + (f −AX(k−1)).

Òåîðåìà. Äëÿ ñõîäèìîñòè ïðîöåññà ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé ïðè ëþáîì íà÷àëüíîì óñëîâèè X(0) íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöûB áûëè
ïî ìîäóëþ ìåíüøå åäèíèöû.
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Ïîäãîòîâêà ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ê âèäó,
óäîáíîìó äëÿ ïðèìåíåíèÿ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Óñëîâèÿ ñõîäèìîñòè ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé òðåáóþò, ÷òîáû
ìàòðèöà êîýôôèöèåíòîâ ñèñòåìûAX = f áûëà â òîìèëèèíîìñìûñëå áëèçêà
ê åäèíè÷íîé ìàòðèöå.
Åñëè ýòî óñëîâèå íå âûïîëíåíû, òî íóæíî ïðåäâàðèòåëüíî ïîäãîòîâèòü

ñèñòåìó äëÿ ïðèìåíåíèÿ ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Ò. å. íóæíî ïåðåéòè îò ñèñòåìû AX = f ê ýêâèâàëåíòíîé ñèñòåìå

HAX = Hf , ãäå H { íåîñîáåííàÿ ìàòðèöà, êîòîðàÿ âûáèðàåòñÿ òàê, ÷òîáû
îíà áûëà áëèçêà ê A−1.
Ïðèìåð. Ïóñòü ìàòðèöà A ïîëîæèòåëüíî îïðåäåëåíà, òîãäà âû÷èñëèâ

áåñêîíå÷íóþ íîðìó µ ìàòðèöû A ïîëó÷àåì, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû A ëåæàò â èíòåðâàëå (0,µ). Ïîëîæèì

H =
2

µ
E.

Òîãäà ñèñòåìó AX = f ïðåîáðàçóåì ê âèäó

X =

(
E− 2

µ
A

)
X +

2

µ
f = BX + C.
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Â ýòîì ñëó÷àå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöûB = E− 2

µ
A áóäóò çàêëþ÷åíû

â èíòåðâàëå (−1,1). Ñëåäîâàòåëüíî ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
áóäåò ñõîäÿùèìñÿ.
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Ìåòîä ßêîáè (ìåòîä ïðîñòîé èòåðàöèè)
Â ïðèêëàäíûõ çàäà÷àõ ÷àñòî âñòðå÷àþòñÿ ñèñòåìû, â êîòîðûõ äèàãîíàëü-

íûå ýëåìåíòû çíà÷èòåëüíî ïðåîáëàäàþò íàä îñòàëüíûìè.
Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

a11x1 + a12x2 + . . . + a1mxm = f1,

a21x1 + a22x2 + . . . + a2mxm = f2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + ammxm = fm.

(21)

Äëÿ ïðèìåíåíèÿ ìåòîäà ßêîáè íåîáõîäèìî ïðèâåñòè ñèñòåìó ê âèäó

X = BX + c,

ãäå B { êâàäðàòíàÿ ìàòðèöà, c { âåêòîð-ñòîëáåö.
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Çàìå÷àíèå. Â îáùåì ñëó÷àå, çàäà÷à ïðèâåäåíèå ñèñòåìû ê âèäó óäîáíîìó
äëÿ èòåðàöèé íå ÿâëÿåòñÿ ïðîñòîé. Òðåáóåò çíàíèÿ ñïåöèôèêè èñïîëüçóåìîé
ñèñòåìû.
Ñàìûé ïðîñòîé ñïîñîá ïðèâåäåíèÿ ñèñòåìû ê âèäó óäîáíîìó äëÿ

èòåðàöèé ñîñòîèò â ñëåäóþùåì: èç ïåðâîãî óðàâíåíèÿ ñèñòåìû âûðàæàåì
íåèçâåñòíîå x1, èç âòîðîãî x2 è ò. ä. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó

x1 = b12x2 + . . . + b1mxm + c1,

x2 = b21x1 + . . . . . . + b2mxm + c2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xm = bm1x1 + bm2x2 + . . . + bm,m−1xm−1 + cm.

(22)

Äëÿ âîçìîæíîñòè ïðîâåäåíèÿ äàííîãî ïðåîáðàçîâàíèÿ íåîáõîäèìî, ÷òîáû
ýëåìåíòû íà ãëàâíîé äèàãîíàëè ìàòðèöû A áûëè íåíóëåâûìè.
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Âûáåðåì íà÷àëüíîå ïðèáëèæåíèå

X(0) =
(
x

(0)
1 ,x

(0)
2 , . . . ,x(0)

m

)T

.

Ïîäñòàâëÿÿ åãî â ïîëó÷åííóþ ñèñòåìó, íàõîäèì ïåðâîå ïðèáëèæåíèå

X(1) = BX(0) + c.

Àíàëîãè÷íî íàõîäèì âòîðîå ïðèáëèæåíèå

X(2) = BX(1) + c.

Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå ïîëó÷èì ïîñëåäîâàòåëüíîñòü ïðèáëèæå-
íèé: X(0),X(1), . . .,X(n), . . ., âû÷èñëÿåìûõ ïî ôîðìóëå

X(k+1) = BX(k) + c, k = 0,1,2, . . .
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Òåîðåìà. Ïóñòü âûïîëíåíî óñëîâèå ||B||< 1. Òîãäà
• Ðåøåíèå X∗ ñèñòåìû X = BX + c ñóùåñòâóåò è åäèíñòâåí-
íî.
• Ïðè ïðîèçâîëüíîì íà÷àëüíîì ïðèáëèæåíèèX(0) ìåòîä ïðî-
ñòîé èòåðàöèè ñõîäèòñÿ è ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè

||X(n)−X∗||6 ||B||n||X(0)−X∗||.
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Àïîñòåðèîðíàÿ îöåíêà ïîãðåøíîñòè. Åñëè âûïîëíåíî óñëîâèå ||B||<
1, òî ñïðàâåäëèâà àïîñòåðèîðíàÿ îöåíêà ïîãðåøíîñòè

||X(n)−X∗||6 ||B||
1− ||B||

||X(n)−X(n−1)||.

Åñëè òðåáóåòñÿ íàéòè ðåøåíèå ñ òî÷íîñòüþ ε, òî ñëåäóåò âåñòè èòåðàöèè äî
âûïîëíåíèÿ íåðàâåíñòâà

||B||
1− ||B||

||X(n)−X(n−1)||< ε.

Òîãäà ||X(n)−X(n−1)||< ε1, ãäå ε1 =
1− ||B||
||B||

ε.
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Ðàññìîòðåííîå ïðåîáðàçîâàíèå ñèñòåìû (21) â ñèñòåìó (22) ðàâíîñèëüíî
óìíîæåíèþ ñèñòåìû (21) ñëåâà íà ìàòðèöó

H =



1

a11
0 0 . . . 0

0
1

a22
0 . . . 0

0 0
1

a33
. . . 0

. . . . . . . . . . . . . . .

0 0 0 . . .
1

ann


.

Òàêèì îáðàçîì,H = D−1, ãäåD = diag(a11,a22, . . . ,ann).
Ñëåäîâàòåëüíî, íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèåì ñõîäèìîñòè ìåòîäà

ïðîñòîé èòåðàöèè ñîñòîèò â òîì, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
B = E −D−1A ïî ìîäóëþ áûëè ìåíüøå åäèíèöû. Ïóñòü òåïåðü çàäàíà
ñèñòåìà Ax = f , â êîòîðîé ïðåîáëàäàíèå ãëàâíîé äèàãîíàëè íå èìååò
ìåñòî. Òîãäà, ïîäáîð âñïîìîãàòåëüíîé ìàòðèöûH ìîæåò áûòü îñóùåñòâëåí,
íàïðèìåð, ãðóáûì îáðàùåíèåì ìàòðèöû A.
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×àñòî, îêàçûâàåòñÿ öåëåñîîáðàçíûì, â êà÷åñòâå ìàòðèöûH âçÿòü ìàòðèöó,
îáðàòíóþ ê ìàòðèöå 

a11 a12 0 0 . . . 0
a21 a22 0 0 . . . 0
0 0 a33 a34 . . . 0
0 0 a43 a44 . . . 0

0 0 0 0 . . . 0
0 0 0 0 . . . ann


.
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Îáðàùåíèå òàêîé ìàòðèöû íå ñîñòàâëÿåò òðóäà

H =



a22

∆1
−a12

∆1
0 0 . . . 0

−a21

∆1

a11

∆1
0 0 . . . 0

0 0
a44

∆2
−a34

∆2
. . . 0

0 0 −a43

∆2

a33

∆2
. . . 0

0 0 0 0 . . . 0
0 0 0 0 . . . . . .


