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1. ÄÈÑÊÐÅÒÍÎÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÔÓÐÜÅ.
ÁÛÑÒÐÎÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÔÓÐÜÅ.
1.1. Íàïîìèíàíèå ïðîéäåííîãî ìàòåðèàëà

Òåîðåìà 1 Ïóñòü ôóíêöèÿ f(x) óäîâëåòâîðÿþò ñëåäóþùèì 3-ì óñëîâèÿì:
1. ôóíêöèÿ f(x) íåïðåðûâíà íà îòðåçêå [−π, π];

2. óäîâëåòâîðÿåò óñëîâèþ f(π) = f(−π);

2. f(x) èìååò íà f(π) = f(−π) êóñî÷íî íåïðåðûâíóþ ïðîèçâîäíóþ.
Òîãäà òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå è ðÿä ñîñòàâëåííûé èç ìîäóëåé ÷ëåíîâ òðèãîíî-
ìåòðè÷åñêîãî ðÿäà Ôóðüå ôóíêöèè f(x) ñõîäÿòñÿ ðàâíîìåðíî íà îòðåçêå [−π, π] ê ñàìîé
ôóíêöèè f(x).

Ïóñòü ôóíêöèÿ f(x) íåïðåðûâíà íà [−π, π] è åå ðÿäîì Ôóðüå ÿâëÿåòñÿ ðÿä

a0

2
+

∞∑
k=1

(ak cos(kx) + bk sin(kx)) .

Ïåðåéäåì ê êîìïëåêñíîé ôîðìå çàïèñè ðÿäà Ôóðüå.

ak cos(kx) + bk sin(kx) = ak

(
eikx + e−ikx

2

)
+ bk

(
eikx− e−ikx

2i

)
=

=
ak − ibk

2
eikx +

ak + ibk

2
e−ikx = ck eikx + c−k e−ikx.
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Òîãäà

a0

2
+

∞∑
k=1

(ak cos(kx) + bk sin(kx)) = c0 +
∞∑

k=1

(
ck eikx + c−k e−ikx

)
=

= lim
n→∞

[
c0 +

n∑
k=1

(
ck eikx + c−k e−ikx

)]
= lim

n→∞

n∑
k=−n

ck eikx =
∞∑

k=−∞

ck eikx

Ïóñòü ôóíêöèÿ f(x)

1. ïåðèîäè÷åñêàÿ ñ ïåðèîäîì 2l = T ;

2. íåïðåðûâíàÿ íà R;

3. èìååò êóñî÷íî íåïðåðûâíóþ íà R ïðîèçâîäíóþ,

òîãäà åå ìîæíî ðàçëîæèòü â òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå íà âñåé ÷èñëîâîé ïðÿìîé

f(x) =
∞∑

k=−∞

ck e2π ikx
T ,

ãäå

ck =
1

T

T/2∫
−T/2

f(x)e−2π ikx
T dx =

1

T

T∫
0

f(x)e−2π ikx
T dx, k ∈ Z.
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Òàêæå, èç ñäåëàííûõ ïðåäïîëîæåíèé (1)-(3) ìîæíî ñäåëàòü âûâîä, ÷òî ðÿä ñõîäèòñÿ
àáñîëþòíî è ðàâíîìåðíî íà R, ïðè÷åì

∞∑
k=−∞

|ck|= |c0|+
∞∑

k=1

(|ck|+ |c−k|) <∞.

1.2. Âûâîä ôîðìóë äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå

Çàôèêñèðóåì N ∈ N è ðàññìîòðèì f(x) íà äèñêðåòíîì ìíîæåñòâå òî÷åê: xj =
jT

N
,

j = 0,(N − 1). Òîãäà

f(xj) =
∞∑

k=−∞

cke
2π ik

T
jT
N =

∞∑
k=−∞

cke
2πikj

N , j = 0,(N − 1).

Òàê êàê Ôóðüå ñõîäèòñÿ àáñîëþòíî, òî åãî ÷ëåíû ìîæíî ïåðåñòàâëÿòü ëþáûì ñïîñîáîì,
ñîõðàíÿÿ ñóììó ðÿäà.
Ìîæíî ïðèâåñòè ïîäîáíûå ÷ëåíû, òî åñòü ñ îäèíàêîâûì çíà÷åíèåì e

2πikj
N .

