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×èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷è Êîøè äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïîñòàíîâêà çàäà÷è.

d u(t)

dt
= f(t,u),

u(t0) = u0.
(1)

Óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è Êîøè íà êîíå÷íîì îòðåçêå.
u∗0 - âîçìóùåííîå íà÷àëüíîå çíà÷åíèå.
ε0 - ïîãðåøíîñòü íà÷àëüíîãî çíà÷åíèÿ.
u∗(t) - ðåøåíèå ñîîòâåòñòâóþùåé çàäà÷è Êîøè

d u∗(t)

dt
= f(t,u∗(t)),

u∗(t0) = u∗0.
(2)

Âû÷òåì èç óðàâíåíèÿ (1) óðàâíåíèå (2), òîãäà

f(t,u(t))− f(t,u∗(t)) = λ(t)(u(t)−u∗(t)) = f ′
u(t, ũ(t))(u(t)−u∗(t)),

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÈÓ3, âåñíà 2014. 2



ãäå ũ(t) - íåêîòîðîå ïðîìåæóòî÷íîå çíà÷åíèå ìåæäó u(t) è u∗(t).
Ïóñòü ε(t) = u(t)−u∗(t) - ïîãðåøíîñòü ðåøåíèå çàäà÷è Êîøè, òîãäà

d ε(t)

dt
= λ(t)ε(t),

ε(t0) = ε0,
(3)

è ïîãðåøíîñòü (3) ìîæíî âûðàçèòü ôîðìóëîé

ε(t) = ε0 exp


t∫

t0

λ(τ)dτ

 .

Ðàññìîòðèì âåëè÷èíó

C(t) = exp


t∫

t0

λ(τ)dτ

= exp


t∫

t0

f ′
u(τ, ũ(τ))dτ

 .

C(t) íàçûâàåòñÿ êîýôôèöèåíòîì ðîñòà îøèáêè â çàäà÷å Êîøè.
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• Åñëè f ′
u < 0, òî |ε(t)| ñ ðîñòîì t ìîíîòîííî óáûâàåò, à ñîîòâåòñòâóþùèå

èíòåãðàëüíûå êðèâûå ñáëèæàþòñÿ. Òàêèì îáðàçîì, îøèáêà, âíåñåííàÿ â
íà÷àëüíûå çíà÷åíèÿ çàòóõàåò.

• Åñëè f ′
u > 0, òî |ε(t)| ñ ðîñòîì tìîíîòîííî âîçðàñòàåò è ñîîòâåòñòóþùèå

èíòåãðàëüíûå êðèâûå ðàñõîäÿòñÿ.
Èç òåîðåìû Êîøè ñëåäóåò, ÷òî êîýôôèöèåíò C(t) ðîñòà îøèáêè áóäåò

îãðàíè÷åííûì, åñëè çàäà÷à ðåøàåòñÿ íà êîíå÷íîì îòðåçêå [t0, T ]. Òîãäà
t∫

t0

f ′
u(τ, ũ(τ))dτ 6

t∫
t0

σdτ = σ(t− t0).

Ñëåäîâàòåëüíî, C(t) 6 K(T ), ãäå

K(T ) =

{
exp[σ(T − t0)] , σ > 0,

1, σ 6 0.

Òàêèì îáðàçîì, ïðè âûïîëíåíèè óñëîâèÿ f ′
u 6 σ ñïðàâåäëèâà îöåíêà

max
t06t6T

|u(t)−u∗(t)|6 K(T ) |u0 −u∗0| .

Äàííàÿ îöåíêà âûðàæàåò óñòîé÷èâîñòü íà êîíå÷íîì îòðåçêå [t0, T ] ðåøå-
íèÿ çàäà÷è Êîøè ïî íà÷àëüíûì çíà÷åíèÿì.
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Òåîðåìà. (Óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è Êîøè ïî ïðàâîé ÷àñòè.) Ïóñòü
âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1. f(t,u) îïðåäåëåíà è íåïðåðûâíà â îáëàñòè G ïëîñêîñòè ïåðåìåííûõ t è u.
2. f(t,u) óäîâëåòâîðÿò óñëîâèþ Ëèïøèöà

|f(t,u1)− f(t,u2)|6 L |u1 −u2| , ∀y1, y2, t ∈ [t0,T ],

ãäå L - íåêîòîðàÿ ïîñòîÿííàÿ (ïîñòîÿííàÿ Ëèïøèöà).
3. u(t) - ðåøåíèå çàäà÷è Êîøè (1).
4. u∗(t) - ðåøåíèå çàäà÷è