,

ãäå∆1 = a11a22− a12a21 è∆2 = a33a44− a34a43.
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Ìåòîä Çåéäåëÿ
Ïóñòü ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèéAX = f ïðåäñòàâèìà

â âèäå
X = BX + C, (23)

ãäå B = E−A, C = f .
Ìåòîä Çåéäåëÿ íàïîìèíàåò ìåòîä ßêîáè ñ òîé ëèøü ðàçíèöåé, ÷òî

ïðè âû÷èñëåíèè k-ãî ïðèáëèæåíèÿ äëÿ i-îé êîìïîíåíòû ó÷èòûâàþòñÿ
âû÷èñëåííûå óæå ðàíåå k-e êîìïîíåíòû x

(k)
1 , x

(k)
2 , . . ., x

(k)
i−1, ò. å.

x
(k+1)
1 = b12x

(k)
2 + b13x

(k)
3 + . . . + b1nx

(k)
n + c1,

x
(k+1)
2 = b21x

(k+1)
1 + b23x

(k)
3 + . . . + b2nx

(k)
n + c2,

x
(k+1)
3 = b31x

(k+1)
1 + b32x

(k+1)
2 + b34x

(k)
4 + . . .

. . . + b1nx
(k)
n + c3,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x(k+1)
n = bn1x

(k+1)
1 + bn2x

(k+1)
2 + bn3x

(k+1)
3 + . . .

. . . + bn,n−1x
(k+1)
n−1 + cn.

(24)
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Ââåäåì ìàòðèöû

B1 =


0 0 0 . . . 0
b21 0 0 . . . 0
b31 b32 0 . . . 0
. . . . . . . . . . . . . . .

bn1 bn2 bn3 . . . 0

 ,

B2 =


0 b12 b13 . . . b1n

0 0 b23 . . . b2n

0 0 0 . . . b3n

. . . . . . . . . . . . . . .

0 0 0 . . . 0

 .

Òîãäà â ìàòðè÷íîì âèäå ðàñ÷åòíûå ôîðìóëû ïðèìóò âèä:

X(k+1) = B1X
(k+1) + B2X

(k) + C. (25)

Â ýòîì ñëó÷àå òî÷êàX∗ ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îòîáðàæåíèÿ (25) è

X∗ = B1X
∗ + B2X

∗ + C. (26)

Çàïèøåì äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ìåòîäà Çåéäåëÿ.
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Òåîðåìà. Ïóñòü ||B|| < 1, ãäå ïîä íîðìîé ïîíèìàåòñÿ ëèáî
||B||1, ëèáî ||B||∞, òîãäà ïðè ëþáîì âûáîðå íà÷àëüíîãî
ïðèáëèæåíèÿ X(0) ìåòîä Çåéäåëÿ ñõîäèòñÿ ñî ñêîðîñòüþ
ãåîìåòðè÷åñêîé ïðîãðåññè, çíàìåíàòåëü êîòîðîé q 6 ||B||.
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Òåîðåìà. Ïóñòü âûïîëíåíî óñëîâèå ||B1|| + ||B2|| < 1.
Òîãäà ïðè ëþáîì âûáîðå íà÷àëüíîãî ïðèáëèæåíèÿX(0) ìåòîä
Çåéäåëÿ ñõîäèòñÿ è âåðíà îöåíêà ïîãðåøíîñòè∣∣∣∣∣∣X(n)−X∗

∣∣∣∣∣∣ 6 qn
∣∣∣∣∣∣X(0)−X∗

∣∣∣∣∣∣ , (27)

ãäå q =
||B2||

1− ||B1||
< 1.
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Ïîëó÷åííàÿ îöåíêà ÿâëÿåòñÿ òðóäíî ïðîâåðÿåìîé ïðè âû÷èñëåíèÿõ,
ïîýòîìó çàïèøåì àïîñòåðèîðíóþ îöåíêó ïîãðåøíîñòè.

Òåîðåìà. Åñëè âûïîëíåíî óñëîâèå ||B|| < 1, òî äëÿ ìåòîäà
Çåéäåëÿ ñïðàâåäëèâà àïîñòåðèîðíàÿ îöåíêà ïîãðåøíîñòè∣∣∣∣∣∣X(n)−X∗

∣∣∣∣∣∣ 6
||B2||

1− ||B||

∣∣∣∣∣∣X(n)−X(n−1)
∣∣∣∣∣∣ , n > 1. (28)

Ïîëó÷åííàÿ àïîñòåðèîðíàÿ îöåíêà ïîçâîëÿåò ñôîðìóëèðîâàòü êðèòåðèé
îêîí÷àíèÿ èòåðàöèîííîãî ïðîöåññà.
Åñëè òðåáóåòñÿ íàéòè ðåøåíèå ñ òî÷íîñòüþ ε > 0, òî èòåðàöèîííûé

ïðîöåññ ñëåäóåò âåñòè äî âûïîëíåíèÿ íåðàâåíñòâà∣∣∣∣∣∣X(n−1)−X(n)
∣∣∣∣∣∣ ||B2||

1− ||B||
< ε

äàííîå íåðàâåíñòâî ýêâèâàëåíòíî∣∣∣∣∣∣X(n−1)−X(n)
∣∣∣∣∣∣ < ε1,
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ãäå ε1 =
1− ||B||
||B2||

ε.
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Ðàññìîòðèì ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ ìåòîäà Çåéäåëÿ. Äëÿ ýòîãî
ðàññìîòðèì ñèñòåìó èç 2-õ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè.

a11x1 + a12x2 = f1,

a21x1 + a22x2 = f2.

Îáà óðàâíåíèÿ ñèñòåìû çàäàþò íà ïëîñêîñòè Ox1x2 ïðÿìûå. Ïóñòü ïåðâîå
óðàâíåíèå çàäàåò ïðÿìóþ l1, à âòîðîå { l2. Òîãäà

x
(k+1)
1 = b12x

(k)
2 + c1,

x
(k+1)
2 = b21x

(k+1)
1 + c2.

X
(0)

X
(1)

X
(2)

x1

x2

l1

l2 X
(0)

X
(1)

x1

x2

l1

l2

Íà ðèñóíêàõ ïðèâåäåíû ïðèìåðû, îòâå÷àþùèå ñõîäÿùåìóñÿ è ðàñõîäÿ-
ùåìóñÿ èòåðàöèîííîìó ïðîöåññó Çåéäåëÿ.

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2019. 54



Ìåòîäû îòûñêàíèÿ ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé

Ïîñòàíîâêà çàäà÷è. Çàäà÷à îòûñêàíèÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ
ñ îäíèì íåèçâåñòíûì èìååò âèä:

f(x) = 0. (29)�
�

�
�

Îïðåäåëåíèå. Êîðíåì èëè ðåøåíèåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ (29) íàçûâàåòñÿ çíà÷åíèå x∗, ïðè êîòîðîì f(x∗) = 0.�




�

	
Îïðåäåëåíèå. Êîðåíüx∗ óðàâíåíèÿ (29) íàçûâàåòñÿïðîñòûì,
åñëè f ′(x∗) 6= 0, â ïðîòèâíîì ñëó÷àå êîðåíü íàçûâàåòñÿ
êðàòíûì.

×èñëî n íàçûâàåòñÿ êðàòíîñòüþ êîðíÿ x∗, åñëè f (k)(x∗) = 0 ïðè k =
1,2, . . . ,(n− 1) è f (n)(x∗) 6= 0.
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x

y

xxx xx1 2 3 4

Ãåîìåòðè÷åñêè, åñëè êîðåíü x∗ { ïðîñòîé, òî ãðàôèê ïåðåñåêàåò îñü Ox

ïîä íåíóëåâûì óãëîì è êðàòíûé, åñëè ïåðåñå÷åíèå ïðîèñõîäèò ïîä íóëåâûì
óãëîì. x1 è x4 { ïðîñòûå êîðíè, x2 è x3 { êðàòíûå êîðíèè.
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Ëîêàëèçàöèÿ êîðíåé.�
�

�
�

Îïðåäåëåíèå Îòðåçîê [a,b], ñîäåðæàùèé òîëüêî îäèí êîðåíü,
íàçûâàåòñÿ îòðåçêîì ëîêàëèçàöèè êîðíÿ x∗.

Òåîðåìà. Ïóñòü f(x) íåïðåðûâíà íà [a,b] è íà êîíöàõ îòðåçêà
ïðèíèìàåò çíà÷åíèÿ ðàçíûõ çíàêîâ, ò.å. f(a)f(b) < 0. Òîãäà
îòðåçîê [a,b] ñîäåðæèò õîòÿ áû îäèí êîðåíü óðàâíåíèÿ f(x) =
0.

Çàìå÷àíèå. Êîðåíü ÷åòíîé êðàòíîñòè íå óäàåòñÿ ëîêàëèçîâàòü ñ ïîìîùüþ
äàííîé òåîðåìû, òàê êàê â îêðåñòíîñòè òàêîãî êîðíÿ ôóíêöèÿ f(x) íå ìåíÿåò
çíàê.
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Èòåðàöèîííîå óòî÷íåíèå êîðíåé.
Íà äàííîì ýòàïå äëÿ âû÷èñëåíèÿ êîðíÿ ñ òî÷íîñòüþ ε > 0 èñïîëü-

çóþò èòåðàöèîííûé ìåòîä ïîçâîëÿþùèé ïîñòðîèòü èòåðàöèîííóþ ïîñëå-
äîâàòåëüíîñòü x(0), x(1), x(2), . . ., x(n), . . . ïðèáëèæåíèé ê êîðíþ x∗.

