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Ìåòîäû àïïðîêñèìàöèè ôóíêöèè.
Ïîñòàíîâêà çàäà÷è ïðèáëèæåíèÿ ôóíêöèè.

Çàäà÷è, ïðèâîäÿùèå ê çàäà÷å ïðèáëèæåíèÿ ôóíêöèé.
• Ôóíêöèÿ y = f(x) çàäàíà òàáëèöåé ñâîèõ çíà÷åíèé:
x1 x2 x3 · · · xk · · ·
y1 y2 y3 · · · yk · · ·

à âû÷èñëåíèÿ ïðîèçâîäÿòñÿ â òî÷êàõ, íå ñîâïàäàþùèõ ñ òàáëè÷íûìè.

• Âû÷èñëåíèå çíà÷åíèÿ ôóíêöèè y = f(x) ñâÿçàíî ñî çíà÷èòåëüíûìè
òðóäíîñòÿìè è ïðèâîäèò ê áîëüøèì çàòðàòàì ìàøèííîãî âðåìåíè.

Â ýòîì ñëó÷àå, ðàññìàòðèâàåòñÿ çàäà÷à î íàèëó÷øåì ïðèáëèæåíèè â
íîðìèðîâàííîì ïðîñòðàíñòâå H , êîãäà çàäàííóþ ôóíêöèþ y ∈H òðåáóåòñÿ
çàìåíèòü ëèíåéíîé êîìáèíàöèåéϕ∈H òàê, ÷òîáû îòêëîíåíèå ||y−ϕ|| áûëî
ìèíèìàëüíûì.

Â çàâèñèìîñòè îò ìåòðèêè ρ ðàçëè÷àþò íåñêîëüêî ðàçëè÷íûõ ïîñòàíîâîê
çàäà÷è àïïðîêñèìàöèè. Ïðèâåäåì íåêîòîðûå èç íèõ.
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Òî÷å÷íàÿ àïïðîêñèìàöèÿ
Óñëîâèÿ áëèçîñòè ôóíêöèé ϕ(x) è y(x) ôîðìóëèðóþòñÿ íà êîíå÷íîì

ìíîæåñòâå òî÷åê: a= x0 < x1 < x2 < .. . < xn = b. Ïðè ýòîì ôóíêöèè y(x) è
ϕ(x) çàìåíÿþò âåêòîðàìè èõ çíà÷åíèé íà äàííîì ìíîæåñòâå òî÷åê, ò.å.

y(x)−→ (y(x0),y(x1),y(x2), . . .y(xn))
T ∈ Rn+1.

(1) Ïðè òàêîì ïîäõîäå ìîæíî èñïîëüçîâàòü ñòàíäàðòíóþ ìåòðèêó íà Rn:

ρ(y,ϕ) =

√√√√ n∑
i=1

(y(xi)−ϕ(xi))
2 −→min .

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ϕ(x) { íàèëó÷øåå ïðèáëèæåíèå y(x) â ñðåäíåêâà-
äðàòè÷íîì ïðè òî÷å÷íîé àïïðîêñèìàöèè.
(2) Â íåêîòîðûõ ñëó÷àÿõ îïèñàííàÿ âûøå çàäà÷à âûðîæäàåòñÿ â çàäà÷ó

ïðîñòîé èíòåðïîëÿöèè, ò.å. òðåáóåòñÿ ïîäîáðàòü òàêóþ ôóíêöèþ ϕ(x),
÷òîáû

ϕ(xi) = y(xi).
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Ëèíåéíàÿ èíòåðïîëÿöèÿ
Áëèçîñòü ôóíêöèè y(x) è ϕ(x) äîñòèãàåòñÿ ââåäåíèåì â ϕ(x) ñâîáîäíûõ

ïàðàìåòðîâ a= {a0,a1,a2,a3, . . . ,an}.

Îñíîâíàÿ çàäà÷à { ïîäáîð óäà÷íîãî âèäà ôóíêöèîíàëüíîé çàâèñèìîñòè
ϕ(x,a).
Ïóñòü ôóíêöèÿ y(x) èçâåñòíà òîëüêî â óçëàõ íåêîòîðîé ñåòêè xi, ò.