d u∗(t)

dt
= f(t,u∗(t)) + ϕ(t),

u∗(t0) = u∗0.
Òîãäà ñïðàâåäëèâà îöåíêà

max
t06t6T

|u(t)−u∗(t)|6 K(T ) |u0 −u∗0|+
T∫

t0

|ϕ(t)| dt,

âûðàæàþùàÿ óñòîé÷èâîñòü íà êîíå÷íîì îòðåçêå [t0,T ] ðåøåíèÿ çàäà÷è Êîøè ïî
íà÷àëüíûì çíà÷åíèÿì è ïðàâîé ÷àñòè. ÇäåñüK(T ) = exp[L(T − t0)]
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Äèñêðåòíàÿ çàäà÷à Êîøè.
Ââåäåì ðàçáèåíèå îòðåçêà [t0,T ], êîòîðîå íàçîâåì ñåòêîé:

t0 < t1 < .. . < tn = T

Çàìåíèì çàäà÷ó Êîøè åå äèñêðåòíûì àíàëîãîì - ñèñòåìîé óðàâíåíèé, ðåøàÿ
êîòîðóþ ìîæíî ïîñëåäîâàòåëüíî íàéòè y0, y1 . . . ,yn, êîòîðûå èãðàþò ðîëü
ïðèáëèæåíèé ê çíà÷åíèÿì ðåøåíèÿ çàäà÷è Êîøè â óçëàõ ñåòêè.
Áóäåì îáîçíà÷àòü ÷åðåç u(t) òî÷íîå ðåøåíèå çàäà÷è Êîøè, à ÷åðåç

yn = y(tn) - ïðèáëèæåííîå ðåøåíèå (äàííîå ðåøåíèå ÿâëÿåòñÿ ñåòî÷íîé
ôóíêöèåé, ò. å. îïðåäåëÿåòñÿ òîëüêî â óçëàõ ñåòêè). Òîãäà

1

h
(α0yn+1 + α1yn + · · ·+ αkyn+1−k) = Φ(tn,yn+1−k, . . . ,yn,yn+1,h). (4)

• Ñòîÿùóþ â ëåâîé ÷àñòè ðàâåíñòâà ñóììó ìîæíî ðàññìàòðèâàòü êàê
ðàçíîñòíóþ àïïðîêñèìàöèþ ïðîèçâîäíîé u′(t).

• Ïðàâóþ÷àñòü ðàâåíñòâà ìîæíî ðàññìàòðèâàòü êàê ñïåöèàëüíûìîáðàçîì
ïîñòðîåííóþ àïïðîêñèìàöèþ ôóíêöèè f .

• Çíà÷åíèå yn+1 ïðèáëèæåííîãî ðåøåíèÿ â î÷åðåäíîé òî÷êå íàõîäèòñÿ èç
óðàâíåíèÿ (4).
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Îïðåäåëåíèå. Åñëè äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ yn+1 èñïîëü-
çóþòñÿ ðàíåå íàéäåííûå çíà÷åíèÿ ñåòî÷íîé ôóíêöèè â k ïðåäûäóùèõ òî÷êàõ
tn+1−k, . . . , tn, òî òàêîé ìåòîä íàçûâàåòñÿ k-øàãîâûì.

Åñëè k = 1, òî óðàâíåíèå (4) ïðèìåò âèä:

1

h
(α0yn+1 + α1yn) = Φ(tn,yn,yn+1,h). (5)

Â ýòîì ñëó÷àå ìåòîä íàçûâàåòñÿ îäíîøàãîâûì.�

�

�




Îïðåäåëåíèå. Åñëè âõîäÿùàÿ â ïðàâóþ ÷àñòü óðàâíåíèÿ (4) ôóíêöèÿΦ íå çàâèñèò
îò yn+1, òî ñîîòâåòñòâóþùèé ìåòîä íàçûâàåòñÿ ÿâíûì.
Â ïðîòèâíîì ñëó÷àå ìåòîä íàçûâàåòñÿ íåÿâíûì è äëÿ íàõîæäåíèÿ yn+1

ïðèõîäèòñÿ ðåøàòü íåëèíåéíîå óðàâíåíèå.
Âûâîä ðàñ÷åòíûõ ôîðìóë.
Ðàññìîòðèì çàäà÷ó Êîøè (1). Òàê êàê

tn+1∫
tn

u′(t)dt = u(tn+1)−u(tn),
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òî äèñêðåòíûé àíàëîã (5) çàäà÷è Êîøè ìîæíî çàïèñàòü â âèäå:

y(tn+1) = y(tn) +

tn+1∫
tn

f(t,y)dy. (6)

Ìåòîä Ýéëåðà.
Åñëè èíòåãðàë â ðàâåíñòâå (6) çàìåíèòü ôîðìóëîé ëåâûõ ïðÿìîóãîëüíè-

êîâ, òî
yn+1 − yn

h
= f(tn,yn), n = 0,1,2, . . . , y0 = u0. (7)�

�
�
�

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ìåòîä Ýéëåðà (7) ñõîäèòñÿ â òî÷êå t = tn, åñëè
|yn −u(tn)| → 0 ïðè h→ 0.

