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ÏÀÐÀÌÅÒÐÈ×ÅÑÊÀß ÈÄÅÍÒÈÔÈÊÀÖÈß

ÔÍ-12. Ìàãèñòðû - 3 ñåìåñòð

Ëåêöèÿ 8. ÈÄÅÍÒÈÔÈÊÀÖÈß
ÏÀÐÀÌÅÒÐÎÂ ÌÎÄÅËÅÉ ÍÀ

ÎÃÐÀÍÈ×ÅÍÍÛÕ ÌÀËÛÕ ÂÛÁÎÐÊÀÕ
ÝÊÑÏÅÐÈÌÅÍÒÀËÜÍÛÕ ÄÀÍÍÛÕ
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1. Íåëèíåéíàÿ äåòåðìèíèðîâàííîé äèñêðåòíîé ÌÌ ñîñòîÿíèÿ

Xk+1 = hd
01Xk + hd

02X
2
k + hd

03XkYk,
Yk+1 = hd

11Xk + hd
12Yk + hd

13X
2
k + hd

14XkYk + hd
15Y

2
k .

(8.1)

Îñîáåííîñòè çàäà÷è èäåíòèôèêàöèè:

1. Âîçìîæíà òîëüêî ïàññèâíàÿ èäåíòèôèêàöèÿ.
2. Ïðîöåññ íåâîçìîæíî ïîâòîðèòü â òåõ æå óñëîâèÿõ.
3.Èìååòñÿ îãðàíè÷åííîå êîëè÷åñòâî íàáëþäåíèé, ïðîâåäåííûõ ÷åðåç ðàâíûå
ïðîìåæóòêè âðåìåíè.
4. Ìàòåìàòè÷åñêàÿ ìîäåëü ñîñòîÿíèÿ äîëæíà áûòü ëèíåéíîé îòíîñèòåëüíî
ïàðàìåòðîâ ìîäåëè.
Íàáëþäàåìûå âåëè÷èíû: Xk è Yk , íàáëþäåíèÿ ïðîâîäÿòñÿ ÷åðåç ïðîìå-
æóòêè âðåìåíè τ .
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Âèä ìîäåëè (8.1) íà äâóõòî÷å÷íîì øàáëîíå:

(
X2k

Y2k

)
=

(
hd

01 0 hd
02 hd

03 0
hd

11 hd
12 hd

13 hd
14 hd

15

)
X2k−1
Y2k−1
X2

2k−1
XkY2k−1
Y 2

2k−1

 +

(
ε
η

)
, (8.2)

ãäå ìàòðèöû-ñòðîêè ε = (ε1, . . . , εN) , η = (η1, . . . , ηN) .
Ìàññèâû ýêñïåðèìåíòàëüíûõ äàííûõ

X
^

, (X2, X4, . . . , X2N),

X
N^

, (X1, X3, . . . , X2N−1)

Y
^

, (Y2, Y4, . . . , Y2N),

Y
N^

, (Y1, Y3, . . . , Y2N−1).

(8.3)
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Zx ,

X1, . . . , X2N−1

X2
1 , . . . , X

2
2N−1

X1Y1, . . . , X2N−1Y2N−1

 =

X
N^

X2
N^

X
N^

Y
N^

 , (8.4)

Zy ,


X1, . . . , X2N−1

Y1, . . . , Y2N−1

X2
1 , . . . , X

2
2N−1

X1Y1, . . . , X2N−1Y2N−1

Y 2
1 , . . . , Y 2

2N−1

 =


X

N^

Y
N^

X2
N^

X
N^

Y
N^

Y 2
N^

 , (8.5)

Hd
0 = (hd

01, h
d
02, h

d
03), Hd

1 = (hd
11, h

d
12, h

d
13, h

d
14, h

d
15),

X
^

= Hd
0Zx + ε, Y

^
= Hd

1Zy + η. (8.6)

Îöåíêà âåêòîðîâ ïàðàìåòðîâ Hd
0 è Hd

1 :

Ĥd
0 = X

^
Z+

x , Ĥd
1 = Y

^
Z+

y . (8.7)
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2. Ðàññìîòðèì íåëèíåéíóþ òðåõìåðíóþ ìîäåëü ðàçâèòèÿ ðàêîâîé
îïóõîëè 

ẋ1 = −λ1x1 ln
x1

x2
,

ẋ2 = bx1 − dx
2/3
1 x2 − ex2x3,

ẋ3 = −λ3x3 + u.

