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×èñëåííîå äèôôåðåíöèðîâàíèå
Òðóäíîñòè è çàäà÷è, ïðèâîäÿùèå ê ïðèìåíåíèþ ÷èñëåííîãî äèôôåðåí-
öèðîâàíèÿ.
1. Ôóíêöèÿ f(x) çàäàíà òàáëèöåé.
2. Ôóíêöèþ òðóäíî ïðîäèôôåðåíöèðîâàòü àíàëèòè÷åñêè.
3. ×èñëåííîå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé.

Âûâîä ðàçíîñòíûõ ôîðìóë ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ èíòåðïîëÿ-
öèîííîãî ìíîãî÷ëåíà.
Ðàññìîòðèì íåðàâíîìåðíóþ ñåòêó

a = x0 < x1 < .. . < xn−1 < xn = b,

ãäå hi = xi −xi−1.
Ôîðìóëû ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ ìîæíî ïîëó÷èòü ñ èñïîëüçîâà-

íèåì èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà

Ln(x) =
n∑

k=0

∏
i6=k

(x−xi)∏
i6=k

(xk −xi)
f(xk).

Ïðè ýòîì ïîëàãàþò, ÷òî f ′(x) ' Ln(x).
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Ïðîñòåéøèå ôîðìóëû ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ.

1. Ïîñòðîèì èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà ïî äâóì òî÷êàì:
xi−1 è xi.

L1(x) =
x−xi−1

xi −xi−1
f(xi) +

x−xi

xi−1 −xi
f(xi−1).

Âîñïîëüçîâàâøèñü òåì, ÷òî f ′(xi) ' L′
1(xi) ïîëó÷àåì

f ′(xi) =
f(xi)

xi −xi−1
+

f(xi−1)

xi−1 −xi
=

f(xi)− f(xi−1)

xi −xi−1
.

Åñëè ïðåäïîëîæèòü, ÷òî ñåòêà ðàâíîìåðíàÿ, ò. å. h = hi = xi −xi−1, òî

f ′(xi) '
f(xi)− f(xi−1)

h
. (1)

Àíàëîãè÷íî, ìîæíî ïîëó÷èòü

f ′(xi) '
f(xi+1)− f(xi)

h
. (2)

Ïðèáëèæåííûåðàâåíñòâà (1) è (2) íàçûâàþòñÿëåâîéèïðàâîéðàçíîñòíûìè
ïðîèçâîäíûìè ñîîòâåñòâåííî.
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Íàéäåì ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè ïîëó÷åííûõ ðàçíîñòíûõ
ïðîèçâîäíûõ. Äëÿ ýòîãî ðàññìîòðèì âûðàæåíèå (2).
Ñ èñïîëüçîâàíèåì ðàçëîæåíèÿ ïî ôîðìóëå Òåéëîðà ïîëó÷èì:

f(xi+1) = f(xi) + f ′(xi)h +
f ′′(ξ+)

2!
h2, ξ+ ∈ (xi,xi+1).

Òîãäà

r1 =f ′(xi)−
f(xi+1)− f(xi)

h
=

= f ′(xi)−
1

h

(
f(xi) + f ′(xi)h +

f ′′(ξ+)

2!
h2 − f(xi)

)
= −f ′′(ξ+)

2!
h = O(h).

Ñëåäîâàòåëüíî, åñëèM2 = max
x∈[xi,xi+1]

|f ′′(x)|, òî

|r1|6
1

2
M2h.

Àíàëîãè÷íûå ðàññóæäåíèÿ ìîæíî ïðîâåñòè è äëÿ ïåðâîãî ïðèáëèæåííîãî
ðàâåíñòâà.Òàêèì îáðàçîì, ïðèáëèæåííûå ðàâåíñòâà àïïðîêñèìèðóþò f ′(x)
c ïåðâûì ïîðÿäêîì.
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2. Ïîñòðîèì èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëàãðàíæà ïî òðåì òî÷êàì:
xi−1, xi è xi+1.

L2(x) =
(x−xi)(x−xi+1)

(xi−1 −xi)(xi−1 −xi+1)
f(xi−1) +

(x−xi−1)(x−xi+1)

(xi −xi−1)(xi −xi+1)
f(xi)+

+
(x−xi−1)(x−xi)

(xi+1 −xi−1)(xi+1 −xi)
f(xi+1).