Åñëè k1− k2 = mN ,m ∈ Z, òî

k1xj

T
− k2xj

T
=

mNjT

NT
= mj ∈ Z.

Ñëåäîâàòåëüíî e2πi
k1xj

N = e2πi
k2xj

N ïðè k1− k2 = mN .
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Òàê êàê ∀k ∈ Z ìîæíî ïðåäñòàâèòü â âèäå k = l + mN , l = 0,(N − 1) òî

e2πi
(l+mN)xj

N = e2πi
lxj
N , l = 0,(N − 1).

Ïîëó÷àåì

f(xj) =
∞∑

k=−∞

cke
2πi k

T
xj =

N−1∑
l=0

∞∑
m=−∞

cl+mNe2πi
(l+mN)xj

T =
N−1∑
l=0

∞∑
m=−∞

cl+mNe2πi
lxj
T =

=
N−1∑
l=0

e2πi
lxj
T

∞∑
m=−∞

cl+mN =
N−1∑
l=0

c̃le
2πi

lxj
T ,

ãäå c̃l =
∞∑

m=−∞
cl+mN . Îêîí÷àòåëüíî

f(xj) =
N−1∑
l=0

c̃le
2πi

lxj
T , j = 0,(N − 1). (1.1)

Ïðåäñòàâëåíèå (1.1) çàäàåò f(x) òîëüêî íà äèñêðåòíîì ìíîæåñòâå òî÷åê:{
0;

T

N
;

2T

N
; . . . ;

(N − 1)T

N

}
. Íî êîýôôèöèåíòû c̃l îïðåäåëÿþòñÿ çíà÷åíèÿìè f(x) íà

âñåì îòðåçêå [0,T ], à â èòîãå íà âñåé ÷èñëîâîé ïðÿìîé.
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Çàìå÷àíèå 1.1. Äëÿ ïðåäñòàâëåíèÿ ôóíêöèè f(x) â âèäå (1.1) íà êîíå÷íîé ñåòêå âîâñå
íå îáÿçàòåëüíî çíàòü çíà÷åíèÿ ôóíêöèè f(x) íà âñåé ÷èñëîâîé ïðÿìîé. Äîñòàòî÷íî çíàòü
åå çíà÷åíèÿ â òî÷êàõ ñàìîé ñåòêè.

Èòàê, ïóñòü f(x) îïðåäåëåíà íå íà âñåé ÷èñëîâîé ïðÿìîé, à ëèøü â óçëàõ ñåòêè{
0;

T

N
;

2T

N
; . . . ;

(N − 1)T

N

}
. Òîãäà ïðåäñòàâëåíèå äëÿ íåå ââèäå ñóììû (1.1) ìîæíî

ïîëó÷èòü ñëåäóþùèì îáðàçîì:

1. Äîîïðåäåëèì ñåòî÷ííóþ ôóíêöèþ f(x) íà îòðåçêå [0, T ] äî íåïðåðûâíîé êóñî÷íî
ëèíåéíîé ôóíêöèè, óäîâëåòâîðÿþùåé óñëîâèþ f(0) = f(T ). Ãðàôèêîì ýòîé ôóíêöèè
ÿâëÿåòñÿ ëîìàíàÿ ñ âåðøèíàìè â òî÷êàõ (xj, f(xj)), j = 0,(N − 1) è â òî÷êå (T,f(0)).

2. Ïðîäîëæèì ïîëó÷åííóþ ôóíêöèþ ïåðèîäè÷åñêè íà âñþ ÷èñëîâóþ ïðèÿìóþ ñ ïå-
ðèîäîì 2l = T . Ñëåäîâàòåëüíî, ïîëó÷àåì íåïðåðûâíóþ ïåðèîäè÷åñêóþ ôóíêöèþ ñ
ïåðèîäîì 2l, èìåþùóþ êóñî÷íî íåïðåðûâíûå ïðîèçâîäíûå.

Äëÿ ïîñòðîåííîé ôóíêöèè èìååò ìåñòî ðàçëîæåíèå

f(x) =
∞∑

k=−∞

ck e2π ikx
T .