�

�

�

�

Îïðåäåëåíèå. Èòåðàöèîííûé ìåòîä íàçûâàåòñÿ îäíîøàãî-
âûì, åñëè äëÿ âû÷èñëåíèÿ ïðèáëèæåíèÿ x(n+1) èñïîëüçóþò
òîëüêî îäíîïðåäûäóùåå ïðèáëèæåíèåx(n) èk-øàãîâûì, åñëè
äëÿ âû÷èñëåíèÿ x(n+1) èñïîëüçóþòñÿ k ïðåäûäóùèõ ïðèáëè-
æåíèé xn−k+1, xn−k+2, . . ., xn.�

�

�

�

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ìåòîä ñõîäèòñÿ ñî ñêîðîñòüþ
ãåîìåòðè÷åñêîéïðîãðåññèè, çíàìåíàòåëü êîòîðîé q < 1, åñëè
äëÿ âñåõ n ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:∣∣∣x(n)−x∗

∣∣∣ 6 c0q
n. (30)
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Îïðåäåëåíèå. Äëÿ îäíîøàãîâîãî èòåðàöèîííîãî ìåòîäà
ñóùåñòâóåò Uσ (x∗) òàêàÿ, ÷òî åñëè ïðèáëèæåííîå çíà÷åíèå
x(n) ïðèíàäëåæèò ýòîé îêðåñòíîñòè, òî ñïðàâåäëèâà îöåíêà:∣∣∣x(n+1)−x∗

∣∣∣ 6 С
∣∣∣x(n)−x∗

∣∣∣p , (31)

ãäå C > 0 è p > 1 { ïîñòîÿííûå. Âåëè÷èíà p íàçûâàåòñÿ
ïîðÿäêîì ñõîäèìîñòè ìåòîäà. Åñëè p = 1 è C < 1, òî ìåòîä
îáëàäàåò ëèíåéíîé ñêîðîñòüþ ñõîäèìîñòè â óêàçàííîé σ-
îêðåñòíîñòè. Ïðè p = 2 { êâàäðàòè÷íàÿ ñõîäèìîñòü, à p = 3
{ êóáè÷åñêàÿ.
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Òåîðåìà. Ïóñòü îäíîøàãîâûé èòåðàöèîííûé ìåòîä îáëàäàåò
ëèíåéíîé ñêîðîñòüþ ñõîäèìîñòè â íåêîòîðîé Uσ (x∗). Òîãäà
ïðè ëþáîì âûáîðå íà÷àëüíîãî ïðèáëèæåíèÿ x(0) ∈ Uσ (x∗)
èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü íå âûõîäèò çà ïðåäåëû ýòîé
îêðåñòíîñòè, ìåòîä ñõîäèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêèé
ïðîãðåññèè ñ çíàìåíàòåëåì q = C è èìååò ìåñòî ñëåäóþùàÿ
îöåíêà ïîãðåøíîñòè:∣∣∣x(n)−x∗

∣∣∣ 6 qn
∣∣∣x(0)−x∗

∣∣∣ , n > 0. (32)
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Îáóñëîâëåííîñòü çàäà÷è âû÷èñëåíèÿ êîðíÿ.
Ïóñòü x∗ { êîðåíü óðàâíåíèÿ, ïîäëåæàùèé îïðåäåëåíèþ.

Áóäåì ïðåäïîëàãàòü, ÷òî â ìàëîé îêðåñòíîñòè êîðíÿ âûïîëíÿåòñÿ íåðàâåí-
ñòâî |f(x)− f ∗(x)|< ∆, ãäå∆ = ∆(f ∗) { ãðàíèöà àáñîëþòíîé ïîãðåøíîñòè.
Èç íåïðåðûâíîñòè ôóíêöèè f(x) ñëåäóåò, ÷òî ñóùåñòâóåò òàêàÿ ìàëàÿ

îêðåñòíîñòü êîðíÿ (x∗ − ε,x∗ + ε), èìåþùàÿ ðàäèóñ ε > 0, â êîòîðîé
âûïîëíÿåòñÿ

|f(x)|< ∆

Äëÿx∈ (x∗−ε,x∗+ε) çíàê âû÷èñëåííîãî çíà÷åíèÿ f ∗(x)ìîæåò íå ñîâïàäàòü
ñî çíàêîì f(x).
Ñëåäîâàòåëüíî íå âîçìîæíî îïðåäåëèòü, êàêîå x∈ (x∗−ε,x∗+ε) îáðàùà-

åò ôóíêöèþ â íîëü (ò.å. íå óäàåòñÿ ëîêàëèçîâàòü êîðåíü èç-çà ïîãðåøíîñòåé
âû÷èñëåíèÿ ôóíêöèè).�

�
�
�

Îïðåäåëåíèå. Èíòåðâàë (x∗− ε,x∗ + ε) íàçûâàþò èíòåðâà-
ëîì íåîïðåäåëåííîñòè êîðíÿ x∗.

Ïîïðîáóåì íàéòè îöåíêó ε. Ïóñòü x∗ { ïðîñòîé êîðåíü. Òîãäà äëÿ
çíà÷åíèé x áëèçêèõ ê x∗ ñïðàâåäëèâî ïðèáëèæåííîå ðàâåíñòâî:

f(x)≈ f(x∗) + f ′(x∗)(x−x∗) = f ′(x∗)(x−x∗).
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Ñëåäîâàòåëüíî íåðàâåíñòâî |f(x)|< ∆ ïðèìåò âèä

|f ′(x∗)(x−x∗)|. ∆.

Äàëåå, ðàñêðûâàÿ ìîäóëü, ïîëó÷àåì îöåíêó âåëè÷èíû x:

x∗− ∆

|f ′(x∗)|
. x . x∗ +

∆

|f ′(x∗)|

Ñðàâíèâàÿ âèä èíòåðâàëà íåîïðåäåëåííîñòè è ïîëó÷åííîå íåðàâåíñòâî,
ïîëó÷àåì, ÷òî

ε ≈ ν∆∆(f ∗), (33)

ãäå ν∆ =
1

|f ′(x∗)|
{ ÷èñëî, êîòîðîå â äàííîé çàäà÷å èãðàåò ðîëü ÷èñëà

îáóñëîâëåííîñòè.
Äåéñòâèòåëüíî, åñëè x∗ { êîðåíü óðàâíåíèÿ f ∗(x) = 0, òî |f(x∗)| < ∆. È
âûïîëíåíî íåðàâåíñòâî

|x∗−x∗|6 ∆(x∗) 6 ε ≈ ν∆∆(f ∗).
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Çàìåòèì, ÷òî ε âîçðàñòàåò ñ óìåíüøåíèåì |f ′(x∗)|, ò.å. ñ óìåíüøåíèåì
òàíãåíñà óãëà íàêëîíà, ïîä êîòîðûì ãðàôèê ïåðåñåêàåò îñü Ox.
Ïóñòü x∗ { êðàòíûé êîðåíü,m - êðàòíîñòü êîðíÿ.

Òîãäà ìîæíî çàïèñàòü ïðèáëèæåííîå ðàâåíñòâî:

f(x)≈ f(x∗) + f ′(x∗)(x−x∗)+
f ′′(x∗)

2!
(x−x∗)2 + · · ·+

+
f (m)(x∗)

m!
(x−x∗)m.

Ò. ê.
f ′(x∗) = f ′′(x∗) = . . . = f (m−2)(x∗) = f (m−1)(x∗) = 0,

òî ïðèáëèæåííîå ðàâåíñòâî |f(x)|< ∆ ïðèìåò âèä∣∣∣∣f (m)(x∗)

m!
(x−x∗)m

∣∣∣∣ . ∆.

Ðåøèâ åãî, ïîëó÷àåì îöåíêó èíòåðâàëà íåîïðåäåëåííîñòè:

ε ≈
∣∣∣∣ m!

f (m)(x∗)

∣∣∣∣1/m

∆
1/m

.
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Çàìå÷àíèå. Âåëè÷èíà ε íå ìîæåò áûòü ìåíüøå âåëè÷èíû |x∗|εM {
ïîãðåøíîñòè îïðåäåëåíèÿ êîðíÿ x∗ íà ÝÂÌ.
Íà ïðàêòèêå, îöåíèòü ðàäèóñ èíòåðâàëà íåîïðåäåëåííîñòè ÿâëÿåòñÿ

äîñòàòî÷íî ñëîæíîé çàäà÷åé. Îäíàêî, èç ôàêòà åãî ñóùåñòâîâàíèÿ, ìîæíî
ñäåëàòü íåêîòîðûå âûâîäû:

• Íå èìååò ñìûñë ñòàâèòü çàäà÷ó âû÷èñëåíèÿ êîðíÿ x∗ c òî÷íîñòüþ ε < ε.

• Íå ðàçóìíî òðåáîâàòü îò àëãîðèòìîâ îòûñêàíèÿ êîðíÿ äîñòîâåðíûõ
ðåçóëüòàòîâ ïîñëå òîãî, êàê î÷åðåäíîå ïðèáëèæåíèå êîðíÿ ïîïàëî â èíòåðâàë
íåîïðåäåëåííîñòè.
Âäàëè îò èíòåðâàëà íåîïðåäåëåííîñòè âåëè÷èíà

qn =

∣∣x(n)−x(n−1)
∣∣∣∣x(n−1)−x(n−2)
∣∣ < 1.