Òîãäà

L′
2(x) =

(2x−xi −xi+1)

(xi−1 −xi)(xi−1 −xi+1)
f(xi−1) +

(2x−xi−1 −xi+1)

(xi −xi−1)(xi −xi+1)
f(xi)+

+
(2x−xi−1 −xi)

(xi+1 −xi−1)(xi+1 −xi)
f(xi+1).

Âîñïîëüçîâàâøèñü òåì, ÷òî f ′(xi) ' L′
2(xi) è ïðåäïîëîæèâ, ÷òî ñåòêà

ðàâíîìåðíàÿ, ò. å. h = hi = xi −xi−1, ïîëó÷àåì

f ′(xi) =
f(xi+1)− f(xi−1)

2h
. (3)

Ïðèáëèæåííûå ðàâåíñòâà (3) íàçûâàþòöåíòðàëüíîé ðàçíîñòíîé ïðîèçâîä-
íîé.

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2014. 5



Íàéäåì ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè ïîëó÷åííîé ðàçíîñòíîé
ïðîèçâîäíîé. Ïðåäñòàâèì f(x) ïåðâûìè 3-ìÿ ÷ëåíàìè ðàçëîæåíèÿ è
îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà

f(xi+1) = f(xi) + f ′(xi)h +
f ′′(xi)

2!
h2 +

f ′′′(ξ+)

3!
h3, ξ+ ∈ (xi,xi+1),

f(xi−1) = f(xi)− f ′(xi)h +
f ′′(xi)

2!
h2 − f ′′′(ξ−)

3!
h3, ξ− ∈ (xi−1,xi).

Òîãäà

r2 = f ′(xi)−
f(xi+1)− f(xi−1)

2h
=

= f ′(xi)−
1

2h

(
f(xi) + f ′(xi)h +

f ′′(xi)

2!
h2 +

f ′′′(ξ+)

3!
h3−

−f(xi) + f ′(xi)h−
f ′′(xi)

2!
h2 +

f ′′′(ξ−)

3!
h3

)
= −f ′′′(ξ−) + f ′′′(ξ+)

12
h2 = O(h2).

Ñëåäîâàòåëüíî, åñëèM3 = max
x∈[xi+1,xi−1]

|f ′′′(x)|, òî

|r2|6
1

6
M3h

2.
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Òàêèì îáðàçîì, ïðèáëèæåííîå ðàâåíñòâî (3) àïïðîêñèìèðóþåò f ′(x) cî
âòîðûì ïîðÿäêîì.

3. Ïîëó÷èì ðàçíîñòíóþ ôîðìóëó äëÿ f ′(xi−1) ' L′
2(xi−1) è âû÷èñëèì åå

ïîðÿäîê àïïðîêñèìàöèèè. Òîãäà

f ′(xi−1) ' L′
2(xi−1) =

(2xi−1 −xi −xi+1)

(xi−1 −xi)(xi−1 −xi+1)
f(xi−1)+

+
(2xi−1 −xi−1 −xi+1)

(xi −xi−1)(xi −xi+1)
f(xi) +

(2xi−1 −xi−1 −xi)

(xi+1 −xi−1)(xi+1 −xi)
f(xi+1) =

=
−3f(xi−1) + 4f(xi)− f(xi+1)

2h
.

Àíàëîãè÷íî

f ′(xi+1) ' L′
2(xi+1) =

f(xi−1)− 4f(xi) + 3f(xi+1)

2h
.

Âûÿñíèì ïîðÿäîê àïïðîêñèìàöèè âòîðîé èç ýòèõ ôîðìóë (äëÿ ïåðâîé
ïîðÿäîê àïïðîêñèìàöèè ìîæíî íàéòè àíàëîãè÷íî).
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Ïðåäñòàâèì f(x) ïåðâûìè 3-ìÿ ÷ëåíàìè ðàçëîæåíèÿ è îñòàòî÷íûì
÷ëåíîì â ôîðìó Ëàãðàíæà

f(xi) = f(xi+1)− f ′(xi+1)h +
f ′′(xi+1)

2!
h2 − f ′′′(ξ1)

3!
h3, ξ1 ∈ (xi,xi+1),

f(xi−1) = f(xi+1)− 2hf ′(xi+1) + 2h2f ′′(xi+1)−
f ′′′(ξ2)

3!
8h3, ξ2 ∈ (xi−1,xi+1).

