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Ìåòîä Õàóñõîëäåðà (ìåòîä îòðàæåíèé)�
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Îïðåäåëåíèå. Îðòîãîíàëüíàÿ 2 × 2-ìàòðèöà Q íàçûâàåòñÿ ìàòðèöåé
îòðàæåíèÿ, åñëè

Q =

[
cos(ϑ) sin(ϑ)
sin(ϑ) −cos(ϑ)

]
Åñëè y = QТx = Qx, òî y ïîëó÷àåòñÿ îòðàæåíèåì x îòíîñèòåëüíî îñè,

îïðåäåëÿåìîé êàê

S = span

{[
cos(ϑ/2)
sin(ϑ/2)

]}
x0 ∈ Rn - ïðîèçâîëüíûé íåíóëåâîé âåêòîð.
H⊥ { îðòîãîíàëüíîå äîïîëíåíèå îäíîìåðíîãî
ëèíåéíîãî ïðîñòðàíñòâà. H0 = span{x0}.
x = λx0 + x⊥ äëÿ ∀x ∈ Rn,
λx0 { îðòîãîíàëüíàÿ ïðîåêöèÿ âåêòîðà x íà
H0,
x⊥ { åãî îðòîãîíàëüíàÿ ñîñòàâëÿþùàÿ. Hò H0

Px

x x0

x ò

l

x0
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Ðàññìîòðèì ïðåîáðàçîâàíèå

Px = P (λx0 + x⊥) = x⊥−λx0 = x− 2λx0. (1)

Âûáåðåì â êà÷åñòâå âåêòîðà x0 âåêòîð ω òàêîé, ÷òî ||ω||= 1.
Òîãäà λ = (x,ω) è ïðåîáðàçîâàíèå (1) ìîæíî ïåðåïèñàòü â âèäå

Px = x− 2(x,ω)ω =
(
E− 2ωωT

)
x.�

�

�




Îïåðàòîð P , óêàçàííîãî âèäà, íàçûâàåòñÿ îïåðàòîðîì îòðàæåíèé èëè
îïåðàòîðîì Õàóñõîëäåðà. Ìàòðèöó P =

(
E− 2ωωT

)
, ñîîòâåòñòâóþùóþ

äàííîìó îïåðàòîðó íàçûâàþò ìàòðèöåé îòðàæåíèé èëè ìàòðèöåé Õàóñ-
õîëäåðà.
Ñâîéñòâà îïåðàòîðà Õàóñõîëäåðà
• Ïðåîáðàçîâàíèå Õàóñõîëäåðà ÿâëÿåòñÿ ëèíåéíûì.
• Îïåðàòîð Õàóñõîëäåðà - ñèììåòðè÷íûé îïåðàòîð.
• Îïåðàòîð Õàóñõîëäåðà - îðòîãîíàëüíûé îïåðàòîð.
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Îñíîâíàÿ çàäà÷à : ïîäîáðàòü âåêòîð ω â
îïåðàòîðå Õàóñõîëäåðà òàêèì îáðàçîì, ÷òîáû â
ðåçóëüòàòå ïðåîáðàçîâàíèÿ ïîëó÷åííûé âåêòîð
èìåë íàïðàâëåíèå çàäàííîãî åäèíè÷íîãî âåê-
òîðà e, ò. å. Px = αe èëè Px = −αe, ãäå
α > 0. Íàïðàâëåíèå, ïåðïåíäèêóëÿðíîå ïëîñ-
êîñòè îòðàæåíèÿ, áóäåò îïðåäåëÿòüñÿ ëèáî âåê-
òîðîì x−αe, ëèáî âåêòîðîì x + αe

x

Òîãäà

Px = x− 2(x,ω)ω = x− 2
(x,x−αe)

||x−αe||2
(x−αe) =

= x− 2||x||2− 2α(x,e)

2||x||2− 2α(x,e)
(x−αe) = x−x + αe = αe.