Çàìå÷àíèå 1.2. Òðèãîíîìåòðè÷åñêèé ïîëèíîì SN(x) =
N−1∑
l=0

c̃le
2πi lx

T ÿâëÿåòñÿ èíòåðïî-

ëÿöèîííûì äëÿ f(x), òàê êàê f(xj) = SN(xj), j = 0,(N − 1)
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Çàìå÷àíèå 1.3. Ïðåäñòàâëåíèå (1.1) èìååò ñóùåñòâåííûéíåäîñòàòîê: äëÿ âû÷èñëåíèÿ
c̃l, l = 0,(N − 1) íåîáõîäèìî âû÷èñëèòü áåñêîíå÷íîå ÷èñëî êîýôôèöèåíòîâ cl+mN ,m ∈ Z.

Ðåøåíèå ýòîé ïðîáëåìû. Ïîñòðîèì àëãîðèòì ðàñ÷åòà êîýôôèöèåíòîâ c̃l áåç
ïðåäâàðèòåëüíîãî âû÷èñëåíèÿ cl+mN

Ðàññìîòðèì ïðîñòðàíñòâî DN { ëèíåéíîå ïðîñòðàíñòâî êîìïëåêñíûõ ñåòî÷íûõ
ôóíêöèé, îïðåäåëåííûõ â óçëàõ xj = jT/N , j = 0,(N − 1). Äàííîå ïðîñòðàíñòâî ÿâëÿåòñÿ
N -ìåðíûì.
Ðàññìîòðèì îòîáðàæåíèå, êîòîðîå ∀f ∈DN ñòàâèò â ñîîòâåòñòâèå âåêòîð åå çíà÷åíèé

f = (f(x0), f(x1), . . . ,f(xN−1))
T ∈ CN .

Äàííîå îòîáðàæåíèå óñòàíàâëèâàåò èçîìîðôèçì ìåæäó DN (ïðîñòðàíñòâîì ñåòî÷íûõ
ôóíêöèé) è CN (ëèíåéíîå àðèôìåòè÷åñêîå ïðîñòðàíñòâî).
Ââåäåì ñ ðàññìàòðèâàåìîì ïðîñòðàíñòâå ñêàëÿðíîå ïðîèçâåäåíèå

(f,g) =
1

N

N−1∑
j=0

f(xj)g(xj), f,g ∈DN .

Â ýòîì ñëó÷àå (òàê êàê ðàññìàòðèâàþòñÿ êîìïëåêñíûå ëèíåéíûå ïðîñòðàíñòâà) àêñèîìà
êîììóòàòèâíîñòè âûãëÿäèò ñëåäóþùèì îáðàçîì: (f,g) = (g,f).

Îïðåäåëåíèå 1 Êîìïëåêñíûå ëèíåéíûå ïðîñòðàíñòâà ñî ñêàëÿðíûì ïðîèçâåäåíèåì
íàçûâàþòñÿ óíèòàðíûìè ïðîñòðàíñòâàìè.
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Ââåäÿ ñêàëÿðíîå ïðîèçâåäåíèå óêàçàííûì ñïîñîáîì ïîëó÷àåì, ÷òî DN { óíèòàðíîå
ïðîñòðàíñòâî. Ñèñòåìà ñåòî÷íûõ ôóíêöèé

ϕl(x) = e2πi lx
T , l = 0,(N − 1)

ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì â óíèòàðíîì ïðîñòðàíñòâå DN , ãäå xj = iT
N
,

j = 0,(N − 1). Ýòî ìîæíî ïîêàçàòü ñëåäóþùèì îáðàçîì:

(ϕk, ϕm) =
1

N

N−1∑
j=0

e2πi
kxj
T e2πi

mxj
T =

1

N

N−1∑
j=0

e2πi
(k−m)xj

T =
1

N

N−1∑
j=0

e2πi
(k−m)j

N .

Ïðè k = m ñêàëÿðíîå ïðîèçâåäåíèå

(ϕk, ϕm) = (ϕm, ϕm) = 1

. Ïðè k 6= m

(ϕk, ϕm) =
1

N

N−1∑
j=0

(
e2πi

(k−m)
N

)j

=
1

N

1− e2πi(k−m)

1− e2πi
(k−m)

N

.

