
ÑÅÌÈÍÀÐÛ ÏÎ ÂÛ×ÈÑËÈÒÅËÜÍÎÉ ÌÀÒÅÌÀÒÈÊÅ

Å. Ñ. Òâåðñêàÿ

ÌÃÒÓ èì. Í.Ý. Áàóìàíà
Ìîñêâà



×èñëåííîå äèôôåðåíöèðîâàíèå

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Îñíîâíàÿ èäåÿ ìåòîäà: Ïðîèçâîäíàÿ ê-ãî ïîðÿäêà ïðèáëèæåííî
ïðåäñòàâëÿåòñÿ ôîðìóëîé

f (k)(x)'
n∑

i=1

cif (xi) . (1)

Ïðè÷åì êîýôôèöèåíòû ci, i = 1,n âûáèðàþòñÿ èç óñëîâèÿ:

ôîðìóëà (1) äîëæíà áûòü òî÷íà äëÿ ìíîãî÷ëåíîâ ìàêñèìàëüíî âûñîêîé
ñòåïåíè.
Ïóñòü

f(x) =
m∑

j=0

ajx
j.

Ïîòðåáóåì, ÷òîáû äëÿ äàííîãî ìíîãî÷ëåíà ñîîòíîøåíèå (1) îáðàùàëîñü â
ðàâåíñòâî
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m∑
j=0

aj

(
xj
)(k)

∣∣∣∣∣
x=x0

=
n∑

i=1

ci

(
m∑

j=0

ajx
j
i

)
Äëÿ òîãî, ÷òîáû äàííîå ðàâåíñòâî âûïîëíÿëîñü äëÿ ëþáîãî ìíîãî÷ëåíà
ñòåïåíè m íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû êîýôôèöèåíòû ïðè aj â ïðàâîé
è ëåâîé ÷àñòÿõ ðàâåíñòâà áûëè ðàâíû.
Òàê êàê (

xj
)(k)

= j(j− 1)(j− 2) . . .(j− k + 1)xj−k,

òî ïîëó÷àåì ëèíåéíóþ ñèñòåìó óðàâíåíèé

j(j− 1)(j− 2) . . .(j− k + 1)xj−k
0 =

n∑
i=1

cix
j
i , j = 0,m, (2)

îòíîñèòåëüíî íåèçâåñòíûõ ci.
Ïîëó÷àåìm + 1 óðàâíåíèå è n íåèçâåñòíûõ.
Òîãäà, äëÿ òîãî ÷òîáû ñèñòåìà (2) ìîãëà èìåòü åäèíñòâåííîå ðåøåíèå
íåîáõîäèìî, ÷òîáûm = n−1 (êîëè÷åñòâî óðàâíåíèé áûëî ðàâíî êîëè÷åñòâó
íåèçâåñòíûõ).
Îïðåäåëèòåëü ïîëó÷åííîé ñèñòåìû - îïðåäåëèòåëü Âàíäåðìîíäà, êîòîðûé
îòëè÷åí îò íóëÿ.
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Ñëåäîâàòåëüíî, ïîëó÷åííàÿ ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå.

Âûâîä: Âñåãäà ìîæíî ïîñòðîèòü ôîðìóëó ÷èñëåííîãî äèôôåðåíöèðî-
âàíèÿ ñ n óçëàìè òî÷íóþ äëÿ ìíîãî÷ëåíîâ ñòåïåíè n− 1.

Çàìå÷àíèå. Äàëåå, äëÿ ïðîñòîòû äàëüíåéøèõ ðàññóæäåíèé ïîëîæèì
• x0 = 0.
• Óçëû xi ðàñïîëîæåíû ñèììåòðè÷íî îòíîñèòåëüíî òî÷êè x0 = 0, ò. å.

x1 =−xn, x2 =−xn−1 è ò. ä.
• Åñëè n - íå÷åòíîå (n = 2l + 1), òî xl+1 = x0 = 0.

Ïðèìåðû.

Ïðèìåð 1. Ïóñòü òðåáóåòñÿ ïîñòðîèòü ñëåäóþùèå ôîðìóëû ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ

f ′(x)' c1f(−h) + c2f(0); f ′(x)' c1f(h) + c2f(0)

Äàííûå ôîðìóëû áóäóò òî÷íû äëÿ ëþáîãî ìíîãî÷ëåíà ïåðâîé ñòåïåíè, ò. å.

k = 1, n = 2, m = 1.
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Ðàññìîòðèì ïåðâîå ïðèáëèæåííîå ðàâåíñòâî.
Ñèñòåìà (2) â äàííîì ñëó÷àå ïðèìåò âèä

0 = c1 + c2,

1 =−c1h.