Ïîÿâëåíèå âåëè÷èíû qn > 1 ñâèäåòåëüñòâóåò î õàîòè÷åñêîì ïîâåäåíèè
èòåðàöèîííîé ïîñëåäîâàòåëüíîñòè.
Â ýòîé ñèòóàöèè âû÷èñëåíèÿ ñëåäóåò ïðåêðàòèòü, ÷òîáû âûÿñíèòü ïðè÷èíó
äàííîãî ÿâëåíèÿ.
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Ìåòîä áèñåêöèè.
Ïóñòü ñ çàäàííîé òî÷íîñòüþ ε íåîáõîäèìî íàéòè êîðåíü óðàâíåíèÿ

f(x) = 0.

Ïóñòü [a,b] - îòðåçîê ëîêàëèçàöèè.
Ïóñòü ôóíêöèÿ f(x) íåïðåðûâíà íà äàííîì îòðåçêå è íà êîíöàõ åãî
ïðèíèìàåò çíà÷åíèÿ ðàçíûõ çíàêîâ:

f(a)f(b) < 0.

Ïåðåîáîçíà÷èì îòðåçîê [a,b] ÷åðåç [a0, b0].
Ïðèìåì çà ïðèáëèæåííîå çíà÷åíèå êîðíÿ ñåðåäèíó îòðåçêà [a0, b0]

x(0) =
1

2
(a0 + b0) .
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a bx 000

Òàê êàê ïîëîæåíèå êîðíÿ x∗ íà îòðåçêå [a0, b0] íå èçâåñòíî, òî ìîæíî ëèøü
óòâåðæäàòü, ÷òî ïîãðåøíîñòü ýòîãî ïðèáëèæåíèÿ íå ïðåâûøàåò ïîëîâèíó
äëèíû îòðåçêà: ∣∣∣x(0)−x∗

∣∣∣ 6
b0− a0

2
.

Óòî÷íèì îòðåçîê ëîêàëèçàöèè. Çàìåíèì îòðåçîê [a0, b0] íà îòðåçîê [a1, b1].
Ñîãëàñíî èçëàãàåìîìó ìåòîäó â êà÷åñòâå îòðåçêà [a1, b1] áåðóò òîò èç îòðåçêîâ
[a0,x

(0)] èëè [x(0), b0], íà êîíöàõ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå f(a1)f(b1) 6
0.
Äåéñòâèòåëüíî, åñëè f(a1)f(b1) < 0, òî ñóùåñòâîâàíèå êîðíÿ ñëåäóåò èç
òåîðåìû î ëîêàëèçàöèè êîðíåé, à åñëè f(a1)f(b1) = 0, òî êîðíåì ÿâëÿåòñÿ
îäèí èç êîíöîâ îòðåçêà.
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Ñåðåäèíà ïîëó÷åííîãî îòðåçêà

x(1) =
1

2
(a1 + b1)

äàåò íîâîå ïðèáëèæåíèå ê êîðíþ.Îöåíêà ïîãðåøíîñòè äàííîãî ïðèáëèæåíèÿ
ïðèíèìàåò âèä ∣∣∣x(1)−x∗

∣∣∣ 6
b1− a1

2
=

b− a

22 .
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Çà ñëåäóþùåå óòî÷íåíèå îòðåçêà ëîêàëèçàöèè [a2, b2] ñíîâà áåðóò îäèí
èç îòðåçêîâ [a1,x

(1)] èëè [x(1), b1] íà êîíöàõ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå
f(a2)f(b2) 6 0.
Íà (k+1)èòåðàöèèìåòîäà: ïóñòü îòðåçîê [ak, bk] óæå íàéäåí è âû÷èñëåíû

çíà÷åíèÿ x(k), f(ak), f(bk). Òîãäà ïðîèçâîäÿòñÿ ñëåäóþùèå äåéñòâèÿ:
• Âû÷èñëÿåòñÿ f(x(k)).
• Åñëè f(x(k))f(ak) 6 0, òî â êà÷åñòâå íîâîãî îòðåçêà ëîêàëèçàöèè

[ak+1, bk+1] ïðèíèìàþò îòðåçîê [ak,x
(k)]. Â ïðîòèâíîì ñëó÷àå f(x(k))f(bk) 6

0 è çà [ak+1, bk+1] ïðèíèìàþò îòðåçîê [x(k), bk].

• Âû÷èñëÿþò x(k+1) =
ak+1 + bk+1

2
.
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Ïðè íåîãðàíè÷åííîì ïðîäîëæåíèè äàííîãî ïðîöåññà ïîëó÷àåì ñèñòåìó
âëîæåííûõ îòðåçêîâ

[a0, b0]⊇ [a1, b1]⊇ [a2, b2]⊇ . . .⊇ [an, bn]⊇ . . . ,

êîòîðàÿ â ñèëó ïðèíöèïó Êàíòîðà (ñóùåñòâóåò õîòÿ áû îäíà òî÷êà ïðèíàäëå-
æàùàÿ âñåì îòðåçêàì ýòîé ñèñòåìû) ñîäåðæèò èñêîìûé êîðåíü.

Ñêîðîñòü ñõîäèìîñòè

Ñåðåäèíà n-ãî îòðåçêà { òî÷êà x(n) =
an + bn

2
äàåò ïðèáëèæåíèå ê êîðíþ

x∗, è èìååò îöåíêó ïîãðåøíîñòè:∣∣∣x(n)−x∗
∣∣∣ 6

bn− an

2
=

b− a

2n+1
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Èç äàííîé îöåíêè ìîæíî ñäåëàòü âûâîä, ÷òî ìåòîä áèñåêöèè ñõîäèòñÿ ñî
ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè, çíàìåíàòåëü êîòîðîé q = 1/2.
Çàáåãàÿ âïåðåä, ïî ñðàâíåíèþ ñ äðóãèìè ìåòîäàìè ìåòîä áèñåêöèè

ñõîäèòñÿ äîâîëüíî ìåäëåííî. Íî äàííûé ìåòîä ïðîñò â èñïîëíåíèè è íå
ïðèòÿçàòåëåí, ïîýòîìó ÿâëÿåòñÿ ïðèâëåêàòåëüíûì â èñïîëüçîâàíèè.

Êðèòåðèé îêîí÷àíèÿ
Èòåðàöèè ñëåäóåò âåñòè äî òåõ ïîð, ïîêà íå áóäåò âûïîëíåíî íåðàâåíñòâî

bn− an < 2ε.

Ïðè åãî âûïîëíåíèè, â êà÷åñòâå ïðèáëèæåíèÿ ê êîðíþ, ìîæíî âçÿòü x(n).
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Ìåòîä ïðîñòîé èòåðàöèè.
Íåîáõîäèìî ïðåîáðàçîâàòü f(x) = 0 óðàâíåíèå ê âèäó óäîáíîìó äëÿ

èòåðàöèè:
x = ϕ(x). (34)

Â ýòîì ñëó÷àå ôóíêöèþ ϕ(x) { íàçûâàþò èòåðàöèîííîé ôóíêöèåé.
Âûáåðåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ êàêóþ-òî âåëè÷èíó x(0).
Èç ðàâåíñòâà (34) ïîëó÷àåì

x(1) = ϕ
(
x(0)

)
.

Äàëåå, ïîëó÷èâ ïðèáëèæåíèå x(1), ìîæíî ïîëó÷èòü ñëåäóþùåå ïðèáëèæåíèå

x(2) = ϕ
(
x(1)

)
.

Ïðîäîëæàÿ ýòîò ïðîöåññ íåîãðàíè÷åííî ïîëó÷èì èòåðàöèîííóþ ïîñëåäîâà-
òåëüíîñòü x(0), x(1), x(2), . . ., x(n) è ò. ä., âû÷èñëÿåìóþ ïî ôîðìóëå:

x(n+1) = ϕ
(
x(n)

)
, n > 0.
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Èç ïðèâåäåííûõ ðàññóæäåíèé ìîæíî ñäåëàòü âûâîäû

• ìåòîä ïðîñòîé èòåðàöèè ÿâëÿåòñÿ îäíîøàãîâûì;

• åñëè ñóùåñòâóåò ïðåäåë ïîñëåäîâàòåëüíîñòè x∗ = lim
n→∞

x(n), òî ìåòîä
ïðîñòîé èòåðàöèè ñõîäèòñÿ è x∗ { êîðåíü óðàâíåíèÿ

x∗ = ϕ(x∗) .