(8.8)

Çäåñü x1 | îáúåì îïóõîëè, ìì3 ; x2 | îáúåì ýíäîòåëèÿ, ìì3 ; x3 |
êîíöåíòðàöèÿ èíãèáèòîðà, ìã/êã ; λ1 | ñêîðîñòü ðîñòà îïóõîëè, 1/äåíü;
b | ñêîðîñòü ôîðìèðîâàíèÿ íîâûõ êðîâåíîñíûõ ñîñóäîâ, 1/äåíü; d |
ñêîðîñòü ãèáåëè êðîâåíîñíûõ ñîñóäîâ, 1/(ìì2/3 · äåíü) ; e | ïàðàìåòð,
õàðàêòåðèçóþùèé âëèÿíèå ëåêàðñòâåííûõ ñðåäñòâ íà ãèáåëü êðîâåíîñíûõ
ñîñóäîâ êã/(ìã · äåíü) ; λ3 | êëèðåíñ (îáúåì êðîâè, êîòîðûé î÷èùàåòñÿ îò
ëåêàðñòâåííîãî ñðåäñòâà çà åäèíèöó âðåìåíè), 1/äåíü.
Óïðàâëåíèåì â ýòîé ñèñòåìå ÿâëÿåòñÿ äîçà u ïîäàâàåìîãî ëåêàðñòâà, ìã/(êã·
äåíü) .
Ïàðàìåòðû ñèñòåìû λ1 , b , d , e , λ3 ÿâëÿþòñÿ ïîëîæèòåëüíûìè ÷èñëàìè.
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Äèñêðåòíûé àíàëîã ìîäåëè (8.8) èìååò âèä
X

(1)
k+1 = X

(1)
k − λd

1X
(1)
k ln

X
(1)
k

X
(2)
k

,

X
(2)
k+1 = bdX

(1)
k + 1X

(2)
k − dd(X

(1)
k )

2/3
X

(2)
k − edX

(2)
k X

(3)
k ,

X
(3)
k+1 = λd

3X
(3)
k + U d.

(8.9)

Çäåñü X
(1)
k+1 | îáúåì îïóõîëè â ìîìåíò âðåìåíè k + 1 , ìì3 ; X

(1)
k |

îáúåì îïóõîëè â ìîìåíò âðåìåíè k , ìì3 ; X
(2)
k+1 | îáúåì ýíäîòåëèÿ

íà ìîìåíò k + 1 èçìåðåíèÿ, ìì3 ; X
(2)
k | îáúåì ýíäîòåëèÿ íà ìîìåíò

k èçìåðåíèÿ, ìì3 ; X
(3)
k+1 | êîíöåíòðàöèÿ èíãèáèòîðà íà ìîìåíò k + 1

èçìåðåíèÿ, ìã/êã ; X
(3)
k | êîíöåíòðàöèÿ èíãèáèòîðà íà ìîìåíò k

èçìåðåíèÿ, ìã/êã ; λd
1 = −λ1 ∆t ; bd = b · ∆t ; dd = −d ∆t ; ed =

−e ·∆t ; λd
3 = 1−λ3 ·∆t ; U d = u ·∆t , ãäå ïàðàìåòðû λ1 , b , d , e , λ3 |

îïðåäåëåíû â ìîäåëè (8.8).
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Çàïèøåì ìîäåëü (8.9) â ìàòðè÷íîì âèäå

X̃
(1)
k+1

X̃
(2)
k+1

X̃
(3)
k+1

 = A



X̃
(1)
k

X̃
(2)
k

X̃
(1)
k ln

(
X

(1)
k

X
(2)
k

)
˜

(X
(1)
k )2/3X

(2)
k

X̃
(3)
k

X̃
(2)
k X

(3)
k

Ũk


(8.10)

ãäå

A =

 1 0 λd
1 0 0 0 0

bd 1 0 bd 0 ed 0
0 0 0 0 λd

3 0 1


| ìàòðèöà ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè (8.10),
X̃ i

k, 1 ∈ {1, 2, 3} , k = 1, 2N | çíà÷åíèÿ âåêòîðîâ ñîñòîÿíèÿ ñèñòåìû
â ìîìåíò âðåìåíè tk , X i

k, 1 ∈ {1, 2, 3} , k = 1, 2N | íàáëþäàåìûå
çíà÷åíèÿ âåëè÷èí X̃ i

k, 1 ∈ {1, 2, 3} , i = 1, 2N .
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Ñôîðìèðóåì èç ìíîæåñòâà íàáëþäåíèé X i
k, 1 ∈ {1, 2, 3} , k = 1, 2N}

ìíîæåñòâî ÷åòíûõ è ìíîæåñòâî íå÷åòíûõ óçëîâ.
Äëÿ íàõîæäåíèÿ òî÷å÷íûõ îöåíîê ýëåìåíòîâ ìàòðèöû A , çàïèøåì ýòó
ìîäåëü â âèäå:

X
(1)
k+1

X
(2)
k+1

X
(3)
k+1

 = A



X
(1)
k

X
(2)
k

X
(1)
k ln

(
X

(1)
k

X
(2)
k

)
(X

(1)
k )

2/3
X

(2)
k

X
(3)
k

X
(2)
k X

(3)
k

Uk


+

 ε
η
ξ

 , (8.11)

ãäå ìàòðèöà A îïðåäåëåíà â (8.10), ìàòðèöû-ñòðîêè

ε = (ε1, . . . , εN) ∈ M1×N(R),
η = (η1, . . . , ηN) ∈ M1×N(R),
ξ = (ξ1, . . . , ξN) ∈ M1×N(R),

(8.12)

{ ðåàëèçàöèè ñëó÷àéíûõ îøèáîê íàáëþäåíèÿ ( ñëó÷àéíûå âîçìóùåíèÿ ÌÌ,
ïîãðåøíîñòè â ýêñïåðèìåíòàëüíûõ äàííûõ).
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Ðàññìàòðèâàåìàÿ ìîäåëü ÿâëÿåòñÿ ëèíåéíîé îòíîñèòåëüíî îöåíèâàåìûõ
ïàðàìåòðîâ. Çàäà÷ó èäåíòèôèêàöèè ìàòðèöû ïàðàìåòðîâ ñèñòåìû ìîæíî
ðàçáèòü íà òðè íåçàâèñèìûå ïîäçàäà÷è. 1. Íàõîæäåíèå îöåíêè ïàðàìåòðà
λd

1t .
2. Íàõîæäåíèå îöåíîê ïàðàìåòðîâ bd , dd è ed .
3. Íàõîæäåíèå îöåíêè ïàðàìåòðà λd

3t
Ñ÷èòàÿ, ÷òî Xk+1 çàâèñèò òîëüêî îò Xk , ðàçäåëèì ìàññèâ ýêñïåðèìåíòàëü-
íûõ äàííûõ íà äâà.
Ñôîðìèðóåì ìàññèâû ýêñïåðèìåíòàëüíûõ äàííûõ äëÿ íàõîæäåíèÿ îöåíîê
ïàðàìåòðîâ ìîäåëè.
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Ìàññèâû ýêñïåðèìåíòàëüíûõäàííûõäëÿ ïåðâîãî óðàâíåíèÿìàòåìàòè÷åñêîé
ìîäåëè èìåþò âèä:

X (1)
ev , (X

(1)
2 , X

(1)
4 , . . . , X

(1)
2N) ∈ M1×N(R),

X
(1)
odd , (X

(1)
1 , X

(1)
3 , . . . , X

(1)
2N−1) ∈ M1×N(R),

X (2)
ev , (X

(2)
2 , X

(2)
4 , . . . , X

(2)
2N) ∈ M1×N(R),

X
(2)
odd , (X

(2)
1 , X

(2)
3 , . . . , X

(2)
2N−1) ∈ M1×N(R).

(8.13)

Ñîãëàñíî (8.11) è (8.13)
Xev = Hd

1W1 + ε , (8.14)

ãäå ìàòðèöà-ñòðîêà ε îïðåäåëåíà â (8.12).
Çäåñü ìàòðèöà-ñòðîêà

Hd
1 = (1, λd

1), (8.15)

10



• First • Prev • Next • Last • Go Back • Full Screen • Close • Quit

Ìàòðèöà

W1 ,

(
X

(1)
1 , X

(1)
3 , . . . , X

(1)
2N−1

X
(1)
1 ln

(
X

(1)
1

X
(2)
1

)
, X

(1)
3 ln

(
X

(1)
3

X
(2)
3

)
, . . . , X

(1)
2N−1 ln

(
X

(1)
2N−1

X
(2)
2N−1

)) =(
X

(1)
odd

X
(1)
odd ln

(
X

(1)
odd

X
(2)
odd

)) .

(8.16)
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Ìàññèâû ýêñïåðèìåíòàëüíûõ äàííûõ äëÿ âòîðîãî óðàâíåíèÿìàòåìàòè÷åñêîé
ìîäåëè èìåþò âèä:

X (1)
ev , (X

(1)
2 , X

(1)
4 , . . . , X

(1)
2N) ∈ M1×N(R),

X
(1)
odd , (X

(1)
1 , X

(1)
3 , . . . , X

(1)
2N−1) ∈ M1×N(R),

X (2)
ev , (X

(2)
2 , X

(2)
4 , . . . , X

(1)
2N) ∈ M1×N(R),

X
(2)
odd , (X

(2)
1 , X

(2)
3 , . . . , X

(2)
2N−1) ∈ M1×N(R),

X (3)
ev , (X

(3)
2 , X

(3)
4 , . . . , X

(3)
2N) ∈ M1×N(R),

X
(3)
odd , (X

(3)
1 , X

(3)
3 , . . . , X

(3)
2N−1) ∈ M1×N(R).