Òîãäà

r2 = f ′(xi+1)−
f(xi−1)− 4f(xi) + 3f(xi+1)

2h
=

= f ′(xi+1)−
1

2h

(
f(xi+1)− 2hf ′(xi+1) + 2h2f ′′(xi+1)−

f ′′′(ξ2)

3!
8h3−

−4f(xi+1) + 4f ′(xi+1)h− 2h2f ′′(xi+1) + 4
f ′′′(ξ1)

3!
h3 + 3f(xi+1)

)
=

=
2f ′′′(ξ2)− f ′′′(ξ1)

3
h2 = O(h2).

Òàêèì îáðàçîì, äàííûå ïðèáëèæåííûå ðàâåíñòâà èìåþò âòîðîé ïîðÿäîê
àïïðîêñèìàöèè.
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4. Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ ñ èñïîëüçîâàíèå ìíîãî÷ëåíà Ëàãðàíæà
âòîðîãî ïîðÿäêà.
Ïðåäïîëàãàÿ, ÷òî ñåòêà ðàâíîìåðíàÿ è f ′′(xi) ' L′′

2(xi) ïîëó÷àåì:

L′
2(x) =

2

(xi−1 −xi)(xi−1 −xi+1)
f(xi−1) +

2

(xi −xi−1)(xi −xi+1)
f(xi)+

+
2

(xi+1 −xi−1)(xi+1 −xi)
f(xi+1) =

f(xi−1)− 2f(xi) + f(xi+1)

h2 .

Âûÿñíèì ïîãðåøíîñòü àïïðîêñèìàöèèè. Ïðåäñòàâèì f(x) ïåðâûìè 4-ìÿ
÷ëåíàìè ðàçëîæåíèÿ è îñòàòî÷íûì ÷ëåíîì â ôîðìó Ëàãðàíæà

f(xi+1) = f(xi) + f ′(xi)h +
f ′′(xi)

2!
h2 +

f ′′′(xi)

3!
h3 +

f (4)(ξ+)

4!
h4,

ξ+ ∈ (xi,xi+1),

f(xi−1) = f(xi)− f ′(xi)h +
f ′′(xi)

2!
h2 − f ′′′(xi)

3!
h3 +

f (4)(ξ−)

4!
h4,

ξ− ∈ (xi−1,xi).
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Òîãäà

r3(f) = f ′′(xi)−
f(xi−1)− 2f(xi) + f(xi+1)

h2 =

= f ′′(xi)−
1

h2

(
f(xi)− f ′(xi)h +

f ′′(xi)

2!
h2 − f ′′′(xi)

3!
h3 +

f (4)(ξ−)

4!
h4−

−2f(xi) + f(xi) + f ′(xi)h +
f ′′(xi)

2!
h2 +

f ′′′(xi)

3!
h3 +

f (4)(ξ+)

4!
h4

)
=

= −f (4)(ξ−) + f (4)(ξ+)

24
h2 = O(h2).

Ñëåäîâàòåëüíî,

|r3(f)|6 1

12
M4h

2, M4 = max
x∈[xi−1,xi+1]

∣∣∣f (4)(x)
∣∣∣ .

Òàêèì îáðàçîì, äàííîå ïðèáëèæåííîå ðàâåíñòâî èìåþò âòîðîé ïîðÿäîê
àïïðîêñèìàöèè.
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5. Ïîïðîáóåì ïîëó÷èòü ôîðìóëû äëÿ ïðîèçâîäíûõ 1-ãî è 2-ãî ïîðÿäêîâ,
àïïðîêñèìèðóþùèõ f ′(x) è f ′′(x) ñ áîëåå âûñîêèì ïîðÿäêîì òî÷íîñòè. Äëÿ
ýòîãî óâåëè÷èì ñòåïåíü èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà.
Âûïèøåì ìíîãî÷ëåí Ëàãðàíæà ïî 5-òè òî÷êàì: xi−2, xi−1, xi, xi+1 è xi+2.