Íà ïðèâåäåííîì íèæå ðèñóíêå ïîêàçàíà ãðàôè÷åñêàÿ èëëþñòðàöèÿ ïîñëå-
äîâàòåëüíîñòè ïðèáëèæåíèé, ïîëó÷åííûõ ìåòîäîì ïðîñòîé èòåðàöèè.
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xxxxxx (1)(2)(3)(4)(- (0)
x

y y=x y=ϕ(x)

Ñõîäèìîñòü ìåòîäà
Íà ïðèâåäåííûõ íèæå ðèñóíêàõ ïðåäñòàâëåíû ãðàôè÷åñêèå èëëþñòðàöèè

ïîâåäåíèÿ èòåðàöèîííîãî ïðîöåññà.

x-
x

y

x(0)

x-
x

y

x(0)
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x-
x

y

x(0)
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Çàìåòèì, ÷òî â çàâèñèìîñòè îò ðàñïîëîæåíèÿ ôóíêöèè ϕ(x) ìåòîä ìîæåò
êàê ñõîäèòüñÿ òàê è ðàñõîäèòüñÿ.
Ìåòîä ñõîäèòüñÿ, åñëè |ϕ′(x)|< 1 è ðàñõîäèòüñÿ, åñëè |ϕ′(x)|> 1.
Íà îñíîâàíèè âûøå ñêàçàííîãî ìîæíî çàïèñàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà. Ïóñòü â íåêîòîðîé σ-îêðåñòíîñòè êîðíÿ x∗ ôóíêöèÿ
ϕ(x) äèôôåðåíöèðóåìà è óäîâëåòâîðÿåò íåðàâåíñòâó:

|ϕ′(x)|6 q,

ãäå 0 < q < 1 { ïîñòîÿííàÿ.
Òîãäà íåçàâèñèìî îò âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ x(0) ∈
Uσ(x

∗) èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü íå âûõîäèò èç ýòîé
îêðåñòíîñòè, ìåòîä ñõîäèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé
ïðîãðåññèè è ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè:∣∣∣x(n)−x∗

∣∣∣ 6 qn
∣∣∣x(0)−x∗

∣∣∣ .
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Êðèòåðèé îêîí÷àíèÿ

Òåîðåìà. Ïóñòü â íåêîòîðîé σ-îêðåñòíîñòè êîðíÿ x∗ ôóíêöèÿ
ϕ(x) äèôôåðåíöèðóåìà è óäîâëåòâîðÿåò íåðàâåíñòâó:

|ϕ′(x)|6 q,

ãäå 0 < q < 1 { ïîñòîÿííàÿ. È x(0) ∈ Uσ(x
∗). Òîãäà âåðíà

ñëåäóþùàÿ àïîñòåðèîðíàÿ îöåíêà ïîãðåøíîñòè:∣∣∣x(n)−x∗
∣∣∣ 6

q

1− q

∣∣∣x(n)−x(n−1)
∣∣∣ , n > 1. (35)
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Ïðè èçâåñòíîé âåëè÷èíå q ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèé êðèòåðèé
îñòàíîâêè èòåðàöèîííîãî ïðîöåññà

q

1− q

∣∣∣x(n)−x(n−1)
∣∣∣ < ε.

Ò. å. åñëè äàííîå óñëîâèå âûïîëíåíî, òî ìîæíî ñ÷èòàòü, ÷òî x(n) ÿâëÿåòñÿ
ïðèáëèæåíèåì ê x∗ ñ òî÷íîñòüþ ε.
Çàìå÷àíèå 1.
• Äëÿ 0 < q 6 1/2 êðèòåðèé îêîí÷àíèÿ çàìåíÿþò íà áîëåå ïðîñòîé

êðèòåðèé: ∣∣∣x(n)−x(n−1)
∣∣∣ < ε.

Äåéñòâèòåëüíî, â ýòîì ñëó÷àå
1− q

q
> 1 è ïîòîìó íàðàâåíñòâî

q

1− q

∣∣∣x(n)−x(n−1)
∣∣∣ < ε.

âûïîëíÿåòñÿ àâòîìàòè÷åñêè.
• Åñëè æå 1/2 < q < 1, òî èñïîëüçîâàíèå êðèòåðèÿ∣∣∣x(n)−x(n−1)

∣∣∣ < ε
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ìîæåò ïðèâåñòè ê ïðåæäåâðåìåííîé îñòàíîâêå èòåðàöèîííîãî ïðîöåññà,
òàê êàê ïðè áëèçêîé ê 1 âåëè÷èíå q èòåðàöèîííîé ïðîöåññ ñõîäèòñÿ î÷åíü
ìåäëåííî è ðàññòîÿíèå ìåæäó x(n) è x(n+1) íå õàðàêòåðèçóåò ðàññòîÿíèå îò
x(n) äî x∗.
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xxx (n+1)(n)-
x

y
y=x

y=ϕ(x)

ε

Çàìå÷àíèå 2. Äëÿ èñïîëüçîâàíèÿ âûøå óêàçàííûõ êðèòåðèåâ îñòàíîâà
íåîáõîäèìî çíàòü âåëè÷èíó q.
Â ìàëîé îêðåñòíîñòè êîðíÿ x∗: ϕ′(x) ≈ ϕ′(x∗). Ñëåäîâàòåëüíî, âåëè÷èíà
ϕ′ (ξ(n−1)

)
≈ ϕ′(x∗).
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Äàëåå

x(n)−x(n−1) = ϕ
(
x(n−1)

)
−ϕ

(
x(n−2)

)
=

= ϕ′
(
ξ̃(n−1)

)(
x(n−1)−x(n−2)

)
.

Ñëåäîâàòåëüíî

ϕ′
(
ξ̃(n−1)

)
=

x(n)−x(n−1)

x(n−1)−x(n−2) ≈ ϕ′(x∗).

Òîãäà ìîæíî èñïîëüçîâàòü ñëåäóþùèé êðèòåðèé îêîí÷àíèÿ:

∣∣∣x(n)−x(n−1)
∣∣∣ <

1−ϕ′
(
ξ̃(n−1)

)
ϕ′

(
ξ̃(n−1)

) ε.
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Ïðèâåäåíèå óðàâíåíèÿ ê âèäó, óäîáíîìó äëÿ èòåðàöèé
Íåîáõîäèìî ïðèâåñòè óðàâíåíèå f(x) = 0 ê âèäó x = ϕ(x) ïðè óñëîâèè

|ϕ′(x)|6 q, ãäå 0 6 q < 1.
Óêàæåì îäèí èç ñïîñîáîâ òàêîãî ïðåîáðàçîâàíèÿ.
Ïóñòü f ′(x) íà îòðåçêå ëîêàëèçàöèè [a,b] íåïðåðûâíà è ïîëîæèòåëüíà.
Òîãäà f ′(x) äîñòèãàåò íà ýòîì îòðåçêå ñâîåãî íàèáîëüøåãî è íàèìåíüøåãî

çíà÷åíèé: M èm, ò.å. 0 < m 6 f ′(x) 6 M , ∀x ∈ [a,b].
Ïðèâåäåì óðàâíåíèå f(x) = 0 ê âèäó

x = x− τf(x),

ãäå τ > 0.
Â ýòîì ñëó÷àå èòåðàöèîííàÿ ôóíêöèÿ èìååò âèä

ϕ(x) = x− τf(x).

Íåîáõîäèìî âûáðàòü ïàðàìåòð τ òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü
óñëîâèå |ϕ′(x)|6 q.
Òàê êàê

1− τM 6 ϕ′(x) = 1− τf ′(x) 6 1− τm.

È, ñëåäîâàòåëüíî, q = max{|1− τm| , |1− τM |} .
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1/M 1/mτ τ0

1

0

Äëÿ âûïîëíåíèÿ íåðàâåíñòâà q < 1, äîñòàòî÷íî âçÿòü τ ∈ (0,2/M). Åñëè
èçâåñòíû îáå âåëè÷èíûM èm, òî èç ðàâåíñòâà

τM − 1 = 1− τm =⇒ τ = τ0 =
2

M + m
.

Â ýòîì ñëó÷àå q =
M −m

M + m
.

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2019. 82



Ìåòîä Íüþòîíà.
Ðàññìîòðèì äâà ñïîñîáà ïîëó÷åíèÿ ðàñ÷åòíîé ôîðìóëû.

Ìåòîä êàñàòåëüíûõ.
Ïóñòü x(0) { íà÷àëüíîå ïðèáëèæåíèå ê êîðíþ x∗.

Â òî÷êå M (0)
(
x(0),f

(
x(0)

))
ïðîâåäåì êàñàòåëüíóþ ê ãðàôèêó ôóíêöèè y =

f(x). Çà íîâîå ïðèáëèæåíèå x(1) ïðèìåì àáñöèññó òî÷êè ïåðåñå÷åíèÿ ýòîé
êàñàòåëüíîé ñ îñüþ Ox.
Àíàëàãè÷íî, çà íîâîå ïðèáëèæåíèå x(2) ïðèìåì àáñöèññó òî÷êè ïåðå-
ñå÷åíèÿ ñ îñüþ Ox êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = f(x) â òî÷êå
M (1)

(
x(1),f

(
x(1)

))
.

x
x

xxx (0)(1)(2)(3)

y=f(x)

y
M

M

M

(0)

(1)

(2)
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Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå ïîëó÷àåì ïîñëåäîâàòåëüíîñòü x(0), x(1),
x(2), x(3), . . ., x(n), . . . ïðèáëèæåíèé ê êîðíþ x∗.
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Êàñàòåëüíàÿ ê ãðàôèêó ôóíêöèè â òî÷êåM (n)
(
x(n),f

(
x(n)

))
èìååò âèä:

y− f
(
x(n)

)
= f ′

(
x(n)

)(
x−x(n)

)
.