Ðåøàÿ åå, ïîëó÷àåì

c1 =
1

h
, c2 =−1

h
.

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ äëÿ âòîðîãî ïðèáëèæåííîãî ðàâåíñòâà
ïîëó÷àåì

c1 =−1

h
, c2 =

1

h
.

Òàêèì îáðàçîì,

f ′(x)' f(0)− f(−h)

h
; f ′(x)' f(h)− f(0)

h
(3)

Ïîãðåøíîñòü ïîñòðîåííûõ ïðèáëèæåííûõ ôîðìóë. Ïðåäñòàâèì f(x)
ïåðâûìè 2-ìÿ ÷ëåíàìè ðàçëîæåíèÿ è îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà
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f(h) = f(0) + f ′(0)h +
f ′′(ξ+)

2!
h2, ξ+ ∈ (0,h),

f(−h) = f(0)− f ′(0)h +
f ′′(ξ−)

2!
h2, ξ− ∈ (−h,0).

Òîãäà

r1(f) =f ′(0)− f(0)− f(−h)

h
=

= f ′(0)− 1

h

(
f(0)− f(0) + f ′(0)h− f ′′(ξ−)

2!
h2
)

=
f ′′(ξ−)

2!
h.

Ñëåäîâàòåëüíî,

|r1(f)|6 1

2
M2h, M2 = max

x∈[−h,0]
|f ′′(x)| .

Àíàëîãè÷íûå ðàññóæäåíèÿ ìîæíî ïðîâåñòè è äëÿ âòîðîãî ïðèáëèæåííîãî
ðàâåíñòâà.
Òàêèì îáðàçîì, ïðèáëèæåííûå ðàâåíñòâà èìåþò ïåðâûé ïîðÿäîê òî÷íîñòè
ïî h.
Ïîëó÷åííûå ïðèáëèæåííûå ðàâåíñòâà (3) íîñÿò íàçâàíèÿ ëåâîé è ïðàâîé

ðàçíîñòíîé ïðîèçâîäíîé.
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Ïðèìåð 2. Ïóñòü òðåáóåòñÿ ïîñòðîèòü ñëåäóþùóþ ôîðìóëó ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ

f ′(x)' c1f(−h) + c2f(0) + c3f(h).

Äàííàÿ ôîðìóëà áóäåò òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà âòîðîé ñòåïåíè, ò. å.

k = 1, n = 3, m = 2.

Ñèñòåìà (2) â äàííîì ñëó÷àå ïðèìåò âèä

0 = c1 + c2 + c3,

1 =−c1h + c3h,

0 = c1h
2 + c3h

2.

Ðåøàÿ åå, ïîëó÷àåì

c1 =− 1

2h
, c3 =

1

2h
и c2 = 0.

Òàêèì îáðàçîì,

f ′(x)' f(h)− f(−h)

2h
. (4)
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Ïîãðåøíîñòü ïîñòðîåííîé ïðèáëèæåííîé ôîðìóëû. Ïðåäñòàâèì f(x)
ïåðâûìè 3-ìÿ ÷ëåíàìè ðàçëîæåíèÿ è îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà

f(h) = f(0) + f ′(0)h +
f ′′(0)

2!
h2 +

f ′′′(ξ+)

3!
h3, ξ+ ∈ (0,h),

f(−h) = f(0)− f ′(0)h +
f ′′(0)

2!
h2− f ′′′(ξ−)

3!
h3, ξ− ∈ (−h,0).

Òîãäà

r2(f) = f ′(0)− f(−h)− f(h)

2h
=

= f ′(0)− 1

2h

(
f(0) + f ′(0)h +

f ′′(0)

2!
h2 +

f ′′′(ξ+)

3!
h3−

−f(0) + f ′(0)h− f ′′(0)

2!
h2 +

f ′′′(ξ−)

3!
h3
)

=−f ′′′(ξ−) + f ′′′(ξ+)

12
h2.

Ñëåäîâàòåëüíî,

|r2(f)|6 1

6
M3h

2, M2 = max
x∈[−h,h]

|f ′′′(x)| .