å. çàäàíà òàáëèöåé. Ïîòðåáóåì, ÷òîáû ϕ(x,a) ñîâïàäàëà ñ òàáëè÷íûìè
çíà÷åíèÿìè y(x) â âûáðàííûõ óçëàõ ñåòêè:

ϕ(xi,a0,a1,a2, . . . ,an) = y(xi)≡ yi, 1 6 0 6 n. (1)

Ïîëó÷àåì ñèñòåìó èç n óðàâíåíèé, èç êîòîðîé ìîæíî îïðåäåëèòü íåèçâåñò-
íûå êîýôôèöèåíòû ai.
Ïîëó÷åííûé ñïîñîá ïîäáîðà ïàðàìåòðîâ íàçûâàåòñÿ èíòåðïîëÿöèåé èëè

ëàãðàíæåâîé èíòåðïîëÿöèåé.
Åñëè ϕ(x,a) íåëèíåéíî çàâèñèò îò ïàðàìåòðîâ, òî èíòåðïîëÿöèþ

íàçûâàþò íåëèíåéíîé. Â ýòîì ñëó÷àå íàõîæäåíèå ïàðàìåòðîâ a =
{a0,a1,a2,a3, . . . ,an} ÿâëÿåòñÿ î÷åíü òðóäîåìêîé çàäà÷åé.
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Â íàøåì êóðñå áóäåì ðàññìàòðèâàòü ëèíåéíóþ èíòåðïîëÿöèþ, ò.å.

ϕ(x,a0,a1,a2, . . . ,an) =
n∑

k=0

akϕk(x),

ãäå ϕk(x) - ëèíåéíî-íåçàâèñèìàÿ ñèñòåìà ôóíêöèé, k = 0,n.
Èñïîëüçóÿ (1), ïîëó÷àåì ÑËÀÓ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ ak:

n∑
k=0

akϕk(xi) = yi, 1 6 0 6 n. (2)

Äëÿ òîãî, ÷òîáû ïîñòàâëåííàÿ çàäà÷à èíòåðïîëÿöèè âñåãäà èìåëà åäèí-
ñòâåííîå ðåøåíèå íåîáõîäèìî, ÷òîáû îïðåäåëèòåëü ñèñòåìû (2) áûë îòëè÷åí
îò íóëÿ, ò.å.

∆ = det{ϕk(xi)}=

∣∣∣∣∣∣∣∣
ϕ1(x0) ϕ2(x0) . . . ϕn(x0)
ϕ1(x1) ϕ2(x1) . . . ϕn(x1)
· · · · · · · · · · · ·

ϕ1(xn) ϕ2(xn) . . . ϕn(xn)

∣∣∣∣∣∣∣∣ 6= 0. (3)

Çàìå÷àíèå. Äëÿ ëèíåéíîé èíòåðïîëÿöèè â êà÷åñòâå ñèñòåìû ôóíêöèé íàèáîëåå
óäîáíû àëãåáðàè÷åñêèå ìíîãî÷ëåíû.
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Èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàíæà

Òåîðåìà. Ïóñòü y(x) íåïðåðûâíà íà [a,b], òîãäà∀ε> 0, ∃Pn(x): ||y(x)−Pn(x)||<
ε.

Ïóñòü íà îòðåçêå [a,b] çàäàíû òî÷êè xk - óçëû èíòåðïîëèðîâàíèÿ,
k= 0,1,2, . . . ,n, â êîòîðûõèçâåñòíû çíà÷åíèÿôóíêöèè y(x). Çàïèøåì çàäà÷ó
èíòåðïîëèðîâàíèÿ àëãåáðàè÷åñêèìè ìíîãî÷ëåíàìè:

Ln(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n.

Ò.å. íóæíî ïîñòðîèòü ìíîãî÷ëåí ñòåïåíè n òàêîé, ÷òîáû

a0 + a1xi + a2x
2
i + · · ·+ anx

n
i = y(xi), i= 0,n.

Äàííàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå, òàê êàê îïðåäåëèòåëü
ïîëó÷åííîé ñèñòåìû îòëè÷åí îò íóëÿ (îïðåäåëèòåëü Âàíäåðìîíäà), ïðè
óñëîâèè, ÷òî íåò ñîâïàäàþùèõ óçëîâ.
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Äåéñòâèòåëüíî

∆ =

∣∣∣∣∣∣∣∣
1 x0 x2

0 . . . xn
0

1 x1 x2
1 . . . xn

1
. . . . . . . . . . . . . . .