Ïóñòü v ∈ Rn { íåíóëåâîé âåêòîð. Òîãäà

P = E− 2vvT

vTv
, (2)

ãäå âåêòîð v íàçûâàþò âåêòîðîì Õàóñõîëäåðà.
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Íà ïðàêòèêå îòðàæåíèÿ Õàóñõîëäåðà áóäåì èñïîëüçîâàòü äëÿ îáíóëåíèÿ
âûáðàííûõ êîìïîíåíò âåêòîðà.
Â ÷àñòíîñòè, ïóñòü çàäàí íåíóëåâîé âåêòîð x ∈Rn è ìû õîòèì, ÷òîáû âåêòîð
Px áûë êîëëèíåàðåí âåêòîðó e1 { ïåðâîìó ñòîëáöó ìàòðèöû En. Òîãäà

Px =

(
E− 2vvT

vTv

)
x = x− 2

vTx

vTv
v.

Ïîëîæèì v = x + α1e1. Òîãäà
vTx = xTx + α1x1,

vTv = xTx + 2α1x1 + α2
1,

è
Px =

(
1− 2

xTx + α1x1

xTx + 2α1x1 + α2
1

)
x− 2α1

vTx

vTv
e1.

Äëÿ êîëëèíåàðíîñòè Px è e1 íóæíî, ÷òîáû êîýôôèöèåíò ïðè x ∈ Rn áûë
íóëåâûì. Òîãäà

v = x±
√

xTx e1 (3)
è

Px =

(
E− 2vvT

vTv

)
x =∓

√
xTx e1.
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Âû÷èñëåíèå âåêòîðà Õàóñõîëäåðà
Ðàññìîòðèì íåêîòîðûå íþàíñû. Åñëè x ïî÷òè êîëëèíåàðåí âåêòîðó e1, òî

âåêòîð
v = x− signx1

√
xTx e1

èìååò ìàëóþ íîðìó. Ïîýòîìó âîçìîæíî ïîÿâëåíèå áîëüøîé îòíîñèòåëüíîé

îøèáêè ïðè âû÷èñëåíèè ìíîæèòåëÿ
2

vTv
.

Ýòó òðóäíîñòü ìîæíî îáîéòè, åñëè âçÿòü α1 ñ òåì æå çíàêîì, ÷òî è çíàê
ïåðâîé êîìïîíåíòû âåêòîðà x, ò. å.

v = x + signx1

√
xTx e1.

çàìåòèì, ÷òî ïðè òàêîì âûáîðå ||v||∞ = |v1|.
Ïîëåçíî òàêæå ïðèäåðæèâàòüñÿ òàêîé íîðìèðîâêè âåêòîðà v, ÷òî v1 = 1.

Äàííîå óñëîâèå ìîæíî âûïîëíèòü, åñëè ïåðâóþ êîìïîíåíòó âçÿòü ðàâíîé
åäèíèöå, ò. å. v1 = 1, à âñå îñòàëüíûå êîìïîíåíòû ïîëó÷èòü êàê

vi =
vi

x1 + sign x1
√

xTx
.

Äàííîå ïðåäñòàâëåíèå èíîãäà óïðîùàåò àëãîðèòìû, â êîòîðûõ íóæíî
õðàíèòü âåêòîð Õàóñõîëäåðà.
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Ïðèìåð. Äàí âåêòîð x = (3, 1, 5, 1)т. Íàéäåì ìàòðèöó îïåðàòîðà
Õàóñõîëäåðà, êîòîðûé îòðàæàåò âåêòîð x îòíîñèòåëüíî ãèïåðïëîñêîñòè
ïåðïåíäèêóëÿðíîé âåêòîðó v òàêèì îáðàçîì, ÷òî Px = α1e1, ãäå e1 =
(1, 0, 0, 0)т.
Ñ ó÷åòîì íîðìèðîâêè âåêòîð Õàóñõîëäåðà v = (1, 1/9, 5/9, 1/9)т. Òîãäà