(8.17)

Ñîãëàñíî (8.11) è (8.17)
Xev = Hd

2W2 + η , (8.18)

ãäå ìàòðèöà-ñòðîêà η îïðåäåëåíà â (8.12).
Çäåñü ìàòðèöà-ñòðîêà

Hd
2 = (bd, 1, bd, ed). (8.19)
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Ìàòðèöà

W2 ,


X

(1)
1 , X

(1)
3 , . . . , X

(1)
2N−1

X
(2)
1 , X

(2)
3 , . . . , X

(2)
2N−1

(X
(1)
1 )

2/3
X

(2)
1 , X(

(1)
3 )

2/3
X

(2)
3 , (X

(1)
2N−1)

2/3
X

(2)
2N−1

X
(2)
1 X

(3)
1 , X

(2)
3 X

(3)
3 , X

(2)
2N−1X

(3)
2N−1.

 =


X

(1)
odd

X
(2)
odd

(X
(1)
odd)

2/3
X

(2)
odd

X
(2)
oddX

(3)
odd.

 .

(8.20)
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Ìàññèâû ýêñïåðèìåíòàëüíûõ äàííûõ äëÿ òðåòüåãî óðàâíåíèÿ ìàòåìàòè÷å-
ñêîé ìîäåëè èìåþò âèä:

X (3)
ev , (X

(3)
2 , X

(3)
4 , . . . , X

(1)
2N) ∈ M1×N(R),

X
(3)
odd , (X

(3)
1 , X

(3)
3 , . . . , X

(3)
2N−1) ∈ M1×N(R).

(8.21)

Ñîãëàñíî (8.11) è (8.17)
Xev = Hd

3W3 + ξ , (8.22)

ãäå ìàòðèöà-ñòðîêà ξ îïðåäåëåíà â (8.12).
Çäåñü ìàòðèöà-ñòðîêà

Hd
3 = (λd

3, 1). (8.23)

Ìàòðèöà

W3 ,

X
(3)
1 , X

(3)
3 , . . . , X

(3)
2N−1

U1, U3, . . . , U2N−1

 =

X
(3)
odd

Uodd

 . (8.24)
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Ðåàëèçàöèÿ îöåíêè âåêòîðà ïàðàìåòðîâ Hd
1 ÌÍÊ ìîæåò èìååò âèä:

Ĥd
1 = XevW

+
1 , Ĥd

2 = XevW
+
2 , Ĥd

3 = XevW
+
3 , (8.25)

ãäå W +
1 { ìàòðèöà, ïñåâäîîáðàòíàÿ ïî îòíîøåíèþ ê ìàòðèöå XW1 ,

îïðåäåëåííîé â (8.13), W +
2 { ìàòðèöà, ïñåâäîîáðàòíàÿ ïî îòíîøåíèþ ê

ìàòðèöå XW2 , îïðåäåëåííîé â (8.17), W +
3 { ìàòðèöà, ïñåâäîîáðàòíàÿ ïî

îòíîøåíèþ ê ìàòðèöå XW4 , îïðåäåëåííîé â (8.21).
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×èñëåííîåìîäåëèðîâàíèå ïðîâîäèëîñü ïî ñëåäóþùåé ñõåìå. Äëÿ ïîëó÷åíèÿ
îöåíêè ïàðàìåòðîâ áûëî âûáðàíî 12 îòñ÷åòîâ, íà÷èíàÿ ñ ìîìåíòà âðåìåíè,
êîãäà îòêëîíåíèå îöåíêè ïåðåìåííîé x1 îò âõîäíîãî çíà÷åíèÿ ñòàíîâèëîñü
ìåíüøå çàðàíåå çàäàííîé äîñòàòî÷íî ìàëîé âåëè÷èíû. Äëÿ ìîäåëèðîâàíèÿ
èñïîëüçîâàëèñü ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ:

λ1 = 0.0834; b = 5.85; d = 0.00873; e = 0.66; λ3 = 1.700,

Â ðåçóëüòàòå ðàáîòà àëãîðèòìà áûëè ïîëó÷åíû îöåíêè ïàðàìåòðîâ:

λ̂1 = 0.0830; b̂ = 5.8208; d̂ = 0.00870; ê = 0.6567; λ̂3 = 1.7293.

Ïîëó÷åííûå îöåíêè ïàðàìåòðîâ áëèçêè ê èñõîäíûì çíà÷åíèÿì.
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