�
�

�
�

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ìåòîä èìååò p-ûé ïîðÿäîê òî÷íîñòè, åñëè ñóùåñòâóåò
÷èñëî p > 0 òàêîå, ÷òî |yn −u(tn)| = O(hp) ïðè h→ 0.

Ðàññìîòðèì âåëè÷èíó zn = yn − u(tn), êîòîðóþ áóäåì íàçûâàòü ïîãðåø-
íîñòüþ ìåòîäà. Òîãäà
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zn+1 − zn

h
= f(tn,un + zn)−

un+1 −un

h
. (8)

Ïðàâóþ ÷àñòü ðàâåíñòâà (8) ìîæíî ïåðåïèñàòü â âèäå ñóììû ϕ1 + ϕ2, ãäå

ϕ1 = f(tn,un)−
un+1 −un

h
,

ϕ2 = f(tn,un + zn)− f(tn,un).�
�

�
�

Îïðåäåëåíèå. ϕ1 íàçûâàåòñÿ íåâÿçêîé èëè ïîãðåøíîñòüþ àïïðîêñèìàöèè
óðàâíåíèÿ (7) íà ðåøåíèè èñõîäíîãî óðàâíåíèÿ (1).�

�
�
�

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðàçíîñòíûé ìåòîä àïïðîêñèìèðóåò èñõîäíîå
äèôôåðåíöèàëüíîå óðàâíåíèå, åñëè ϕ1 → 0 ïðè h→ 0.�

�
�
�

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðàçíîñòíûé ìåòîä èìååò p-ûé ïîðÿäîê àïïðîêñè-
ìàöèè, åñëè ϕ1 = O(hp) ïðè h→ 0.

Â îáùåì ñëó÷àå ϕ2 ïðîïîðöèîíàëüíà ïîãðåøíîñòè zn

ϕ2 =
∂f

∂u
(tn,un + ϑzn)zn, |ϑ|< 1.
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Íàéäåì ïîðÿäîê àïïðîêñèìàöèè ìåòîäà Ýéëåðà. Äëÿ ýòîãî èñïîëüçóåì
ðàçëîæåíèå ïî ôîðìóëå Òåéëîðà

un+1 = un + hu′n + O(h2).

Òîãäà
un+1 −un

h
= u′n + O(h).

È
ϕ1 = −u′n + f(tn,un) + O(h) = O(h).

Ò. å., ìåòîä Ýéëåðà èìååò ïåðâûé ïîðÿäîê àïïðîêñèìàöèè.

Ñèììåòðè÷íàÿ ñõåìà.
Çàäà÷à Êîøè (1) çàìåíÿåòñÿ

yn+1 − yn

h
=

1

2
[f(tn,yn) + f(tn+1,yn+1)] , n = 0,1,2, . . . , y0 = u0.

Äàííîå âûðàæåíèå ìîæíî ïîëó÷èòü, åñëè èíòåãðàë â ðàâåíñòâå (6) çàìåíèòü
ïî ôîðìóëå òðàïåöèé.
Ðàññìîòðèì íåâÿçêó:
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ϕ1 = −un+1 −un

h
+

1

2
[f(tn,yn) + f(tn+1,yn+1)] =

= −u′n −
h

2
u′′n + O1(h

2) +
1

2
(u′n + u′n+1) = −u′n −

h

2
u′′n + O1(h

2)+

+
1

2
(u′n + u′n + hu′′n + O2(h

2)) = O(h2).

Òàêèì îáðàçîì, äàííûé ìåòîä èìååò 2-îé ïîðÿäîê àïïðîêñèìàöèè.