Àáñöèññà x(n+1) òî÷êè ïåðåñå÷åíèÿ ýòîé êàñàòåëüíîé è îñèOx óäîâëåòâî-
ðÿåò óðàâíåíèþ:

f
(
x(n)

)
+ f ′

(
x(n)

)(
x(n+1)−x(n)

)
= 0.

Âûðàæàÿ èç äàííîãî óðàâíåíèÿ x(n+1) ïîëó÷àåì ðàñ÷åòíóþ ôîðìóëó äëÿ
ìåòîäà Íüþòîíà:

x(n+1) = x(n)−
f

(
x(n)

)
f ′

(
x(n)

) , n > 0.
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Ìåòîä ëèíåàðèçàöèè.
Ïóñòü x(n) { ïîëó÷åííîå ïðèáëèæåíèå.
Çàïèøåì ôóíêöèþ y = f(x) ïî ôîðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â

ôîðìå Ëàãðàíæà â îêðåñòíîñòè òî÷êè x(n).

f(x) = f
(
x(n)

)
+ f ′

(
x(n)

)(
x−x(n)

)
+

f ′′ (c)

2!

(
x−x(n)

)2
,

ãäå c ∈ (xn,x).
Çàìåíÿÿ â óðàâíåíèè f(x) = 0 ôóíêöèþ f(x) ãëàâíîé ëèíåéíîé ÷àñòüþ
ðàçëîæåíèÿ, ïîëó÷àåì ëèíåéíîå óðàâíåíèå:

f
(
x(n)

)
+ f ′

(
x(n)

)(
x−x(n)

)
= 0.

Ïðèíèìàÿ ðåøåíèå x(n+1) ïîëó÷åííîãî ëèíåéíîãî óðàâíåíèÿ çà íîâîå
ïðèáëèæåíèå, ïðèõîäèì ê ôîðìóëå:

x(n+1) = x(n)−
f

(
x(n)

)
f ′

(
x(n)

) , n > 0.
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Òåîðåìà. Ïóñòü x∗ { ïðîñòîé êîðåíü óðàâíåíèÿ f(x) = 0 è f(x) äâàæäû
íåïðåðûâíî äèôôåðåíöèðóåìà â

Uσ (x∗) = {x, |x−x∗|< σ} .

Ïóñòü f ′(x) 6= 0 â Uσ (x∗), f ′′(x) íåïðåðûâíà â Uσ (x∗) è
0 < m = inf

x∈Uσ(x∗)
|f ′(x)| , M = sup

x∈Uσ(x∗)

|f ′′(x)| ,

ïðè÷åì
M

∣∣x(0)−x∗
∣∣

2m
< 1.

Òîãäà åñëè x(0) ∈ Uσ (x∗), òî ìåòîä Íüþòîíà ñõîäèòñÿ ñ êâàäðàòè÷íîé
ñêîðîñòüþ ñõîäèìîñòè è äëÿ ïîãðåøíîñòè ñïðàâåäëèâà îöåíêà∣∣x(n)−x∗

∣∣ 6 q2n−1
∣∣x(0)−x∗

∣∣ ,
ãäå q =

M
∣∣x(0)−x∗

∣∣
2m

< 1.
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Òåîðåìà 1. Ïóñòü äëÿ âñåõ x ∈ [a,b] ëèáî

f ′(x) > 0, f ′′(x) > 0

ëèáî
f ′(x) < 0, f ′′(x) < 0.

Òîãäà ïîñëåäîâàòåëüíîñòü
{
x(k)

}
, îïðåäåëåííàÿ ñîãëàñíî ìå-

òîäó Íüþòîíà, ñ x(0) = b ìîíîòîííî óáûâàåò è ñõîäèòñÿ ê x∗.

Òåîðåìà 2. Ïóñòü äëÿ âñåõ x ∈ [a,b] ëèáî

f ′(x) > 0, f ′′(x) < 0

ëèáî
f ′(x) < 0, f ′′(x) > 0.

Òîãäà ïîñëåäîâàòåëüíîñòü
{
x(k)

}
, îïðåäåëåííàÿ ñîãëàñíî ìå-

òîäó Íüþòîíà, ñ x(0) = a ìîíîòîííî âîçðàñòàåò è ñõîäèòñÿ ê
x∗.
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Êðèòåðèé îêîí÷àíèÿ.
Íà ïðàêòèêå ÷àùå âñåãî èñïîëüçóþò àïîñòåðèîðíûå îöåíêè.

Òåîðåìà. Ïóñòü x∗ { ïðîñòîé êîðåíü óðàâíåíèÿ f(x) = 0
è f(x) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà â Uσ (x∗). È
x(0) ∈ Uσ/2 (x∗). Òîãäà äëÿ âñåõ n > 1 âåðíà îöåíêà∣∣∣x(n)−x∗

∣∣∣ 6
∣∣∣x(n)−x(n−1)

∣∣∣ .
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Ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèé êðèòåðèé îêîí÷àíèÿ: ïðè çàäàííîé
òî÷íîñòè ε > 0 âû÷èñëåíèÿ ñëåäóåò âåñòè äî òåõ ïîð, ïîêà íå âûïîëíèòñÿ
íåðàâåíñòâî ∣∣∣x(n)−x(n−1)

∣∣∣ < ε.
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Ñâÿçü ìåòîäà Íüþòîíà è ìåòîäà ïðîñòîé èòåðàöèè. Ìåòîä Íüþòîíà
ìîæíî ðàññìàòðèâàòü êàê îäèí èç âàðèàíòîâ ìåòîäà ïðîñòîé èòåðàöèè.
Ïðè ýòîì

x = ϕ(x),

ãäå ϕ(x) = x − f(x)

f ′(x)
.È ïîëó÷åííàÿ èòåðöèîííàÿ ôîðìóëà ñîâïàäàåò ñ

èòåðàöèîííîé ôîðìóëîé ìåòîäà ïðîñòîé èòåðàöèè.

x(n+1) = ϕ
(
x(n)

)
.

Çàìå÷àíèå. Íå ñëåäóåò äåëàòü ëîæíûé âûâîä î òîì, ÷òî ïðè òàêîì ïîäõîäå
ìåòîä Íüþòîíà èìååò ëèíåéíóþ ñêîðîñòü ñõîäèìîñòè. Òàê êàê

ϕ′(x) = 1− (f ′(x))2− f(x)f ′′(x)

(f ′(x))2 = f(x)
f ′′(x)

(f ′(x))2 ,

òî ïðè f(x∗) = 0 ñëåäóåò, ÷òî ϕ′(x∗) = 0 è âåëè÷èíà α(n) = ϕ′ (ξ(n)
)
,

îïðåäåëÿþùàÿ â ìåòîäå ïðîñòîé èòåðàöèè êîýôôèöèåíò ñæàòèÿ îøèáêè,
ñòðåìèòüñÿ ê íóëþ ïðè n →∞. Ñêîðîñòü ñõîäèìîñòè âîçðàñòàåò ïî ìåðå
ïðèáëèæåíèÿ ê êîðíþ. Ñëåäîâàòåëüíî, õàðàêòåð ñõîäèìîñòè íå ÿâëÿåòñÿ
ëèíåéíûì.
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Òðóäíîñòè èñïîëüçîâàíèå ìåòîäà Íüþòîíà.
Äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ ìåòîäà Íüþòîíà íåîáõîäèìî ïðåîäîëåòü

äâå òðóäíîñòè.
• Íåîáõîäèìîñòü âû÷èñëåíèÿ ïðîèçâîäíîé f ′(x). ×àñòî áûâàåò íå

âîçìîæíî íàéòè f ′(x), à èíîãäà äàííàÿ îïåðàöèÿ î÷åíü òðóäîåìêà.
•Ìåòîä Íüþòîíà îáëàäàåò òîëüêî ëîêàëüíîé ñõîäèìîñòüþ, ò.å. íåóäà÷-

íûé âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ ìîæåò äàòü ðàñõîäÿùóþñÿ ïîñëåäîâà-
òåëüíîñòü. Äëÿ ïðåîäîëåíèÿ òàêîãî ðîäà òðóäíîñòåé ìåòîä Íüþòîíà ÷àñòî
èñïîëüçóþò â ñî÷åòàíèè ñ êàêèì-ëèáî äðóãèì ìåòîäîì (ãàðàíòèðîâàííî ñõî-
äÿùèìñÿ). Íàïðèìåð, ìåòîäîì áèñåêöèè.

x x
x x

(0)

(1) (2)

y=f(x)
y
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Ìîäèôèêàöèè ìåòîäà Íüþòîíà.