1 xn x2
n . . . xn

n

∣∣∣∣∣∣∣∣ =
∏
j>i

(xj −xi) 6= 0.

Ðåøåíèå ïîëó÷åííîé ñèñòåìû ìîæíî çàïèñàòü ðàçëè÷íûì îáðàçîì,
íàïðèìåð â ôîðìå Ëàãðàíæà.
Èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàíæà ïîçâîëÿåò ïðåäñòàâèòü ìíîãî-

÷ëåí Ln(x) â âèäå ëèíåéíîé êîìáèíàöèè

Ln(x) =
n∑

k=0

ck(x)y(xk). (4)

Íàéäåì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ck(x). Èç óñëîâèÿ

Ln(xi) = y(xi), i= 0,n

ïîëó÷àåì
n∑

k=0

ck(xi)y(xk) = y(xi), i= 0,n.
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Ýòè ñîîòíîøåíèÿ áóäóò âûïîëíåíû, åñëè íà ôóíêöèþ ck(x) íàëîæèòü
óñëîâèÿ:

ck(xi) =

{
0, i 6= k,

1, i= k.

Äàííûå óñëîâèÿ îçíà÷àþò, ÷òî êàæäàÿ ôóíêöèÿ ck(x), k= 0,n èìååò íå ìåíåå
n íóëåé íà [a,b].
Òàê êàêLn(x) { ìíîãî÷ëåí ñòåïåíè n, òî ck(x), k= 0,n áóäåì èñêàòü òàêæå

â âèäå ìíîãî÷ëåíà ñòåïåíè n, ò. å. â âèäå:

ck(x) = λk (x−x0)(x−x1)(x−x2) . . .(x−xk−1)(x−xk+1) . . .(x−xn) .

Èç óñëîâèÿ ck(xk) = 1 íàéäåì êîýôôèöèåíò λk:

λk =
1

(xk −x0)(xk −x1)(xk −x2) . . .(xk −xk−1)(xk −xk+1) . . .(xk −xn)
.

Òàêèì îáðàçîì, êîýôôèöèåíòû ck(x) èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà (4)
íàõîäÿòñÿ ïî ôîðìóëàì

ck(x) =

∏
i6=k

(x−xi)∏
i6=k

(xk −xi)
. (5)
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×àñòî, äàííûå êîýôôèöèåíòû ïðåäñòàâëÿþò â íåñêîëüêî äðóãîì âèäå.
Ââåäåì â ðàññìîòðåíèå ìíîãî÷ëåí ω(x) ñòåïåíè n+ 1:

ω(x) = (x−x0)(x−x1)(x−x2) . . .(x−xk−1)(x−xk)(x−xk+1) . . .(x−xn) .

Âû÷èñëèì ïðîèçâîäíóþ äàííîãî ìíîãî÷ëåíà â òî÷êå xk:

ω′(xk) = (xk −x0)(xk −x1)(xk −x2) . . .(xk −xk−1)(xk −xk+1) . . .(xk −xn) .

Òîãäà ïîëó÷èì, ÷òî

ck(x) =
ω(x)

(x−xk)ω′(xk)
.

Èòàê, èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà èìååò âèä:

Ln(x) =
n∑

k=0

ω(x)

(x−xk)ω′(xk)
y(xk) =

n∑
k=0

∏
i6=k

(x−xi)∏
i6=k

(xk −xi)
y(xk).

Î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è èíòåðïîëÿöèè
Òåîðåìà. Ïîñòðîåííûé ïîëèíîì ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è
èíòåðïîëÿöèè.
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J Äîïóñòèì ïðîòèâíîå. Ïóñòü ϕn(x) è ψn(x) { ìíîãî÷ëåíû ñòåïåíè n,
ÿâëÿþùèåñÿ ðåøåíèåì ïîñòàâëåííîé çàäà÷è èíòåðïîëÿöèè è

ϕn(xi) = ψn(xi) = yi.