ìàòðèöà Õàóñõîëäåðà

P =
1

54


−27 −9 −45 −9
−9 53 −5 −1
−45 −5 29 −5
−9 −1 −5 53


Çàìå÷àíèå. Ïðåîáðàçîâàíèå Õàóñõîëäåðà íå òðåáóåò ÿâíîãî ôîðìèðîâà-

íèÿ ìàòðèöû Õàóñõîëäåðà, òàê êàê

PA =

(
E− 2vvT

vTv

)
A = A + vϕT ,

ãäå ϕ = βATv è β =− 2

vTv
.
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Ñõåìà àëãîðèòìà. Ïóñòü ìàòðèöûA ∈Mn×n(R) è n = 5. Ïóñòü ìàòðèöà
Õàóñõîëäåðà P1 è P2 òàêîâû, ÷òî

P2P1A =


× × × × ×
0 × × × ×
0 0 ⊗ × ×
0 0 ⊗ × ×
0 0 ⊗ × ×


Íàéäåì ìàòðèöó Õàóñõîëäåðà P̃3 ∈M3×3(R) òàêóþ, ÷òî

P̃3

⊗⊗
⊗

 =

×0
0

 .

Åñëè P3 = diag(E2, P̃3), òî

P3P2P1A =


× × × × ×
0 × × × ×
0 0 × × ×
0 0 0 × ×
0 0 0 × ×


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QR ðàçëîæåíèå ìàòðèöû.
Âûïîëíèâ n òàêèõ øàãîâ, ìû ïîëó÷àåì âåðõíþþ òðåóãîëüíóþ ìàòðèöó

PnPn−1 . . .P2P1A = R.
Òàêèì îáðàçîì, ïîëîæèâ Q = P1P2 . . .Pn−1Pn èìååì A = QR, ãäå Q -
îðòîãîíàëüíàÿ ìàòðèöà, à R - âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà.

Ìåòîä Ãèâåíñà (ìåòîä âðàùåíèé)�

�

�




Îïðåäåëåíèå. Îðòîãîíàëüíàÿ 2 × 2-ìàòðèöà Q íàçûâàåòñÿ ìàòðèöåé
âðàùåíèÿ, åñëè

Q =

[
cos(ϑ) sin(ϑ)

−sin(ϑ) cos(ϑ)

]
Åñëè y = QТx, òî y ïîëó÷àåòñÿ ïîâîðîòîì x íà óãîë ϑ ïðîòèâ ÷àñîâîé

ñòðåëêè.
Îòðàæåíèÿ Õàóñõîëäåðà ïîëåçíû ïðè êðóïíîìàñøòàáíûõ îáíóëåíèÿõ. Îä-
íàêî, êîãäà íåîáõîäèìî èçáèðàòåëüíîå çàíóëåíèå ýëåìåíòîâ ïðåäïî÷òèòåëü-
íåå èñïîëüçîâàòü âðàùåíèÿ Ãèâåíñà.
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Ìàòðèöà Ãèâåíñà èìååò ñëåäóþùèé âèä

G =



1 . . . 0 . . . 0 . . . 0
... . . . ... ... ...
0 . . . c . . . s . . . 0
... ... . . . ... ...
0 . . . −s . . . c . . . 0
... ... ... . . . ...
0 . . . 0 . . . 0 . . . 1


i

k

i k

ãäå c = cos(ϑ), à s = sin(ϑ).

Åñëè y = GTx, òî yj =


cxi− sxk, j = i,

sxi + cxk, j = k,

xj, j 6= k, i.

Òîãäà yk ìîæíî îáðàòèòü â íîëü, ïîëîæèâ c =
xi√

x2
i + x2

k

, s =
−xk√
x2

i + x2
k

.