Ìåòîäû Ðóíãå-Êóòòû.
Ðàññìîòðèì ðàâåíñòâî

y(tn+1) = y(tn) +

tn+1∫
tn

f(t,y)dy. (9)

Òàê êàê òî÷íîå âû÷èñëåíèå èíòåãðàëà, âõîäÿùåãî â äàííîå ðàâåíñòâî
íå âñåãäà âîçìîæíî, òî ïîïðîáóåì ïîëó÷èòü êâàäðàòóðíóþ ôîðìóëó äëÿ
âû÷èñëåíèÿ äàííîãî èíòåãðàëà.
Ðàññìîòðèì îòðåçîê [tn, tn+1]. Ââåäåì íà íåìm âñïîìîãàòåëüíûõ óçëîâ:
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t1n = tn + α1h,

t2n = tn + α2h,

. . . . . . . . . . . .

tmn = tn + αmh,

ãäå 0 = α1 6 α2 6 . . . 6 αm 6 1.
Çàìåíèì èíòåãðàë â ðàâåíñòâå (9) êâàäðàòóðíîé ôîðìóëîé. Òîãäà

y(tn+1) ' y(tn) + h

m∑
i=1

cif
(
tin,y

(
tin
))

.

Òàê êàê çíà÷åíèÿ y
(
tin
)
íåèçâåñòíû, òî äëÿ èõ íàõîæäåíèÿ âîñïîëüçóåìñÿ

ðàâåíñòâàìè

y(tin) = y(tn) +

tin∫
tn

f(t,y)dt, i = 2,m.

Çàìåíèì èíòåãðàë â ïîñëåäíåì ðàâåíñòâå êâàäðàòóðíîé ôîðìóëîé è çàïèøåì
åãî äëÿ êàæäîãî i.
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y
(
t2n
)
' y(tn) + hb21f

(
t1n,y

(
t1n
))

,

y
(
t3n
)
' y(tn) + h

[
b31f

(
t1n,y

(
t1n
))

+ b32f
(
t2n,y

(
t2n
))]

,

. . . . . . . . . . . . . . . . . . . . . . . .

y
(
tin
)
' y(tn) + h

i−1∑
j=1

bijf
(
tjn,y

(
tjn
))

,

. . . . . . . . . . . . . . . . . . . . . . . .

y (tmn ) ' y(tn) + h

m−1∑
j=1

bmjf
(
tjn,y

(
tjn
))

.

Ïåðåîáîçíà÷èì
• yi

n - âåëè÷èíà, ÿâëÿþùàÿñÿ ïðèáëèæåíèåì ê y
(
tjn
)
.

• ki
n = f

(
tin,y

i
n

)
- ïðèáëèæåíèå ê çíà÷åíèþóãëîâîãî êîýôôèöèåíòà â òî÷êå

tin.
Òîãäà ðàñ÷åòíûå ôîðìóëû ìîæíî ïåðåïèñàòü â âèäå:
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yn+1 = yn + hkn, kn =
m∑

i=1

cik
i
n,

k1
n = f

(
t1n,y

1
n

)
, y1

n = yn,

k2
n = f

(
t2n,y

2
n

)
, y2

n = yn + hb21k
1
n,

k3
n = f

(
t3n,y

3
n

)
, y3

n = yn + hb31k
1
n + hb32k

2
n,

. . . . . . . . . . . . . . . . . . . . . . . .

km
n = f (tmn ,ym

n ) , ym
n = yn +

m−1∑
j=1

bmjk
j
n.

или yn+1 = yn + hkn, kn =
m∑

i=1

cik
i
n,

m∑
i=1

ci = 1,

k1
n = f (tn,yn) ,

k2
n = f

(
t2n,yn + hb21k

1
n

)
= f

(
tn + α2h,yn + hb21k

1
n

)
,

. . . . . . . . . . . . . . . . . . . . . . . .

km
n = f

(
tmn ,yn +

m−1∑
j=1

bmjk
j
n

)
= f

(
tn + αmh,yn +

m−1∑
j=1

bmjk
j
n

)
.

(10)
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Âûðàæåíèÿ (10) îïðåäåëÿþò ÿâíûé m-ýòàïíûé ìåòîä Ðóíãå-Êóòòà.

Çàìå÷àíèå. Ïðè m = 1 ïîëó÷àåì îäíîýòàïíûé ìåòîä Ðóíãå-Êóòòà,
êîòîðûé ñîâïàäàåò ñ ìåòîäîì Ýéëåðà.

Ñåìåéñòâî ìåòîäîâ Ðóíãå-Êóòòà 2-ãî ïîðÿäêà.
Ïðèm = 2 ïîëó÷àåì ñåìåéñòâî ìåòîäîâ:

yn+1 = yn + hkn, kn = c1k
1
n + c2k

2
n,

k1
n = f (tn,yn) ,

k2
n = f

(
tn + α2h,yn + hb21k

1
n

)
.