Ðàññìîòðèì ìíîãî÷ëåí Q(x) = ϕn(x)−ψn(x).
Î÷åâèäíî, ÷òî ñòåïåíü äàííîãî ìíîãî÷ëåíà íå âûøå n è Q(xi) = 0 ïðè

i= 1,n.
Íî Q(x) îáðàùàåòñÿ â íîëü â n+ 1 òî÷êå, òîãäà åãî ñòåïåíü ðàâíà n+ 1.
Ñëåäîâàòåëüíî ïðèøëè ê ïðîòèâîðå÷èþ è Q(x)≡ 0 è ϕn(x) = ψn(x). I

Ïîãðåøíîñòü èíòåðïîëèðîâàíèÿ. Ïðè çàìåíå ôóíêöèè y(x) èíòåð-
ïîëÿöèîííûì ìíîãî÷ëåíîì Ln(x) äîïóñêàåòñÿ ïîãðåøíîñòü (ïîãðåøíîñòü
èíòåðïîëÿöèîííîé ôîðìóëû Ëàãðàíæà):

rn(x) = y(x)−Ln(x).
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Òåîðåìà. Ïóñòü y(x)∈Cn+1
[a,b] { n+1 ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ

íà îòðåçêå [a,b] è a = x0 < x1 < .. . < xn = b. Òîãäà ∀x ∈ [a,b], ∃ξ ∈ [a,b] òàêàÿ,
÷òî

y(x)−Ln(x) =
y(n+1)(ξ)

(n+ 1)!
ω(x).

Â ÷àñòíîñòè, åñëèMn+1 = max
x∈[a,b]

∣∣y(n+1)(x)
∣∣, òî ∀x ∈ [a,b]

|y(x)−Ln(x)|6
Mn+1

(n+ 1)!
|ω(x)| .

J Ðàññìîòðèì ôóíêöèþ

U(x) = y(x)−Ln(x)− kω(x),

ãäå âåëè÷èíà k áóäåò îïðåäåëåíà ïîçäíåå. Òàê êàê y(xi) = Ln(xi), òî U(x)
èìååò êîðíè x0, x1, x2, . . ., xn.
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Çàôèêñèðóåì íåêîòîðîå x∗ ∈ [a,b] è ïîäáåðåì k òàêèì îáðàçîì, ÷òîáû
ôóíêöèÿ U(x) èìåëà êîðåíü â x∗, ò.å.

U(x∗) = y(x∗)−Ln(x
∗)− kω(x∗) = 0, =⇒ k =

y(x∗)−Ln(x
∗)

ω(x∗)
.

Ïðè òàêîì âûáîðå k ôóíêöèÿ U(x) èìååò n+ 2 êîðíÿ íà îòðåçêå [a,b].

x0, x1,x2, . . . ,xi, x
∗, xi+1, . . . ,xn.

Ñëåäîâàòåëüíî, U ′(x) èìååò n+ 1 êîðåíü íà [a,b], U ′′(x) èìååò n êîðíåé
íà [a,b] è ò.ä. Ïðèõîäèì ê âûâîäó, ÷òî U (n+1)(x) èìååò íà [a,b] îäèí êîðåíü,
êîòîðûé îáîçíà÷èì ξ.
Òîãäà U (n+1)(ξ) = 0, íî

U (n+1)(x) = y(n+1)(x)−L(n+1)
n (x)− kω(n+1)(x).

Òàê êàê ñòåïåíü ìíîãî÷ëåíà Ln(x) ðàâíà n, òî L
(n+1)
n (x) = 0, à ñòåïåíü

ìíîãî÷ëåíà ω(x) ðàâíà n+ 1, ñëåäîâàòåëüíî ω(n+1)(x) = (n+ 1)!. Òîãäà

0 = U (n+1)(ξ) = y(n+1)(ξ)− k(n+ 1)! =⇒ k =
y(n+1)(ξ)

(n+ 1)!
.
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Ïðèðàâíèâàÿ ðàíåå íàéäåííîå âûðàæåíèå äëÿ k ïîëó÷àåì

y(x∗)−Ln(x
∗)

ω(x∗)
=
y(n+1)(ξ)

(n+ 1)!
,

îòêóäà ñëåäóåò, ÷òî

y(x∗)−Ln(x
∗) =

y(n+1)(ξ)