À òàê êàê e2πi(k−m) = 1 ïðè ∀k,m ∈ Z, òî (ϕk, ϕm) = 0.
Äëÿ ∀f ∈DN èìååò ìåñòî ïðåäñòàâëåíèå (1.1), êîòîðîå ìîæíî ïåðåïèñàòü â âèäå

f(xj) =
N−1∑
l=0

c̃lϕl(xj), j = 0,(N − 1).

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÔÍ12, âåñíà 2020. 8



Òî åñòü äëÿ ∀f ∈DN èìååò ìåñòî ðàçëîæåíèå ñåòî÷íîé ôóíêöèè f ïî îðòîíîðìèðî-
âàííîìó áàçèñó {ϕl}N−1

l=0

f(x) =
N−1∑
l=0

c̃lϕl(x), x =
jT

N
, j = 0,(N − 1). (1.2)

Ñëåäîâàòåëüíî, c̃l { êîîðäèíàòû f â ýòîì îðòîíîðìèðîâàííîì áàçèñå è

c̃l = (f,ϕl) =
1

N

N−1∑
j=0

f

(
jT

N

)
e−2πi lj

N . (1.3)

Îïðåäåëåíèå 2 Âûðàæåíèå (1.2) íàçûâàåòñÿ äèñêðåòíûì (êîíå÷íûì) ðÿäîì Ôóðüå
ñåòî÷íîé ôóíêöèè f ∈DN , à êîýôôèöèåíòû c̃l èç (1.3) åå äèñêðåòíûìè êîýôôèöèåíòà-
ìè Ôóðüå.

Ðàññìàòðèâàåìîå ðàçëîæåíèå ñåòî÷íîéÔóíêöèè f ∈DN â ðÿäÔóðüå îïðåäåëÿåò ëèíåéíîå
îòîáðàæåíèå

F : Dn −→ CN ,

êîòîðîå êàæäîé ñåòî÷íîé ôóíêöèè f ñòàâèò â ñîîòâåòñòâèå êîìïëåêñíûé âåêòîð

c = F(f) = (c̃0, c̃1, . . . , c̃N−1) ∈ CN .
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Îïðåäåëåíèå 3 Ëèíåéíûé îïåðàòîð F íàçûâàþò ïðÿìûì äèñêðåòíûì ïðåîáðàçîâà-
íèåì Ôóðüå.

Ïóñòü â DN âûáðàí áàçèñ èç ñåòî÷íûõ ôóíêöèé {ek}N
k=1, ãäå äëÿ ∀k = 1,N âûïîëíÿþòñÿ

óñëîâèÿ
ek(xj) = 0, j = 0,(N − 1)∧ j 6= k− 1 è ek(xk−1) = 1.

Òîãäà, äëÿ ∀f ∈DN èìååò ìåñòî ðàçëîæåíèå

f(x) =
n∑

k=1

f(xk−1)ek(x), x =
jT

N
, j = 0,(N − 1).

Â ýòîì ñëó÷àå ñòîëáåö êîîðäèíàò f â îðòîíîðìèðîâàííîì áàçèñå {ek}N
k=1 èìååò âèä

f = (f(x0), f(x1), . . . , f(xN−1)) .

Ñîãëàñíî (1.3) ñòîëáåö c ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì

c =


c̃0

c̃1
...

c̃N−1

=
1

N



N−1∑
j=0

f(xj)e
−2πi·0·xj/T

N−1∑
j=0

f(xj)e
−2πi·1·xj/T

...
N−1∑
j=0

f(xj)e
−2πi·(N−1)·xj/T


=

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÔÍ12, âåñíà 2020. 10



=
1

N


e−

2πi·0·x0
T e−

2πi·0·x1
T . . . e−

2πi·0·xN−1
T

e−
2πi·1·x0

T e−
2πi·1·x1

T . . . e−
2πi·1·xN−1

T

. . . . . . . . . . . .

e−
2πi·(N−1)·x0

T e−
2πi·(N−1)·x1

T . . . e−
2πi·(N−1)·xN−1

T




f(x0)
f(x1)
...

f(xN−1)

 .