Ïîëó÷åííîå ïðèáëèæåííîå ðàâåíñòâî (4) íîñèò íàçâàíèå öåíòðàëüíîé
ðàçíîñòíîé ïðîèçâîäíîé.
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Ïðèìåð 3. Ïóñòü òðåáóåòñÿ ïîñòðîèòü ñëåäóþùóþ ôîðìóëó ÷èñëåííîãî
äèôôåðåíöèðîâàíèÿ

f ′′(x)' c1f(−h) + c2f(0) + c3f(h).

Äàííàÿ ôîðìóëà áóäåò ãàðàíòèðîâàíî òî÷íà äëÿ ëþáîãî ìíîãî÷ëåíà âòîðîé
ñòåïåíè, ò. å.

k = 2, n = 3, m = 2.

Ñèñòåìà (2) â äàííîì ñëó÷àå ïðèìåò âèä

0 = c1 + c2 + c3,

0 = c1h− c3h,

2 = c1h
2 + c3h

2.

Ðåøàÿ åå, ïîëó÷àåì

c1 =
1

h2 , c3 =
1

h2 и c2 =− 2

h2 .

Òàêèì îáðàçîì,

f ′′(x)' f(h)− 2f(0) + f(−h)

h2 . (5)
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Ïîãðåøíîñòü ïîñòðîåííîé ïðèáëèæåííîé ôîðìóëû. Ïðåäñòàâèì f(x)
ïåðâûìè 4-ìÿ ÷ëåíàìè ðàçëîæåíèÿ è îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà

f(h) = f(0) + f ′(0)h +
f ′′(0)

2!
h2 +

f ′′′(0)

3!
h3 +

f (4)(ξ+)

4!
h4, ξ+ ∈ (0,h),

f(−h) = f(0)− f ′(0)h +
f ′′(0)

2!
h2− f ′′′(0)

3!
h3 +

f (4)(ξ−)

4!
h4, ξ− ∈ (−h,0).

Òîãäà

r3(f) = f ′′(0)− f(−h)− 2f(0) + f(h)

h2 =

= f ′′(0)− 1

h2

(
f(0)− f ′(0)h +

f ′′(0)

2!
h2− f ′′′(0)

3!
h3 +

f (4)(ξ−)

4!
h4− 2f(0)+

+ f(0) + f ′(0)h +
f ′′(0)

2!
h2 +

f ′′′(0)

3!
h3 +

f (4)(ξ+)

4!
h4
)

=−f (4)(ξ−) + f (4)(ξ+)

24
h2.

Ñëåäîâàòåëüíî,

|r3(f)|6 1

12
M4h

2,M4 = max
x∈[−h,h]

∣∣∣f (4)(x)
∣∣∣ .
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Ìåòîä Ðóíãå-Ðîìáåðãà.
Ïðè âû÷èñëåíèè îäíîé è òîé æå âåëè÷èíû ôîðìóëû ñ áîëüøèì ÷èñëîì

óçëîâ äàþò áîëåå âûñîêèé ïîðÿäîê òî÷íîñòè, íî îíè áîëåå ãðîìîçäêè.
Ðàññìîòðè åùå îäèí ñïîñîá ïîëó÷åíèÿ ôîðìóë ÷èñëåííîãî äèôôåðåíöè-

ðîâàíèÿ áîëåå âûñîêîãî ïîðÿäêà òî÷íîñòè.

Îñíîâíàÿ èäåÿ ìåòîäà. Èç ïðèìåðà 3 âèäíî, ÷òî ïîãðåøíîñòü
ïîãðåøíîñòü ôîðìóëû (5) äëÿ ÷åòûðåæäû äèôôåðåíöèðóåìîé ôóíêöèè
èìååò âèä

R = h2ϕ(ξ),

ãäå ξ íåêîòîðàÿ òî÷êà âáëèçè óçëà x0.Åñëè f (4)(x) Ëèïøèö-íåïðåðûâíà, òî
îöåíêó ìîæíî óòî÷íèòü:

R = h2ϕ(x0) + O(h3).