Óïðîùåííûé ìåòîä Íüþòîíà.
Åñëè f ′(x) íåïðåðûâíà, òî åå çíà÷åíèå âáëèçè ïðîñòîãî êîðíÿ x∗ ïî÷òè

ïîñòîÿííî. Ïîýòîìó ìîæíî ïîïûòàòüñÿ âû÷èñëèòü f ′(x) òîëüêî îäèí ðàç â
òî÷êå x(0). È â èòåðàöèîííîé ôîðìóëå ìåòîäà Íüþòîíà f ′

(
x(n)

)
çàìåíÿþò íà

f ′
(
x(0)

)
. Â ðåçóëüòàòå

x(n+1) = x(n)−
f

(
x(n)

)
f ′

(
x(0)

) , n > 0.

Ïðè òàêîì ïîäõîäå ñêîðîñòü ñõîäèìîñòè áóäåò ëèíåéíîé.

x
x

xxx (0)(1)(2)(3)

y=f(x)

y
M

M

M

(0)

(1)

(2)
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Äàííûé ìåòîä ìîæíî ðàññìàòðèâàòü êàê ìåòîä ïðîñòîé èòåðàöèè ñ
èòåðàöèîííîé ôóíêöèåé

ϕ(x) = x− f(x)

f ′
(
x(0)

) .

Òàê êàê ϕ′(x) = 1− f ′(x)

f ′
(
x(0)

) , òî çíàìåíàòåëü
q ≈

∣∣∣∣∣1− f ′(x∗)

f ′
(
x(0)

)∣∣∣∣∣
.
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Ìåòîä ëîæíîãî ïîëîæåíèÿ
Â îñíîâå ýòîãî ìåòîäà ëåæèò ñëåäóþùåå ïðèáëèæåííîå ðàâåíñòâî

f ′
(
x(n)

)
≈

f
(
z(n)

)
− f

(
x(n)

)
z(n)−x(n) ,

êîòîðîå ñëåäóåò èç îïðåäåëåíèÿ ïðîèçâîäíîé.
Ïóñòü c { ôèêñèðîâàííàÿ òî÷êà, ðàñïîëîæåííàÿ â îêðåñòíîñòè ïðîñòîãî

êîðíÿ x∗. Çàìåíèì â ðàñ÷åòíîé ôîðìóëå ìåòîäà Íüþòîíà ïðîèçâîäíóþ
f ′

(
x(n)

)
ïðàâîé ÷àñòüþ ïðèáëèæåííîãî ðàâåíñòâà è ïîëîæèì z(n) = c. Â

ðåçóëüòàòå ïîëó÷àåì:

x(n+1) = x(n)− c−x(n)

f (c)− f
(
x(n)

)f
(
x(n)

)
, n > 0.
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x xx x(0) (1) (2)

y=f(x)y

(0)

M

с

M
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Äàííûé ìåòîä îáëàäàåò òàêæå ëèíåéíîé ñêîðîñòüþ ñõîäèìîñòè. Åãî
ìîæíî ðàññìàòðèâàòü êàê ìåòîä ïðîñòîé èòåðàöèè ñ èòåðàöèîííîé ôóíêöèåé

ϕ(x) = x− c−x

f(c)− f(x)
f(x).

È çíàìåíàòåëåì

q ≈ |ϕ′ (x∗)|=
∣∣∣∣1− (c−x∗)

f(c)
f ′ (x∗)

∣∣∣∣ .
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Ìåòîä ñåêóùèõ.
Â ôîðìóëå Íüþòîíà çàìåíÿþò ïðîèçâîäíóþ

f ′
(
x(n)

)
≈

f
(
x(n−1)

)
− f

(
x(n)

)
x(n−1)−x(n) ,

÷òî ïðèâîäèò ê ðàñ÷åòíîé ôîðìóëå ìåòîäà ñåêóùèõ

x(n+1) = x(n)− x(n−1)−x(n)

f
(
x(n−1)

)
− f

(
x(n)

)f
(
x(n)

)
, n > 1.

Â îòëè÷èå îò ïðåäûäóùèõ ìåòîä, äàííûé ìåòîä ÿâëÿåòñÿ äâóõøàãîâûì.
Â ÷àñòíîñòè, ÷òîáû íà÷àòü âû÷èñëåíèÿ íåîáõîäèìî çàäàòü äâà íà÷àëüíûõ
ïðèáëèæåíèÿ x(1) è x(0).

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2019. 98



Òðóäîåìêîñòü äàííîãî ìåòîäà ìåíüøå, ÷åì ó ìåòîäà Íüþòîíà, òàê êàê
â ìåòîäå ñåêóùèõ òðåáóåòñÿ íà îäíîé èòåðàöèè òîëüêî îäíî âû÷èñëåíèå
ôóíêöèè, à â ìåòîäå Íüþòîíà äâà f è f ′.
Çàìå÷àíèå. Äàííûé ìåòîä îáëàäàåò òîëüêî ëîêàëüíî ñõîäèìîñòüþ è

òðåáóåò äâóõ áëèçêèõ ê x∗ íà÷àëüíûõ ïðèáëèæåíèé x(0) è x(1). Åñëè ýòè
ïðèáëèæåíèÿ âûáðàíû íåóäà÷íî, òî ìåòîä ðàñõîäèòñÿ.

x
x

xxx (0)(1)(2)(3)

y=f(x)

y
M

M

M

(0)

(1)

(2)
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x xx
x

(0) (1)

(2)

y=f(x)
y

x(3) x(4)
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Ìåòîäû àïïðîêñèìàöèè ôóíêöèè.
Ïîñòàíîâêà çàäà÷è ïðèáëèæåíèÿ ôóíêöèè.

Çàäà÷è, ïðèâîäÿùèå ê çàäà÷å ïðèáëèæåíèÿ ôóíêöèé.
• Ôóíêöèÿ y = f(x) çàäàíà òàáëèöåé ñâîèõ çíà÷åíèé:
x1 x2 x3 · · · xk · · ·
y1 y2 y3 · · · yk · · ·

à âû÷èñëåíèÿ ïðîèçâîäÿòñÿ â òî÷êàõ, íå ñîâïàäàþùèõ ñ òàáëè÷íûìè.

• Âû÷èñëåíèå çíà÷åíèÿ ôóíêöèè y = f(x) ñâÿçàíî ñî çíà÷èòåëüíûìè
òðóäíîñòÿìè è ïðèâîäèò ê áîëüøèì çàòðàòàì ìàøèííîãî âðåìåíè.

Â ýòîì ñëó÷àå, ðàññìàòðèâàåòñÿ çàäà÷à î íàèëó÷øåì ïðèáëè-
æåíèè â íîðìèðîâàííîì ïðîñòðàíñòâå H , êîãäà çàäàííóþ
ôóíêöèþ y ∈ H òðåáóåòñÿ çàìåíèòü ëèíåéíîé êîìáèíàöèåé
ϕ ∈H òàê, ÷òîáû îòêëîíåíèå ||y−ϕ|| áûëî ìèíèìàëüíûì.
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Òî÷å÷íàÿ àïïðîêñèìàöèÿ
Óñëîâèÿ áëèçîñòè ôóíêöèé ϕ(x) è y(x) ôîðìóëèðóþòñÿ íà êîíå÷íîì

ìíîæåñòâå òî÷åê: a = x0 < x1 < x2 < .. . < xn = b. Ïðè ýòîì ôóíêöèè y(x) è
ϕ(x) çàìåíÿþò âåêòîðàìè èõ çíà÷åíèé íà äàííîì ìíîæåñòâå òî÷åê, ò.å.

y(x)−→ (y(x0),y(x1),y(x2), . . .y(xn))
т ∈ Rn+1.

(1) Ïðè òàêîì ïîäõîäå ìîæíî èñïîëüçîâàòü ñòàíäàðòíóþ ìåòðèêó íà Rn:

ρ(y,ϕ) =

√√√√ n∑
i=1

(y(xi)−ϕ(xi))
2 −→min .

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ϕ(x) { íàèëó÷øåå ïðèáëèæåíèå y(x) â ñðåäíåêâà-
äðàòè÷íîì ïðè òî÷å÷íîé àïïðîêñèìàöèè.
(2) Â íåêîòîðûõ ñëó÷àÿõ îïèñàííàÿ âûøå çàäà÷à âûðîæäàåòñÿ â çàäà÷ó

ïðîñòîé èíòåðïîëÿöèè, ò.å. òðåáóåòñÿ ïîäîáðàòü òàêóþ ôóíêöèþ ϕ(x),
÷òîáû

ϕ(xi) = y(xi).
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Ëèíåéíàÿ èíòåðïîëÿöèÿ
Áëèçîñòü ôóíêöèè y(x) è ϕ(x) äîñòèãàåòñÿ ââåäåíèåì â ϕ(x) ñâîáîäíûõ

ïàðàìåòðîâ a = {a0,a1,a2,a3, . . . ,an}.

Îñíîâíàÿ çàäà÷à { ïîäáîð óäà÷íîãî âèäà ôóíêöèîíàëüíîé
çàâèñèìîñòè ϕ(x,a).