(n+ 1)!
ω(x∗). I

Î íàèëó÷øåì âûáîðå óçëîâ èíòåðïîëèðîâàíèÿ. Ìíîãî÷ëåíû ×åáûøå-
âà.
Ìíîãî÷ëåíû ×åáûøåâà íà [−1,1].
Âî ìíîãèõ âîïðîñàõ ÷èñëåííîãî àíàëèçà, ñâÿçàííûõ ñ ìèíèìèçàöèåé

ïîãðåøíîñòè âû÷èñëèòåëüíîãî àëãîðèòìà, íàøëè ïðèìåíåíèå ìíîãî÷ëåíû
íàèìåíåå óêëîíÿþùèåñÿ îò íóëÿ.
Îñíîâíàÿ çàäà÷à. Ñðåäè âñåõ ìíîãî÷ëåíîâ ñòåïåíè n ñî ñòàðøèì

êîýôôèöèåíòîì ðàâíûì 1 íàéòè òàêîé ìíîãî÷ëåí Tn(x), äëÿ êîòîðîãî

max
x∈[−1,1]

|Tn(x)| →min .

Ìíîãî÷ëåí îáëàäàþùèé òàêèì ñâîéñòâîì íàçûâàþòìíîãî÷ëåíîì×åáûøå-
âà èëè ìíîãî÷ëåíîì íàèìåíåå óêëîíÿþùèìñÿ îò íóëÿ íà [-1,1].
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Òàêîé ìíîãî÷ëåí áûë ïîñòðîåí è

Tn(x) = 21−n cos(narccos x) (6)

Ðàññìîòðèì ñíà÷àëàìíîãî÷ëåíPn(x), îòëè÷àþùèéñÿ îòTn(x) â (6) òîëüêî
ïîñòîÿííûì ìíîæèòåëåì 21−n

Pn(x) = cos(narccos x) (7)

Ïðîâåäÿ ïðåîáðàçîâàíèÿ

cos((n+ 1)arccos x) + cos((n− 1)arccos x) =

= 2cos(n arccos x)cos(arccos x) = 2xPn(x)

ìîæíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ðåêóððåíòíîãî ñîîòíîøåíèÿ

Pn+1(x)− 2xPn(x) +Pn−1(x) = 0.

Ïîëüçóÿñü ôîðìóëîé (7) èìååì P0(x) = 1 è P1(x) = x.Ïîëüçóÿñü ïîëó÷åííîé
ðåêóððåíòíîé ôîðìóëîé ìîæíî ïîêàçàòü, ÷òî

P2(x) = 2x2− 1,

P3(x) = 22x3 +ω3(x),

P4(x) = 23x4 +ω4(x),
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Ïî èíäóêöèè ìîæíî ïîêàçàòü, ÷òî Pn(x) { ìíîãî÷ëåí ñ êîýôôèöèåíòîì
ïðè xn ðàâíûì 2n−1 ïðè n > 1. Òîãäà ìíîãî÷ëåí Tn(x) èìååò êîýôôèöèåíò
ïðè xn ðàâíûé 1.
Êîðíè ìíîãî÷ëåíà Tn(x) ðàñïîëîæåíû â òî÷êàõ xk = cos

[ π
2n

(1 + 2k)
]
ïðè

k = 0,(n− 1).

Ýêñòðåìóìû áóäóò ðàñïîëîæåíû â òî÷êàõ x′k = cos

(
πk

n

)
, ïðè k =

1,(n− 1). Ê ýòèì òî÷êàì äîáàâèì òî÷êè, â êîòîðûõ ôóíêöèÿ äîñòèãàåò ñâîèõ
íàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé, ò. å. êîíöû îòðåçêà [−1,1].

Òîãäà x′k = cos

(
πk

n

)
, ïðè k = 0,n. Çíà÷åíèÿ ìíîãî÷ëåíà ×åáûøåâà â

ýòèõ òî÷êàõ
Tn(x

′
k) = (−1)k21−n.

Òîãäà
max

x∈[−1,1]
|Tn(x)|= 21−n.

Äîêàæåì, ÷òî ñðåäè âñåõ ìíîãî÷ëåíîâ ñòåïåíè n, ïîñòðîåííûé ìíîãî÷ëåí
Tn(x) { ìíîãî÷ëåí íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ íà [−1,1].
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Ïóñòü Qn(x) { ëþáîé ìíîãî÷ëåí ñòåïåíè n ñ åäèíèöåé ïðè ñòàðøåì
êîýôôèöèåíòå. Îáîçíà÷èì

||Qn||= max
x∈[−1,1]

|Qn(x)| .