Îáùèé ñëó÷àé. Ïóñòü â îáùåì ñëó÷àå èìååòñÿ íåêîòîðàÿ ïðèáëèæåííàÿ
ôîðìóëà ζ(x,h)äëÿ âû÷èñëåíèÿ âåëè÷èíû z(x)ïî çíà÷åíèÿìíà ðàâíîìåðíîé
ñåòêå ñ øàãîì h, à îñòàòî÷íûé ÷ëåí ýòîé ôîðìóëû èìååò ñëåäóþùóþ
ñòðóêòóðó:

z(x)− ζ(x,h) = ϕ(x)hp + O(hp+1). (6)
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Ïðîèçâåäåì ðàñ÷åò ïî òîé æå ïðèáëèæåííîé ôîðìóëå äëÿ òîé æå òî÷êè x,
íî èñïîëüçóÿ ðàâíîìåðíóþ ñåòêó ñ äðóãèì øàãîì sh, s > 1. Òîãäà ïîëó÷èì
çíà÷åíèå ζ(x,sh), ñâÿçàííîå ñ òî÷íûì çíà÷åíèåì ñîîòíîøåíèåì

z(x)− ζ(x,sh) = ϕ(x)(sh)p + O((sh)p+1). (7)

Çàìåòèì, ÷òî O((sh)p+1)≈O(hp+1).
Èñïîëüçóþ ðàñ÷åòû íà ðàçíûõ ñåòêàõ îöåíèì âåëè÷èíó ïîãðåøíîñòè. Äëÿ
ýòîãî âû÷òåì (6) èç (7) è ïîëó÷èì ïåðâóþ ôîðìóëó Ðóíãå:

R ≈ ϕ(x)hp =
ζ(x,h)− ζ(x,sh)

sp− 1
+ O(hp+1). (8)

Èñêëþ÷èì íàéäåííóþ ïîãðåøíîñòü (8) èç ôîðìóëû (6) è ïîëó÷èì âòîðóþ
ôîðìóëó Ðóíãå:

z(x) = ζ(x,h) +
ζ(x,h)− ζ(x,sh)

sp− 1
+ O(hp+1). (9)

Ïîëó÷åííûé ìåòîä îöåíêè ïîãðåøíîñòè è ïîâûøåíèÿ òî÷íîñòè ðåçóëüòàòà
ïðîñò, ïðèìåíèì â áîëüøîì ÷èñëå ñëó÷àåâ è ýôôåêòèâåí.
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Â îáùåì âèäå, ïîëó÷åííûå ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ
ôîðìóëû ìîæíî ïåðåïèñàòü â âèäå:

f ′(x) =
f(x)− f(x−h)

h
, f ′(x) =

f(x + h)− f(x)

h
,

f ′(x) =
f(x + h)− f(x−h)

2h
,

f ′′(x) =
f(x−h)− 2f(x) + f(x + h)

h2 ,

èëè

f ′(xi) =
f(xi)− f(xi−1)

h
=

fi− fi−1

h
, (10)

f ′(xi) =
f(xi+1)− f(xi)

h
=

fi+1− fi

h
, (11)

f ′(xi) =
f(xi+1)− f(xi−1)

2h
=

fi+1− fi−1

2h
, (12)

f ′′(xi) =
f(xi−1)− 2f(xi) + f(xi+1)

h2 =
fi−1− 2fi + fi+1

h2 , (13)
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Ïðèìåð 1. Íà ëåêöèè ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ èíòåðïîëÿöèîí-
íîãî ìíîãî÷ëåíà áûëà ïîëó÷åíà ôîðìóëà ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ

f ′(xi)' L′
4(xi) =

fi−2− 8fi−1 + 8fi+1− fi+2

12h
,

èìåþùàÿ 4-ûé ïîðÿäîê àïïðîêñèìàöèè.
Îñíîâíîé íåäîñòàòîê. Ïîëó÷åíèå äàííîé ôîðìóëû îêàçàëîñü äîñòà-

òî÷íî òðóäîåìêèì, òàê êàê ïðèøëîñü äèôôåðåíöèðîâàòü ìíîãî÷ëåí 4-îé
ñòåïåíè.
Ïîïðîáóåì ïîëó÷èòü òó æå ôîðìóëó ñ èñïîëüçîâàíèå ìåòîäà Ðóíãå-

Ðîìáåðãà.
Äëÿ ýòîãî âîçüìåì ïðîñòåéøóþ ôîðìóëó äëÿ âû÷èñëåíèé ïðîèçâîäíîé â

öåíòðàëüíîé òî÷êå (12) è çàïèøåì åå âûáèðàÿ ñíà÷àëà ñîñåäíèå óçëû, à çàòåì
áîëåå óäàëåííûå:

f ′
1(xi) =

fi+1− fi−1

2h
, f ′

2(xi) =
fi+2− fi−2

4h
.

Ïîðÿäîê òî÷íîñòè ôîðìóëû p = 2, êîýôôèöèåíò óâåëè÷åíèÿ øàãà s = 2.
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Ïîýòîìó óòî÷íåíèå ìåòîäîì Ðóíãå äàåò ôîðìóëó:

f ′(xi)≈f ′
1(xi) +

1

3
(f ′

1(xi)− f ′
2(xi)) =

=
1

12h
(fi−2− 8fi + 8fi− fi+2) .