Ïóñòü ôóíêöèÿ y(x) èçâåñòíà òîëüêî â óçëàõ íåêîòîðîé ñåòêè xi, ò.
å. çàäàíà òàáëèöåé. Ïîòðåáóåì, ÷òîáû ϕ(x,a) ñîâïàäàëà ñ òàáëè÷íûìè
çíà÷åíèÿìè y(x) â âûáðàííûõ óçëàõ ñåòêè:

ϕ(xi,a0,a1,a2, . . . ,an) = y(xi)≡ yi, 0 6 i 6 n. (36)

Ïîëó÷àåì ñèñòåìó èç n + 1 óðàâíåíèé, èç êîòîðîé ìîæíî îïðåäåëèòü
íåèçâåñòíûå êîýôôèöèåíòû ai.
Ïîëó÷åííûé ñïîñîá ïîäáîðà ïàðàìåòðîâ íàçûâàåòñÿ èíòåðïîëÿöèåé èëè

ëàãðàíæåâîé èíòåðïîëÿöèåé.
Åñëè ϕ(x,a) íåëèíåéíî çàâèñèò îò ïàðàìåòðîâ, òî èíòåðïîëÿöèþ

íàçûâàþò íåëèíåéíîé. Â ýòîì ñëó÷àå íàõîæäåíèå ïàðàìåòðîâ a =
{a0,a1,a2,a3, . . . ,an} ÿâëÿåòñÿ î÷åíü òðóäîåìêîé çàäà÷åé.
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Â íàøåì êóðñå áóäåì ðàññìàòðèâàòü ëèíåéíóþ èíòåðïîëÿöèþ, ò.å.

ϕ(x,a0,a1,a2, . . . ,an) =
n∑

k=0

akϕk(x),

ãäå ϕk(x) - ëèíåéíî-íåçàâèñèìàÿ ñèñòåìà ôóíêöèé, k = 0,n.
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Èñïîëüçóÿ (36), ïîëó÷àåì ÑËÀÓ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ ak:
n∑

k=0

akϕk(xi) = yi, 0 6 i 6 n. (37)

Äëÿ òîãî, ÷òîáû ïîñòàâëåííàÿ çàäà÷à èíòåðïîëÿöèè âñåãäà èìåëà åäèí-
ñòâåííîå ðåøåíèå íåîáõîäèìî, ÷òîáû îïðåäåëèòåëü ñèñòåìû (37) áûë îòëè-
÷åí îò íóëÿ, ò.å.

∆ = det{ϕk(xi)}=

∣∣∣∣∣∣∣∣
ϕ0(x0) ϕ1(x0) ϕ2(x0) . . . ϕn(x0)
ϕ0(x1) ϕ1(x1) ϕ2(x1) . . . ϕn(x1)
· · · · · · · · · · · · · · ·

ϕ0(xn) ϕ1(xn) ϕ2(xn) . . . ϕn(xn)

∣∣∣∣∣∣∣∣ 6= 0. (38)
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Çàìå÷àíèå. Äëÿ ëèíåéíîé èíòåðïîëÿöèè â êà÷åñòâå ñèñòåìû
ôóíêöèé íàèáîëåå óäîáíû àëãåáðàè÷åñêèå ìíîãî÷ëåíû.

Èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàíæà

Òåîðåìà. Ïóñòü y(x) íåïðåðûâíà íà [a,b], òîãäà ∀ε > 0,
∃Pn(x): ||y(x)−Pn(x)||< ε.

Ïóñòü íà îòðåçêå [a,b] çàäàíû òî÷êè xk - óçëû èíòåðïîëèðîâàíèÿ,
k = 0,1,2, . . . ,n, â êîòîðûõèçâåñòíû çíà÷åíèÿôóíêöèè y(x). Çàïèøåì çàäà÷ó
èíòåðïîëèðîâàíèÿ àëãåáðàè÷åñêèìè ìíîãî÷ëåíàìè:

Ln(x) = a0 + a1x + a2x
2 + · · ·+ anx

n.
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Ò.å. íóæíî ïîñòðîèòü ìíîãî÷ëåí ñòåïåíè n òàêîé, ÷òîáû

a0 + a1xi + a2x
2
i + · · ·+ anx

n
i = y(xi), i = 0,n.

Äàííàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå, òàê êàê îïðåäåëèòåëü
ïîëó÷åííîé ñèñòåìû îòëè÷åí îò íóëÿ (îïðåäåëèòåëü Âàíäåðìîíäà), ïðè
óñëîâèè, ÷òî íåò ñîâïàäàþùèõ óçëîâ.
Äåéñòâèòåëüíî

∆ =

∣∣∣∣∣∣∣∣
1 x0 x2

0 . . . xn
0

1 x1 x2
1 . . . xn

1
. . . . . . . . . . . . . . .

1 xn x2
n . . . xn

n

∣∣∣∣∣∣∣∣ =
∏
j>i

(xj −xi) 6= 0.
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Ðåøåíèå ïîëó÷åííîé ñèñòåìû ìîæíî çàïèñàòü ðàçëè÷íûì îáðàçîì,
íàïðèìåð â ôîðìå Ëàãðàíæà.
Èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàíæà ïîçâîëÿåò ïðåäñòàâèòü ìíîãî-

÷ëåí Ln(x) â âèäå ëèíåéíîé êîìáèíàöèè

Ln(x) =
n∑

k=0

ck(x)y(xk). (39)

Íàéäåì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ck(x). Èç óñëîâèÿ

Ln(xi) = y(xi), i = 0,n

ïîëó÷àåì n∑
k=0

ck(xi)y(xk) = y(xi), i = 0,n.
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Ýòè ñîîòíîøåíèÿ áóäóò âûïîëíåíû, åñëè íà ôóíêöèþ ck(x) íàëîæèòü
óñëîâèÿ:

ck(xi) =

{
0, i 6= k,

1, i = k.

Äàííûå óñëîâèÿ îçíà÷àþò, ÷òî êàæäàÿ ôóíêöèÿ ck(x), k = 0,n èìååò íå ìåíåå
n íóëåé íà [a,b].
Òàê êàêLn(x) { ìíîãî÷ëåí ñòåïåíè n, òî ck(x), k = 0,n áóäåì èñêàòü òàêæå

â âèäå ìíîãî÷ëåíà ñòåïåíè n, ò. å. â âèäå:

ck(x) = λk (x−x0)(x−x1)(x−x2) . . .(x−xk−1)×
× (x−xk+1) . . .(x−xn) .
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Èç óñëîâèÿ ck(xk) = 1 íàéäåì êîýôôèöèåíò λk:

λk =
1

(xk −x0)(xk −x1)(xk −x2) . . .(xk −xk−1)(xk −xk+1) . . .(xk −xn)
.

Òàêèì îáðàçîì, êîýôôèöèåíòû ck(x) èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà (39)
íàõîäÿòñÿ ïî ôîðìóëàì

ck(x) =

∏
i6=k

(x−xi)∏
i6=k

(xk −xi)
. (40)

×àñòî, äàííûå êîýôôèöèåíòû ïðåäñòàâëÿþò â íåñêîëüêî äðóãîì âèäå.
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Ââåäåì â ðàññìîòðåíèå ìíîãî÷ëåí ω(x) ñòåïåíè n + 1:

ω(x) =(x−x0)(x−x1)(x−x2) . . .(x−xk−1)×
× (x−xk)(x−xk+1) . . .(x−xn) .

Âû÷èñëèì ïðîèçâîäíóþ äàííîãî ìíîãî÷ëåíà â òî÷êå xk:

ω′(xk) =(xk −x0)(xk −x1)(xk −x2) . . .(xk −xk−1)×
× (xk −xk+1) . . .(xk −xn) .

Òîãäà ïîëó÷èì, ÷òî

ck(x) =
ω(x)

(x−xk)ω′(xk)
.
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Èòàê, èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà èìååò âèä:

Ln(x) =
n∑

k=0

ω(x)

(x−xk)ω′(xk)
y(xk) =

n∑
k=0

∏
i6=k

(x−xi)∏
i6=k

(xk −xi)
y(xk).

Î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è èíòåðïîëÿöèè
Òåîðåìà. Ïîñòðîåííûé ïîëèíîì ÿâëÿåòñÿ åäèíñòâåííûì
ðåøåíèåì çàäà÷è èíòåðïîëÿöèè.
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Ïîãðåøíîñòü èíòåðïîëèðîâàíèÿ. Ïðè çàìåíå ôóíêöèè y(x) èíòåð-
ïîëÿöèîííûì ìíîãî÷ëåíîì Ln(x) äîïóñêàåòñÿ ïîãðåøíîñòü (ïîãðåøíîñòü
èíòåðïîëÿöèîííîé ôîðìóëû Ëàãðàíæà):

rn(x) = y(x)−Ln(x).

Òåîðåìà. Ïóñòü y(x) ∈ Cn+1
[a,b] { n + 1 ðàç íåïðåðûâíî

äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà îòðåçêå [a,b] è a = x0 < x1 <

.. . < xn = b. Òîãäà ∀x ∈ [a,b], ∃ξ ∈ [a,b] òàêàÿ, ÷òî

y(x)−Ln(x) =
y(n+1)(ξ)

(n + 1)!
ω(x).

Â ÷àñòíîñòè, åñëèMn+1 = max
x∈[a,b]

∣∣y(n+1)(x)
∣∣, òî ∀x ∈ [a,b]

|y(x)−Ln(x)|6 Mn+1

(n + 1)!
|ω(x)| .
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