Èëè c = F f , ãäå

F =
1

N


e−

2πi·0·x0
T e−

2πi·0·x1
T . . . e−

2πi·0·xN−1
T

e−
2πi·1·x0

T e−
2πi·1·x1

T . . . e−
2πi·1·xN−1

T

. . . . . . . . . . . .

e−
2πi·(N−1)·x0

T e−
2πi·(N−1)·x1

T . . . e−
2πi·(N−1)·xN−1

T



Îïðåäåëåíèå 4 Ìàòðèöà F íàçûâàåòñÿ ìàòðèöåé ïðÿìîãî äèñêðåòíîãî ïðåîáðàçîâà-
íèÿ Ôóðüå.

Ââåäÿ îáîçíà÷åíèÿ q = e−2πi/N è ó÷èòûâàÿ xj = jT/N ìîæíî çàïèñàòü

F =
1

N


1 1 1 . . . 1
1 q q2 . . . qN−1

1 q2 q4 . . . q2(N−1)

. . . . . . . . . . . .

1 qN−1 q2(N−1) . . . q(N−1)2


ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÔÍ12, âåñíà 2020. 11



Òàê êàê îïåðàòîðF âçàèìíî îáíîçíà÷íî îòîáðàæàåò ïðîñòðàíñòâîDN âCN , òî ñóùåñòâóåò
îáðàòíûé ê íåìó îïåðàòîð

F−1 : CN −→DN .

Îïðåäåëåíèå 5 Îòîáðàæåíèå F−1 íàçûâàþò îáðàòíûì äèñêðåòíûì ïðåîáðàçîâàíèå
Ôóðüå. Äàííîå îòîáðàæåíèå îïðåäåëÿåòñÿ ôîðìóëîé (1.1).

Â ìàòðè÷íîì âèäå äàííîå îòîáðàæåíèå ýêâèâàëåíòíî f = F−1c, ãäå

F−1 =


1 1 1 . . . 1
1 q−1 q−2 . . . q−(N−1)

1 q−2 q−4 . . . q−2(N−1)

. . . . . . . . . . . .

1 q−(N−1) q−2(N−1) . . . q−(N−1)2


Îïðåäåëåíèå 6 Ìàòðèöó F−1 íàçûâàþò ìàòðèöåé îáðàòíîãî äèñêðåòíîãî ïðåîáðàçî-
âàíèÿ Ôóðüå.

1.3. Âû÷èñëèòåëüíûå íþàíñû
Äëÿ ïðÿìîãî è îáðàòíîãî äèñêðåòíîãî ïðåîáîðàçîâàíèÿÔóðüå íåîáõîäèìî êâàäðàòíûå

ìàòðèöû F è F−1 ïîðÿäêà N óìíîæèòü íà ñòîëáåö èç N ÷èñåë. Åñëè ñ÷èòàòü ìàòðèöû
F è F−1 âû÷èñëåííûìè ðàíåå, òî äëÿ îïðåäåëåíèÿ äèñêðåòíûõ êîýôôèöìåíòîâ Ôóðüå
ñåòî÷íîé ôóíêöèè f ∈DN òðåáóåòñÿ N2 àðèôìåòè÷åñêèõ îïåðàöèé.
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Êîëëè÷åñòâî îïåðàöèé ìîæíî óìåíüøèòü, òî åñòü ïîëó÷èòü àëãîðèòì, êîòîðûå
íàçûâàåòñÿ áûñòðûì äèñêðåòíûì ïðåîáðàçîâàíèåì Ôóðüå. Ýòîò àëãîðèòì ïîçâîëÿåò
óìåíüøèòü ÷èñëî ïðîèçâîäèìûõ àðèôìåòè÷åñêèõ îïåðàöèé äî ïîðÿäêàN(N1 +N2 + . . .+
Nm), ãäå N = N1N2 . . .Nm { ðàçëîæåíèå ÷èñëà N íà ïðîñòûå ñîìíîæèòåëè.

1.3.1. Ïðèìåð.

