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1. ÌÅÒÎÄ ÑÎÑÒÀÂËÅÍÈß
ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌ.

Íà ïðåäûäóùèõ çàíÿòèÿõ ìû ðàññìîòðåëè ìåòîäû ñîñòàâëåíèÿ
ðàçíîñòíûõ ñõåì

• Ìåòîä ðàçíîñòíîé àïïðîêñèìàöèè.

• Èíòåãðî-èíòåðïîëÿöèîííûé ìåòîä.

• Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Ðàññìîòðèì òåïåðü çàïèñü ðàçíîñòíîé ñõåìû â íåðåãóëÿðíûõ
óçëàõ, ò. å. íà ãðàíèöå è, áûòü ìîæåò, âáëèçè íåå.
Íàïðèìåð, â ðàçíîñòíûõ ñõåìàõ äëÿ óðàâíåíèÿ òåïëîïðîâîäíî-
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íåðåãóëÿðíûìè ÿâëÿþòñÿ ãðàíè÷íûå óçëû ïðè n= 0 èëè n=N .
Åñëè çàäàíû êðàåâûå óñëîâèÿ 1-ãî ðîäà, ò.å.

u(0, t) = µ1(t), u(a,t) = µ2(t).

Â ýòèõ óçëàõ ìîæíî çàïèñàòü ðàçíîñòíûå óðàâíåíèÿ

y0 = µ1(tm), yN = µ2(tm).

Äàííûå óñëîâèÿ ÿâëÿþòñÿ òî÷íûìè è èõ íåâÿçêà ðàâíà íóëþ.
Åñëè çàäàíû êðàåâûå óñëîâèÿ 2-ãî ðîäà, ò.å.

u′x(0, t) = µ1(t), u′x(a,t) = µ2(t)
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Äëÿ îïðåäåëåíîñòè ðàññìîòðè òîëüêî ëåâîå óñëîâèå. Ïðîèç-
âîäíóþ â ýòîì óñëîâèè ìîæíî àïïðîêñèìèðîâàòü îäíîñòîðîííåé
ðàçíîñòüþ

1

h
(ŷ1− ŷ0) = µ1 (tm+1) .

Ðàññìîòðèì íåâÿçêó äàííîãî ðàçíîñòíîãî óðàâíåíèÿ

ψ0 = (û′x)0−
1

h
(û1− û0) = (û′x)0−

− 1

h

(
û0 +h(û′x)0 +

h2

2
(û′′xx)0− û0

)
=−h

2
(û′′xx)0 =O(h).

Ò. å. íåâÿçêà èìååò áîëüøèé ïîðÿäîê ìàëîñòè, ÷åì íåâÿçêà â
ðåãóëÿðíûõ óçëàõ. Â ýòîì ñëó÷àå ïîíèæàåòñÿ îáùàÿ òî÷íîñòü
ðàñ÷åòà.
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1.1. Ñïîñîáû áîðüáû ñ ýòîé ïðîáëåìîé
Ñïîñîá ôèêòèâíûõ òî÷åê. Ââåäåì âíå îòðåçêà (0 6 x 6 a)

ôèêòèâíóþ òî÷êó x−1 = x0 − h. Áóäåì ñ÷èòàòü, ÷òî èñõîäíîå
óðàâíåíèå ñïðàâåäëèâî ïðè x> x−1.
Ïðîäåìîíñòðèðóåì ýòî íà ïðèìåðå ÿâíîé ñõåìû (1.2). Òîãäà

ïðè n= 0 ïîëó÷àåì

1

τ
(ŷ0− y0) =

k

h2

(y−1− 2y0 + y1) .

Â êðàåâûõ óñëîâèÿõ ïðîèçâîäíóþ çàìåíèì ñèììåòðè÷íîé ðàçíî-
ñòüþ

1

2h
(y1− y−1) = µ1 (tm) , =⇒ y−1 =−2hµ1(tm) + y1.

Ïîäñòàâèì â ïðåäûäóùåå óðàâíåíèå è ïîëó÷èì

h

2kτ
(ŷ0− y0) =

1

h
(y1− y0)−µ1 (tm) .
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Ìåòîä óìåíüøåíèÿ íåâÿçêè. Äàííûé ìåòîä ÿâëÿåòñÿ áîëåå
óíèâåðñàëüíûì. Âîñïîëüçóåìñÿ ôîðìóëîé Òåéëîðà:

u(x1, t) = u(x0, t) +hu′x(x0, t) +
h2

2
u′′xx(x0, t) + . . .

Òàê êàê u′x(x0, t) = µ1(t) è u′′xx =
u′t
k
, òî

u(x1, t) = u(x0, t) +hµ1(t) +
h2

2

u′t
k

+ . . .

Çàìåíÿÿ u′t '
ŷ0− y0

τ
ïîëó÷èì òîæå âûðàæåíèå:

h

2kτ
(ŷ0− y0) =

1

h
(y1− y0)−µ1 (tm) .
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2. ÀÏÏÐÎÊÑÈÌÀÖÈß È ÅÅ ÏÎÐßÄÎÊ
Ïóñòü G { îáëàñòü èçìåíåíèÿ x1, . . .xp ñ ãðàíèöåé Γ. Ïóñòü

ñòàâèòñÿ çàäà÷à (íåêîòîðîå óðàâíåíèå ñ ãðàíè÷íûìè óñëîâèÿìè):

Au(x)− f(x) = 0, x ∈G,
Ru(x)−µ(x) = 0, x ∈ Γ.

(2.1)

Ââåäåì â G ñåòêó ñ øàãîì h. Äàííàÿ ñåòêà ñîñòîèò èç ìíîæåñòâà
âíóòðåííèõ (ðåãóëÿðíûõ) óçëîâ: ωh è ìíîæåñòâà ãðàíè÷íûõ
(íåðåãóëÿðíûõ) óçëîâ γh.
Çàìåíèì äàííóþ çàäà÷ó â ðåãóëÿðíûõ è íåðåãóëÿðíûõ óçëàõ

ðàçíîñòíûìè àíàëîãàìè

Ahyh(x)−ϕh(x) = 0, x ∈ ωh,

Rhyh(x)− ξh(x) = 0, x ∈ γh.
(2.2)
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Áëèçîñòü ôóíêöèé áóäåì îïðåäåëåÿòü ïî âåëè÷èíå íåâÿçêè

ψh(x) = (Au− f)− (Ahu−ϕh) , x ∈ ωh,

νh(x) = (Ru−µ)− (Rhu− ξh) , x ∈ γh.

Îïðåäåëåíèå 1 Ðàçíîñòíàÿ ñõåìà (2.2) àïïðîêñèìèðóåò çàäà÷ó
(2.1), åñëè

||ψ|| → 0, ||ν|| → 0, при h→ 0.

Àïïðîêñèìàöèÿ èìååò p-ûé ïîðÿäîê, åñëè

||ϕ||=O(hp), ||ν||=O(hp).

Â ñëåäóþùèé ðàç ïîãîâîðèì î âûáîðå íîðì â ýòîì îïðåäåëåíèè,
óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû è î âîïðîñàõ ñõîäèìîñòè.
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