Äàííîå ïðåîáðàçîâàíèå ðàâíîñèëüíî ïîâîðîòó âåêòîðà x íà óãîë ϑ ïðîòèâ
÷àñîâîé ñòðåëêè â êîîðäèíàòíîé ïëîñêîñòè (i,k).
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Ïðåîáðàçîâàíèÿ Ãèâåíñà, òàê æå êàê è Õàóñõîëäåðà ìîæíî èñïîëüçîâàòü
äëÿQR - ðàçëîæåíèÿìàòðèöû, ò. å. A = QR, ãäåQ { îðòîãîíàëüíàÿìàòðèöà,
à R { âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà, à òàêæå äëÿ ÷èñëåííîãî ðåøåíèÿ ÑËÀÓ.
Ðàññìîòðèì ïðÿìîé õîä ìåòîäà. Çàïèøåì ñèñòåìó ëèíåéíûõ àëãåáðàè-

÷åñêèõ óðàâíåíèé.

a11x1 + a12x2 + . . . + a1mxm = f1,

a21x1 + a22x2 + . . . + a2mxm = f2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + ammxm = fm.

Íà 1-ì øàãå íåèçâåñòíîå x1 èñêëþ÷àåòñÿ èç âñåõ óðàâíåíèé, êðîìå
ïåðâîãî. Äëÿ èñêëþ÷åíèÿ x1 èç 2-ãî óðàâíåíèÿ âû÷èñëèì ÷èñëà

c12 =
a11√

a2
11 + a2

21

, s12 =
−a21√
a2

11 + a2
21

,

êîòîðûå îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

c2
12 + s2

12 = 1, s12a11 + c12a21 = 0.
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Çàòåì 1-å óðàâíåíèå ñèñòåìû çàìåíÿþò ëèíåéíîé êîìáèíàöèåé 1-ãî è 2-ãî
óðàâíåíèé ñ êîýôôèöèåíòàìè c12 è −s12, ò. å.

(a11x1 + a12x2 + . . . + a1mxm)c12 + (a21x1 + a22x2 + . . . + a2mxm)(−s12) =

= f1c12 + f2(−s12).

À 2-å óðàâíåíèå { ëèíåéíîé êîìáèíàöèåé 1-ãî è 2-ãî óðàâíåíèé ñ êîýôôè-
öèåíòàìè s12 è c12, ò. å.

(a11x1 + a12x2 + . . . + a1mxm)s12 + (a21x1 + a22x2 + . . . + a2mxm)c12 =

= f1s12 + f2c12.

Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó

a
(1)
11 x1 + a

(1)
12 x2 + . . . + a

(1)
1mxm = f

(1)
1 ,

a
(1)
22 x2 + . . . + a

(1)
2mxm = f

(1)
2 ,

a31x1 + a32x2 + . . . + a3mxm = f3,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + ammxm = fm,
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â êîòîðîé

a
(1)
1j = c12a1j − s12a2j, a

(1)
2j = s12a1j + c12a2j, j = 1,m

f
(1)
1 = c12f1− s12f2, f

(1)
2 = s12f1 + c12f2.

Çàìåòèì, ÷òî a
(1)
21 = 0 â ñèëó ñïåöèàëüíîãî âûáîðà êîýôôèöèåíòîâ c12 è s12.

Åñëè â èñõîäíîé ñèñòåìå êîýôôèöèåíò a21 = 0, ò. å. ñèñòåìà óæå
ïðèâåäåíà ê íóæíîìó âèäó, òî ïîëàãàþò c12 = 1, à s12 = 0.
Ïðåîáðàçîâàíèå èñõîäíîé ñèñòåìû ðàâíîñèëüíî óìíîæåíèþ ñëåâà ìàòðè-

öû A è ñòîëáöà f íà ìàòðèöó T12, êîòîðàÿ èìååò âèä

T12 =



c12 −s12 0 0 . . . 0
s12 c12 0 0 . . . 0
0 0 1 0 . . . 0
0 0 0 1 . . . 0
. . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 1

 .
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Äëÿ èñêëþ÷åíèÿ íåèçâåñòíîãî x1 èç 3-ãî óðàâíåíèÿ âû÷èñëèì ÷èñëà

c13 =
a

(1)
11√(

a
(1)
11

)2
+ a2

31

, s13 =
−a31√(

a
(1)
11

)2
+ a2

31

,

êîòîðûå îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

c2
13 + s2

13 = 1, s13a
(1)
11 + c13a31 = 0.