Ðàññìîòðèì äàííûé àëãîðèòì íà ïðèìåðå N = N1N2.
Òîãäà

c̃l =
1

N1N2

N−1∑
j=0

f(xj)q
lj, l = 0,(N − 1),

ãäå q = e−2πi/N è qmN = 1 äëÿ ∀z ∈ Z.
Ëþáîé íîìåð l = 0,(N − 1) ìîæíî ïðåäñòàâèòü â âèäå l = l1N1 + l0, ãäå l1 < N2 è

l0 < N1 { íåîòðèöàòåëüíûå öåëûå ÷èñëà. È ∀j = 0,(N − 1) ìîæíî ïðåäñòàâèòü â âèäå
j = j1N2 + j0, ãäå j1 < N1 è j0 < N2 { íåîòðèöàòåëüíûå öåëûå ÷èñëà. Ñ ó÷åòîì ïîëó÷åííûõ
ïðåäñòàâëåíèé äëÿ ∀l, j = 0,(N − 1), èìååì

lj = l(j1N2 + j0) = lj1N2 + lj0 =(l1N1 + l0)j1N2 + lj0 = l1N1N2j1 + l0N2j1 + lj0 =

l1Nj1 + l0N2j1 + lj0.

Òîãäà
qlj = ql1Nj1+l0N2j1+lj0 = ql1Nj1ql0N2j1qlj0 = ql0N2j1qlj0 .

ÌÃÒÓ èì. Í. Ý. Áàóìàíà, ÔÍ12, âåñíà 2020. 13



Ñëåäîâàòåëüíî, äëÿ ∀l = 0,(N − 1) ïîëó÷àåì

c̃l = c̃l1N1+l0 =
1

N1N2

N2−1∑
j0=0

N1−1∑
j1=0

f(xj1N2+j0)q
l0N2j1qlj0 =

=
1

N2

N2−1∑
j0=0

(
1

N1

N1−1∑
j1=0

f(xj1N2+j0)q
l0N2j1

)
qlj0 =

1

N2

N2−1∑
j0=0

c(l0, j0)q
lj0 ,

ãäå c(l0, j0) = 1
N1

N1−1∑
j1=0

f(xj1N2+j0)q
l0N2j1 , j0 = 0,N2− 1 è l0 = 0,N1− 1.

Ïðè èçâåñòíîé ìàòðèöå F , òî åñòü ïðè èçâåñòíîì ql0j1N2/N1 äëÿ âû÷èñëåíèÿ c(l0, j0)
òðåáóåòñÿ N1 àðèôìåòè÷åñêèõ îïåðàöèé. Îáùåå ÷èñëî òàêèõ êîýôôèöèåíòîâ N1N2 =
N . Ñëåäîâàòåëüíî, äëÿ âû÷èñëåíèÿ âñåõ êîýôôèöèåíòîâ c(l0, j0) íåîáõîäèìî N1N
àðèôìåòè÷åñêèõ îïåðàöèé.
Äàëåå, ïðè èçâåñòíûõ c(l0, j0), j0 = 0,(N2− 1) è qlj0/N2 äëÿ âû÷èñëåíèÿ êàæäîãî c̃l

òðåáóåòñÿ N2 àðèôìåòè÷åñêèõ îïåðàöèé. Âñåãî òàêèõ êîýôôèöèåíòîâ N , ñëåäîâàòåëüíî
íóæíî N2N àðèôìåòè÷åñêèõ îïåðàöèé.
Îêîí÷àòåëüíî, äëÿ âû÷èñëåíèÿ âñåõ êîýôôèöèåíòîâ äèñêðåòíîãî ïðåîáðàçîâàíèÿ

Ôóðüå òðåáóåòñÿ àðèôìåòè÷åñêèõ îïåðàöèé

N(N1 + N2) < N2, N > 4.

Â îáùåì ñëó÷àåN = N1N2 . . .Nm è àíàëîãè÷íûì îáðàçîì ìîæíî âûïîëíèòü ïðåîáðà-
çîâàíèÿ Ôóðüå çà N(N1 + N2 + . . . + Nm) àðèôìåòè÷åñêèõ îïåðàöèé.
Ñàìîñòîÿòåëüíî ðàçîáðàòü ñëó÷àé, êîãäà N = 2m,m ∈ N.
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