Ïðèìåð 2.
Âûâåäåì ôîðìóëó âûñîêîé òî÷íîñòè èç ôîðìóëû íèçêîé òî÷íîñòè.

Âîçüìåì ïðîñòåéøóþ ôîðìóëó äëÿ âû÷èñëåíèé ïðîèçâîäíîé â öåíòðàëüíîé
òî÷êå (12) è çàïèøåì åå âûáèðàÿ ñíà÷àëà ñîñåäíèå óçëû, à çàòåì áîëåå
óäàëåííûå:

f ′
1(xi) =

fi+1− fi−1

2h
, f ′

3(xi) =
fi+3− fi−3

6h
.

Ïîðÿäîê òî÷íîñòè ôîðìóëû p = 2, êîýôôèöèåíò óâåëè÷åíèÿ øàãà s = 3.
Ïîýòîìó óòî÷íåíèå ìåòîäîì Ðóíãå äàåò ôîðìóëó:

f ′(xi)≈f ′
1(xi) +

1

8
(f ′

1(xi)− f ′
3(xi)) =

=
1

48h
(fi−3− 27fi + 27fi− fi+3) .
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Äàííóþ ôîðìóëó ìîæíî òàêæå ïîëó÷èòü, åñëè ïðîäèôôåðåíöèðîâàòü
èíòåðïîëÿöèîííûé ìíîãî÷ëåí

L4(x) =
(x−xi−1)(x−xi)(x−xi+1)(x−xi+3)

(xi−3−xi−1)(xi−3−xi)(xi−3−xi+1)(xi−3−xi+3)
fi−3+

+
(x−xi−3)(x−xi)(x−xi+1)(x−xi+3)

(xi−1−xi−3)(xi−1−xi)(xi−1−xi+1)(xi−1−xi+3)
fi−1+

+
(x−xi−3)(x−xi−1)(x−xi+1)(x−xi+3)

(xi−xi−3)(xi−xi−1)(xi−xi+1)(xi−xi+3)
fi+

+
(x−xi−3)(x−xi−1)(x−xi)(x−xi+3)

(xi+1−xi−3)(xi+1−xi−1)(xi+1−xi)(xi+1−xi+3)
fi+1+

+
(x−xi−3)(x−xi−1)(x−xi)(x−xi+1)

(xi+3−xi−3)(xi+3−xi−1)(xi+3−xi)(xi+3−xi+1)
fi+3.

Ïðèìåð 3. Íà ëåêöèè áûëà âûïèñàíà ôîðìóëà äëÿ âû÷èñëåíèÿ f ′′(xi):

f ′′(xi)' L′′
4(xi) =−fi−2− 16fi−1 + 30fi− 16fi+1 + fi+2

12h2 .

Èç-çà áîëüøîé òðóäîåìêîñòè ïðîöåññà ïîëó÷åíèÿ äàííîé ôîðìóëû ñ ïî-
ìîùüþ äèôôåðåíöèðîâàíèÿ èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà åå ïîëó÷åíèå
áûëî îòëîæåíî íà ñåìèíàð.
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Ïîëó÷èì òó æå ôîðìóëó ñ èñïîëüçîâàíèå ìåòîäà Ðóíãå-Ðîìáåðãà.
Äëÿ ýòîãî èñïîëüçóåì ôîðìóëó äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé â öåíòðàëü-

íîé òî÷êå (13) 2-ãî ïîðÿäêà àïïðîêñèìàöèè ñ èñïîëüçîâàíèåì ñîñåäíèõ
óçëîâ, à çàòåì áîëåå óäàëåííûõ.

f ′′
1 (xi) =

fi−1− 2fi + fi+1

h2 , f ′′
2 (xi) =

fi−2− 2fi + fi+2

4h2 .

Ïîðÿäîê òî÷íîñòè ôîðìóëû p = 2, êîýôôèöèåíò óâåëè÷åíèÿ øàãà s = 2.
Ïîýòîìó óòî÷íåíèå ìåòîäîì Ðóíãå äàåò ôîðìóëó:

f ′′(xi)≈f ′′
1 (xi) +

1

3
(f ′′

1 (xi)− f ′′
2 (xi)) =

=−fi−2− 16fi−1 + 30fi− 16fi+1 + fi+2

12h2 .
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