Çàòåì 1-å óðàâíåíèå ñèñòåìû çàìåíÿþò ëèíåéíîé êîìáèíàöèåé 1-ãî è 3-ãî
óðàâíåíèé ñ êîýôôèöèåíòàìè c13 è −s13, ò. å.(

a
(1)
11 x1 + a

(1)
12 x2 + . . . + a

(1)
1mxm

)
c13 + (a31x1 + a32x2 + . . . + a3mxm)(−s13) =

= f
(1)
1 c13 + f3(−s13).

À 3-å óðàâíåíèå { ëèíåéíîé êîìáèíàöèåé 1-ãî è 3-ãî óðàâíåíèé ñ êîýôôè-
öèåíòàìè s13 è c13, ò. å.(

a
(1)
11 x1 + a

(1)
12 x2 + . . . + a

(1)
1mxm

)
s13 + (a31x1 + a32x2 + . . . + a3mxm)c13 =

= f
(1)
1 (−s13) + f3c13.
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Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó

a
(2)
11 x1 + a

(2)
12 x2 + . . . + a

(2)
1mxm = f

(2)
1 ,

a
(1)
22 x2 + . . . + a

(1)
2mxm = f

(1)
2 ,

a
(1)
32 x2 + . . . + a

(1)
3mxm = f

(1)
3 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . . + ammxm = fm,

Ýòî ïðåîáðàçîâàíèå ñèñòåìû ðàâíîñèëüíî óìíîæåíèþ ñëåâà íà ìàòðèöó T13,
êîòîðàÿ èìååò âèä

T13 =



c13 0 −s13 0 . . . 0
0 1 0 0 . . . 0

s13 0 c13 0 . . . 0
0 0 0 1 . . . 0
. . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 1

 .

Àíàëîãè÷íî ìîæíî èñêëþ÷èòü x1 èç óðàâíåíèé ñ íîìåðàìè i = 4,m.
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Â ðåçóëüòàòå ïðîäåëàííûõ äåéñòâèé ñèñòåìà ïðèâîäèòñÿ ê âèäó

a
(m−1)
11 x1 + a

(m−1)
12 x2 + . . . + a

(m−1)
1m xm = f

(m−1)
1 ,

a
(1)
22 x2 + . . . + a

(1)
2mxm = f

(1)
2 ,

a
(1)
32 x2 + . . . + a

(1)
3mxm = f

(1)
3 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a
(1)
m2x2 + . . . + a(1)

mmxm = f (1)
m .

(4)

Â ìàòðè÷íîì âèäå ïîëó÷àåì A(1)x = f (1), ãäå

A(1) = T1mT1(m−1) . . .T13T12A, f (1) = T1mT1(m−1) . . .T13T12f.

Tkl {ìàòðèöà ýëåìåíòàðíûõïðåîáðàçîâàíèé, îòëè÷àþùàÿñÿ îò åäèíè÷íîé
ìàòðèöû òîëüêî 4-ìÿ ýëåìåíòàìè. Â íåé ýëåìåíòû ñ èíäåêñàìè (k,k) è (l, l)
ðàâíû ckl, ýëåìåíòû ñ èíäåêñàìè (k, l) { skl, à ýëåìåíòû ñ èíäåêñàìè (l,k) {
(−skl), ïðè÷åì âûïîëíåíî ðàâåíñòâî

c2
kl + s2

kl = 1.
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Äåéñòâèå ìàòðèöû Tkl íà âåêòîð x ýêâèâàëåíòíî åãî ïîâîðîòó âîêðóã îñè,
ïåðïåíäèêóëÿðíîé ïëîñêîñòè Oxkxl íà óãîë ϕlk òàêîé, ÷òî ckl = cosϕkl è
skl = sinϕkl. Çàìåòèì, ÷òî

T T
kl = T−1

kl .