Îïðåäåëèì ïîãðåøíîñòü ìåòîäà (íåâÿçêó):

ϕ1 = −un+1 −un

h
+ c1k

1
n + c2k

2
n. (11)

Äëÿ ýòîãî âîñïîëüçóåìñÿ ñëåäóþùèìè ïðåäñòàâëåíèÿìè ñ èñïîëüçîâàíèåì
ôîðìóëû Òåéëîðà:

k2
n = f

(
tn + α2h,un + hb21k

1
n

)
=f (tn + α2h,un + hb21f(tn,un)) =

= f(tn,un) + f ′
tα2h + f ′

uhb21f(tn,un) + O(h2).
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è
un+1 −un

h
= u′n +

h

2
u′′n + O(h2).

Îáîçíà÷èì fn = f(tn,un), òîãäà

c1k
1
n + c2k

2
n = (c1 + c2)fn + c2α2hf ′

t + c2hb21ff ′
u + O(h2).

un+1 −un

h
= fn +

h

2
(f ′

t + fnf
′
u) + O(h2).

Òîãäà ïîãðåøíîñòü ìåòîäà èìååò âèä:

ϕ1 = (c1 + c2 − 1)fn +
h

2
[(2c2α2 − 1)f ′

t + (2c2b21 − 1)fnf
′
u] + O(h2).

Äëÿ ðàâåíñòâà íóëþ ïîãðåøíîñòè íåîáõîäèìî

c1 + c2 − 1 = 0,

2c2α2 = 2c2b21 = 1

Òîãäà c1 = 1− c2 è α2 = b21 =
1

2c2
.

Òàêèì îáðàçîì ïîëó÷èëè îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî äâóýòàïíûõ
ìåòîäîâ Ðóíãå-Êóòòà âòîðîãî ïîðÿäêà àïïðîêñèìàöèè.
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Äàííîå ñåìåéñòâî ìåòîäîâ ìîæíî ïåðåïèñàòü â âèäå:

yn+1 = yn +h

[
(1− c2)f (tn,yn) + c2f

(
tn +

h

2c2
, yn +

h

2c2
f (tn,yn)

)]
. (12)

Îáû÷íî ïîëàãàþò
c2 = 1
Òîãäà

yn+1 = yn + hf

(
tn +

h

2
, yn +

h

2
f (tn,yn)

)
.

Äàííóþ ðàñ÷åòíóþ ñõåìó ìîæíî òàêæå ïîëó÷èòü, åñëè â ðàâåíñòâå (9)
îïðåäåëåííûé èíòåãðàë âû÷èñëèòü ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû
öåíòðàëüíûõ ïðÿìîóãîëüíèêîâ

tn+1∫
tn

f(t,y)dy ' hf
(
tn+1/2, yn+1/2

)
,

ãäå tn+1/2 = tn +
h

2
, yn+1/2 = y

(
tn+1/2

)
.Åñëè äëÿ âû÷èñëåíèÿ yn+1/2 ïðèìåíèòü

ìåòîä Ýéëåðà, ò. å.

yn+1/2 = yn +
h

2
f(tn,yn),
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òî ïîëó÷èì âûðàæåíèå (12), êîòîðîå òàêæå íîñèò íàçâàíèå - óñîâåðøåíñòâî-
âàííûé ìåòîä Ýéëåðà.
èëè
c2 =

1

2
Òîãäà

yn+1 = yn +
h

2
[f (tn,yn) + f (tn + h,yn + hf (tn,yn))] . (13)

Äàííîå âûðàæåíèå ìîæíî òàêæå ïîëó÷èòü èç ñèììåòðè÷íîé ñõåìû, åñëè
äëÿ âû÷èñëåíèÿ yn+1 èñïîëüçîâàòü ìåòîä Ýéëåðà. Ïîñëå ýòîãî ïîëó÷èì
âûðàæåíèå (13).
Äàííóþ ðàñ÷åòíóþ ñõåìó òàêæå íàçûâàþò ìåòîäîì Ýéëåðà-Êîøè.

Çàìå÷àíèå. Åñëè ìåòîä Ðóíãå-Êóòòà àïïðîêñèìèðóåò èñõîäíîå óðàâ-
íåíèå, òî îí ñõîäèòñÿ ïðè h → 0, ïðè÷åì ïîðÿäîê òî÷íîñòè ñîâïàäàåò ñ
ïîðÿäêîì àïïðîêñèìàöèè.
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