Òåîðåìà. Ïóñòü ñóùåñòâóåò ñèñòåìà òî÷åê

−1 6 x′n < x′n−1 < .. . < x′1 < x′0 6 1

òàêàÿ, ÷òî
|Qn(x

′
k)|= ||Qn||, k = 0,n,

ïðè÷åì Qn(x
′
k) èìåþò ÷åðåäóþùèåñÿ çíàêè. Òîãäà ñðåäè âñåõ ìíîãî÷ëåíîâ

ñòåïåíè n ñî ñòàðøèì êîýôôèöèåíòîì 1, ìíîãî÷ëåí Qn(x) íàèìåíåå óêëîíÿåòñÿ
îò íóëÿ.

J Äîïóñòèì ïðîòèâíîå. Ïóñòü ñóùåñòâóåò ìíîãî÷ëåí Q∗
n(x) ñòåïåíè n ñ

êîýôôèöèåíòîì ïðè xn ðàâíûì 1 òàêîé, ÷òî ||Q∗
n||< ||Qn|| è, ñëåäîâàòåëüíî

|Q∗
n(x)|< ||Qn|| äëÿ âñåõ x ∈ [−1,1].
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Ðàññìîòðèì ôóíêöèþR(x) =Qn(x)−Q∗
n(x), êîòîðàÿ ÿâëÿåòñÿ ìíîãî÷ëå-

íîì ñòåïåíè íå âûøå, ÷åì (n− 1) è îòëè÷íà îò òîæäåñòâåííîãî íóëÿ.
Ñîãëàñíî óñëîâèþ òåîðåìû, ÷èñëà Qn(x

′
k) èìåþò ÷åðåäóþùèåñÿ çíàêè.

Ïóñòü äëÿ îïðåäåëåííîñòè

Qn(x
′
k) = (−1)k||Qn||, k = 0,n.

Òîãäà
R(x′k) = (−1)k||Qn|| −Q∗

n(x
′
k), k = 0,n.

Ñëåäîâàòåëüíî, ìíîãî÷ëåí R(x) íà îòðåçêå [−1,1] n ðàç ìåíÿåò çíàê, ò.å.
èìååòn êîðíåé. À ýòî íå âîçìîæíî, òàê êàêR(x) {ìíîãî÷ëåí ñòåïåíè (n−1).
Ïðèøëè ê ïðîòèâîðå÷èþ è ñëåäîâàòåëüíî ìíîãî÷ëåí Qn(x) { ìíîãî÷ëåí
íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ. I

Ñîãëàñíî äîêàçàííîé òåîðåìå ìíîãî÷ëåí ×åáûøåâà Tn(x) ÿâëÿåòñÿ
ìíîãî÷ëåíîì íàèìåíåå óêëîíÿþùèìñÿ îò íóëÿ.
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Ðàññìîòðèì ñëó÷àé ïðîèçâîëüíîãî îòðåçêà [a,b]. Äàííàÿ çàäà÷à
ñâîäèòñÿ ê ïðåäûäóùåé ñ ïîìîùüþ çàìåíû

t=
2

b− a
x− b+ a

b− a
,

ïðèâîäÿùèé îòðåçîê a 6 x 6 b â îòðåçîê −1 6 t 6 1.Ïðè òàêîé çàìåíå
ìíîãî÷ëåí ×åáûøåâà

Tn(t) = 21−n cos(narccos t)

ïðåîáðàçóåòñÿ ê âèäó

Fn(x) = 21−n cos

(
n arccos

2x− (b+ a)

b− a

)
.

Â ýòîì ñëó÷àå, êîýôôèöèåíò ïðè xn ðàâåí
2n

(b− a)n
.

Ñëåäîâàòåëüíî, ñðåäè âñåõ ìíîãî÷ëåíîâ ñî ñòàðøèì êîýôôèöèåíòîì
ðàâíûì 1, íàèìåíåå óêëîíÿþùèìñÿ îò íóëÿ íà [a,b] ÿâëÿåòñÿ ìíîãî÷ëåí

Tn(x) =
(b− a)n

22n−1 cos

(
n arccos

2x− (b+ a)

b− a

)
.
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Êîðíè ýòîãî ìíîãî÷ëåíà ðàñïîëîæåíû â òî÷êàõ

xk =
a+ b

2
+
b− a

2
cos

(2k+ 1)π

2n
, k = 0,(n− 1),

à åãî ìàêñèìàëüíîå îòêëîíåíèå îò íóëÿ ðàâíî

max
x∈[a,b]

|Tn(x)|=
(b− a)n

22n−1 .