Äëÿ áîëåå êîìïàêòíîé çàïèñè ïåðåîáîçíà÷èì:

f(xi−2) = fi−2, f(xi−1) = fi−1,

f(xi) = fi, f(xi+1) = fi+1, f(xi+2) = fi+2.

L4(x) =
(x−xi−1)(x−xi)(x−xi+1)(x−xi+2)

(xi−2 −xi−1)(xi−2 −xi)(xi−2 −xi+1)(xi−2 −xi+2)
fi−2+

+
(x−xi−2)(x−xi)(x−xi+1)(x−xi+2)

(xi−1 −xi−2)(xi−1 −xi)(xi−1 −xi+1)(xi−1 −xi+2)
fi−1+

+
(x−xi−2)(x−xi−1)(x−xi+1)(x−xi+2)

(xi −xi−2)(xi −xi−1)(xi −xi+1)(xi −xi+2)
fi+

+
(x−xi−2)(x−xi−1)(x−xi)(x−xi+2)

(xi+1 −xi−2)(xi+1 −xi−1)(xi+1 −xi)(xi+1 −xi+2)
fi+1+

+
(x−xi−2)(x−xi−1)(x−xi)(x−xi+1)

(xi+2 −xi−2)(xi+2 −xi−1)(xi+2 −xi)(xi+2 −xi+1)
fi+2.
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Ïóñòü øàã ñåòêè ïîñòîÿííûé, òîãäà ìîæíî ïîëó÷èòü ñëåäóþùóþ ïðèáëè-
æåííóþ ôîðìóëó äëÿ ïðîèçâîäíîé:

f ′(xi) ' L′
4(xi) =

fi−2 − 8fi−1 + 8fi+1 − fi+2

12h
.

Îïðåäåëèì òî÷íîñòü àïïðîêñèìàöèè ïåðâîé ïðîèçâîäíîé ñ ïîìîùüþ äàííîé
ôîðìóëû. Äëÿ ýòîãî, ñ ïîìîùüþ ôîðìóëû Òåéëîðà, ïðåäñòàâèì ôóíêöèþ
f(x) ïåðâûìè 5-þ ÷ëåíàìè ðàçëîæåíèÿ ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå
Ëàãðàíæà:

f(xi−2) = f(xi)− 2hf ′(xi) + 2h2f ′′(xi)−
4

3
h3f ′′′(xi) +

2

3
h4f IV (xi)−

− 4

15
h5fV (ξ2

−), ξ2
− ∈ (xi−2,xi),

f(xi−1) = f(xi)−hf ′(xi) +
1

2
h2f ′′(xi)−

1

3!
h3f ′′′(xi) +

1

4!
h4f IV (xi)−

− 1

5!
h5fV (ξ1

−), ξ1
− ∈ (xi−1,xi),
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f(xi+1) = f(xi) + hf ′(xi) +
1

2
h2f ′′(xi) +

1

3!
h3f ′′′(xi) +

1

4!
h4f IV (xi)+

+
1

5!
h5fV (ξ1

+), ξ1
− ∈ (xi,xi+1),

f(xi+2) = f(xi) + 2hf ′(xi) + 2h2f ′′(xi) +
4

3
h3f ′′′(xi) +

2

3
h4f IV (xi)+

+
4

15
h5fV (ξ2

+), ξ2
+ ∈ (xi,xi+2).

Òîãäà

r4 =f ′(xi)−
fi−2 − 8fi−1 + 8fi+1 − fi+2

12h
=

= − 8h4

5!12

(
−4fV (ξ2

−) + fV (ξ1
−) + fV (ξ1

+)− 4fV (ξ2
+)

)
=О(h4).

Ñëåäîâàòåëüíî,
|r4|6

1

18
M5h

4, где M5 = max
[xi−2,xi+2]

∣∣fV (x)
∣∣ .

Àíàëîãè÷íî ìîæíî ïîëó÷èòü è ôîðìóëó äëÿ âû÷èñëåíèÿ f ′′(xi):

f ′′(xi) ' L′′
4(xi) = −fi−2 − 16fi−1 + 30fi − 16fi+1 + fi+2

12h2 .
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