Ñëåäîâàòåëüíî ìàòðèöà Tkl { îðòîãîíàëüíàÿ ìàòðèöà.
Íà 2-ì øàãå ìåòîäà âðàùåíèé, èç óðàâíåíèé ñèñòåìû (4) ñ íîìåðàìè

i = 3,m èñêëþ÷àþò íåèçâåñòíîå x2. Äëÿ ýòîãî êàæäîå i-å óðàâíåíèå
êîìáèíèðóþò ñî âòîðûì óðàâíåíèåì. Â ðåçóëüòàòå ïðèõîäè ê ñèñòåìå

a
(m−1)
11 x1 + a

(m−1)
12 x2 + a

(m−1)
12 x3 + . . . + a

(m−1)
1m xm = f

(m−1)
1 ,

a
(m−1)
22 x2 + a

(m−1)
23 x3 + . . . + a

(m−1)
2m xm = f

(m−1)
2 ,

a
(2)
33 x3 + . . . + a

(2)
3mxm = f

(2)
3 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a
(2)
3mx3 + . . . + a(2)

mmxm = f (2)
m .

Â ìàòðè÷íîì âèäå ïîëó÷àåì

A(2)x = f (2),

ãäå A(2) = T2mT2(m−1) . . .T24T23A
(1), f (2) = T2mT2(m−1) . . .T24T23f

(1).
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Ïîñëå çàâåðøåíèÿ (m− 1)-ãî øàãà ñèñòåìà ïðèíèìàåò âèä

a
(m−1)
11 x1 + a

(m−1)
12 x2 + a

(m−1)
12 x3 + . . . + a

(m−1)
1m xm = f

(m−1)
1 ,

a
(m−1)
22 x2 + a

(m−1)
23 x3 + . . . + a

(m−1)
2m xm = f

(m−1)
2 ,

a
(m−1)
33 x3 + . . . + a

(m−1)
3m xm = f

(m−1)
3 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a(m−1)
mm xm = f (m−1)

m

èëè A(m−1)x = f (m−1), ãäå

A(m−1) = Tm−1,mA(m−2), f (m−1) = Tm−1,mf (m−2)

Ââåäåì îáîçíà÷åíèå R äëÿ ïîëó÷åííîé âåðõíåé òðåóãîëüíîé ìàòðèöû
A(m−1). Îíà ñâÿçàíà ñ èñõîäíîé ìàòðèöåé ðàâåíñòâîì

R = TA

ãäå T = Tm−1,m . . .T2mT2(m−1) . . .T24T23 . . .T1mT1(m−1) . . .T13T12 { ìàòðèöà ðå-
çóëüòèðóþùåãî âðàùåíèÿ. Ìàòðèöà T ÿâëÿåòñÿ îðòîãîíàëüíîé, òàê êàê
ÿâëÿåòñÿ ïðîèçâåäåíèåì îðòîãîíàëüíûõ ìàòðèö.
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Ââåäåì îáîçíà÷åíèå Q = T−1 = T T . Òàêèì îáðàçîì ïîëó÷àåì QR

ðàçëîæåíèå ìàòðèöû A.
Îáðàòíûé õîä ìåòîäà âðàùåíèÿ ïðîâîäèòñÿ òî÷íî òàêæå êàê è äëÿ ìåòîäà

Ãàóññà.
Ìåòîä âðàùåíèÿ îáëàäàåò õîðîøåé ÷èñëîâîé óñòîé÷èâîñòüþ, îäíàêî îí

áîëåå òðóäîåìîê ïî ñðàâíåíèþ ñ ìåòîäîì Ãàóññà.
Èëëþñòðàöèÿ ìåòîäà âðàùåíèé

× × ×
× × ×
× × ×

−→

× × ×
0 × ×
× × ×

−→

× × ×
0 × ×
0 × ×

−→

× × ×
0 × ×
0 0 ×


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