Èíòåðïîëèðîâàíèå ñ êðàòíûìè óçëàìè.

Èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà. Ðàññìîòðèì áîëåå îáùóþ
ïîñòàíîâêó çàäà÷è èíòåðïîëÿöèè.
Â óçëàõ xk ∈ [a,b], k = 0,m, ñðåäè êîòîðûõ íåò ñîâïàäàþùèõ óçëîâ,

çàäàíû çíà÷åíèÿ ôóíêöèè f(xk) è åå ïðîèçâîäíûå f (i)(xk) äî ïîðÿäêàNk−1
âêëþ÷èòåëüíî.
Òàêèì îáðàçîì, â êàæäîé òî÷êå xk èçâåñòíû

f(xk),f
′(xk),f

′′(xk), . . .f
(Nk−1)(xk),

èçâåñòíî N0 +N1 + · · ·+Nm âåëè÷èí.
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Îñíîâíàÿ çàäà÷à: òðåáóåòñÿ ïîñòðîèòü àëãåáðàè÷åñêèé ìíîãî÷ëåí
Hn(x) ñòåïåíè n=N0 +N1 + · · ·+Nm− 1, äëÿ êîòîðîãî

H i
n(xk) = f i(xk), k = 0,m, i= 0,(Nk − 1). (8)

Ìíîãî÷ëåí Hn(x), óäîâëåòâîðÿþùèé óñëîâèÿì (8), íàçûâàåòñÿ èíòåðïî-
ëÿöèîííûì ìíîãî÷ëåíîì Ýðìèòà äëÿ ôóíêöèè f(x). ×èñëîNk íàçûâàåò-
ñÿ êðàòíîñòüþ óçëà xk.�

�
�
�

Äîêàæåì, ÷òî èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ýðìèòà ñóùåñòâóåò è
åäèíñòâåíåí.
Ïðåäñòàâèì ìíîãî÷ëåí â âèäå

Hn(x) = a0 + a1x+ · · ·anx
n.

Óñëîâèÿ èíòåðïîëÿöèè (8) äàþò ÑËÀÓ îòíîñèòåëüíî êîýôôèöèåíòîâ
a0,a1, . . . ,an.
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×èñëî óðàâíåíèé ïîëó÷åííîé ñèñòåìû ðàâíî ÷èñëó íåèçâåñòíûõ è ðàâíî
N0 +N1 + · · ·+Nm.
Äîñòàòî÷íî ïîêàçàòü, òî îäíîðîäíàÿ ÑËÀÓ

H i
n(xk) = 0, k = 0,m, i= 0,(Nk − 1) (9)

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå

a0 = a1 = . . .= an = 0.

Èç ñèñòåìû (9) ïðè ôèêñèðîâàííîì k è i= 0,(Nk − 1) ñëåäóåò, ÷òî ÷èñëî
xk ÿâëÿåòñÿ êîðíåì êðàòíîñòè Nk ìíîãî÷ëåíàHn(x).
Òàêèì îáðàçîì, ñ ó÷åòîì êðàòíîñòè ìíîãî÷ëåí Hk(x) èìååò íå ìåíåå

N0 +N1 + · · ·+Nm = n+ 1 êîðíÿ íà [a,b].
Íî ñòåïåíü ìíîãî÷ëåíàHn(x) ðàâíà n è, ñëåäîâàòåëüíî,Hn(x)≡ 0. Òîãäà

a0 = a1 = . . .= an = 0.

Ñëåäîâàòåëüíî, ñèñòåìà (8) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáûõ ïðàâûõ
÷àñòÿõ.
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Òàê êàê êîýôôèöèåíòû aj ìíîãî÷ëåíà Hn(x) âûðàæàþòñÿ ëèíåéíî
÷åðåç f (i)(xk), òî äàííûé ìíîãî÷ëåí ìîæíî ïðåäñòàâèòü â âèäå ëèíåéíîé
êîìáèíàöèè

Hn(x) =
m∑

k=0

Nk−1∑
i=0

cki(x)f
(i)(xk), (10)

ãäå cki(x) - ìíîãî÷ëåíû ñòåïåíè n.

Ïðèìåð. Ïóñòü x0 < x1 < x2 - òî÷êè, â êîòîðûõ çàäàíû çíà÷åíèÿ

f(x0) = f0,

f(x1) = f1, f ′(x1) = f ′1,

f(x2) = f2.

Òðåáóåòñÿ ïîñòðîèòü ìíîãî÷ëåí òðåòüåé ñòåïèíèH3(x) òàêîé, ÷òî

H3(x0) = f0,

H3(x1) = f1, H ′
3(x1) = f ′1,

H3(x2) = f2.

(11)

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2014. 23



Áóäåì èñêàòü åãî â âèäå

H3(x) = c00(x)f0 + c10(x)f1 + c11(x)f
′
1 + c20(x)f2,

ãäå c00(x), c10(x), c11(x), c20(x) - ìíîãî÷ëåíû òðåòüåé ñòåïåíè.
Ïîòðåáóåì, ÷òîáû

c00(x0) = 1, c10(x0) = 0, c20(x0) = 0, c11(x0) = 0,
c00(x1) = 0, c10(x1) = 1, c20(x1) = 0, c11(x1) = 0,
c00(x2) = 0, c10(x2) = 0, c20(x2) = 1, c11(x2) = 0,
c′00(x1) = 0, c′10(x1) = 0, c′20(x1) = 0, c′11(x1) = 1.

Òàê êàê c00(x) èìååò êðàòíûé êîðåíü â òî÷êå x1 è ïðîñòîé êîðåíü x2, òî åãî
áóäåì èñêàòü â âèäå:

c00(x) =K(x−x1)
2(x−x2).

Èç óñëîâèÿ c00(x0) = 1 íàõîäèì

K =
1

(x0−x1)2(x0−x2)
.

Òàêèì îáðàçîì,

c00(x) =
(x−x1)

2(x−x2)

(x0−x1)2(x0−x2)
. (12)
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Àíàëîãè÷íî ïîëó÷àåì

c20(x) =
(x−x0)(x−x1)

2

(x2−x0)(x2−x1)2 . (13)

c11(x) =
(x−x0)(x−x1)(x−x2)

(x1−x2)(x1−x0)
. (14)

Ìíîãî÷ëåí c10(x) áóäåì èñêàòü â âèäå

c10(x) = (x−x0)(x−x2)(αx+ β),

ãäå α è β - ïîñòîÿííûå, ïîäëåæàùèå îïðåäåëåíèþ.
Èç óñëîâèÿ c10(x1) = 1 íàõîäèì

αx1 + β =
1

(x1−x0)(x1−x2)
.

Óñëîâèå c′10(x1) = 0 ïðèâîäèò ê óðàâíåíèþ

(x1−x0)(x1−x2)α+ (αx1 + β)(2x1−x0−x2) = 0.

Èç ïîñëåäíèõ äâóõ ðàâåíñòâ íàõîäèì

α=− 2x1−x0−x2

(x1−x0)2(x1−x2)2 ,
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β =
1

(x1−x0)(x1−x2)

(
1 +

x1(2x1−x0−x2)

(x1−x0)(x1−x2)

)
,

Òàêèì îáðàçîì,

c10(x) =
(x−x0)(x−x2)

(x1−x0)(x1−x2)

(
1− (x−x1)(2x1−x0−x2)

(x1−x0)(x1−x2)

)
.

Ñëåäîâàòåëüíî, èñêîìûé èíòåðïîëÿöèîííûé ìíîãî÷ëåíH3(x) èìååò âèä

H3(x) =
(x−x1)

2(x−x2)

(x0−x1)2(x0−x2)
f(x0)+

+
(x−x0)(x−x2)

(x1−x0)(x1−x2)

(
1− (x−x1)(2x1−x0−x2)

(x1−x0)(x1−x2)

)
f(x1)+

+
(x−x0)(x−x2)

2

(x2−x0)(x2−x1)2f(x2) +
(x−x0)(x−x1)(x−x2)

(x1−x2)(x1−x0)
f ′(x1).
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