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Abstract—Specific features of the heat transfer in nanostructures and methods of their investigation are dis-
cussed. Phonon heat conduction that is characteristic of semiconductors and insulators is considered. In
nanostructures, the Fourier law is violated and the methods of classical theory of heat conduction are inap-
plicable. Analysis of the physics of heat-transfer processes has shown that the heat conduction of nanostruc-
tures depends on the shape and size of the sample, properties of its surface, and direction of the heat flow with
respect to the nanostructure geometry. This fact has led to the development of radically new approaches to
the determination of thermal conductivity of solids on the nano- and micrometer scales. Therefore, main
attention is paid to the review of existing methods for finding thermal conductivity of nanostructures and the
results of its theoretical and experimental determination. Various models of heat transfer in nanostructures
are presented. The knowledge of statistical thermodynamics, kinetic theory, and solid-state physics is funda-

mental for this field of thermal physics.

DOI: 10.1134/S0018151X17030129

CONTENTS

Introduction.

Principles of microscopic heat transfer in solids.
Diffusive heat transfer.

Models of the nondiffusive regime of heat transfer.
Results of numerical calculations.

Some experimental data on the processes of non-
diffusive heat transfer.

Conclusions.

INTRODUCTION

For about 25 years, much interest has been shown
in thermophysical properties of nano- and micro-
structures because they are exceptionally promising
for almost all fields of science, technology, medicine,
etc. Investigations revealed significant differences in
the characters of heat transfer in macroscopic solids
and small solids with a size from several nanometers to
10—20 um. Another specific feature of this problem is
a great variety of objects, which calls for the develop-
ment of special theoretical and experimental methods
of study. In this context, heat transfer in small solid-
state samples is currently an urgent problem [1—8]. A
separate line of research is focused on solid-state
structures, in which transfer heat is performed via
phonons (e.g., graphene, semiconductor materials
(including carbon nanotubes), and insulators). This
review is devoted to objects in which heat transfer is
performed mainly via phonons. We consider the
methods of theoretical determination of the thermal
conductivity of nanostructures and some calculation

results and compare the calculation results with the
experimental data.

The [, / L ratio determines the character of transfer
heat in small solids. This ratio is often referred to as the
Knudsen number by analogy with the corresponding
dimensionless criterion in gas dynamics. Here, [ is
the phonon mean free path in a macroscopic sample,
the size of which L is much larger than /. When the
case in point is nanostructures, the corresponding
characteristic sizes are considered as L. For example,
this can be either length or diameter for nanotube,
diameter for nanowire, and thickness for film. When

the inequality /_ / L <107 is satisfied for all three
dimensions (for macroscopic solids), the classical dif-
fusive heat transfer is implemented, the mechanism of
which is determined by the Fourier law q = —x_ VT
(Tis temperature, q is the heat flow, and «_, is the ther-
mal conductivity of a macroscopic solid). Another lim-
iting value of the /_ / L ratio is on the order of 10> and

corresponds to the so-called Casimir limit /,/L > 1,
when almost all phonons transfer heat between the
boundaries of solids without collisions in a solid. This
mechanism of heat transfer is referred to as ballistic.
Between the above limiting cases (for /. / L varying
approximately from 1072 to 10; the latter value was
obtained in the calculations [9]), the diffusive—ballis-
tic regime is implemented. In this range of variation in
I, / L, a phenomenon, unknown within the classical
theory, occurs: dependence of the thermal conductiv-
ity on the sample size. Due to this, the so-called effec-
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tive thermal conductivity K (L) is introduced. This
phenomenon cannot be explained within the phe-
nomenological diffusion-transfer theory based on the
Fourier law. The statistical theory of heat conduction
of solids is required in this case, which is primarily
based on the works by Peierls and Klemens [10, 11]. In
this context, the heat transfer in the range of variation

in L where K = f(L) is often referred to as nondiffu-
sive. The dependence of the thermal conductivity on
the sample size is the most important criterion distin-
guishing heat transfer in nanostructures from that in
macrosolids. Therefore, it is very often mentioned in
reviews and original papers. However, thermal con-
ductivity also depends on the sample shape. This is
confirmed, for example, by the fact that the phonon
mean free path differs by a factor of two for nanofilms
and nanowires, which have identical thickness and
diameter [12]. Another important feature is the anisot-
ropy of thermal conductivity of nanostructures, which
manifests itself even for ideal single-crystal samples.
This was demonstrated in computational studies of the
thermal conductivity for nanofilms [13] and graphene
nanoribbons [14].

In view of the aforesaid, it is reasonable to refine the
concepts. The point is that the heat flow within and
without the Fourier approximation is formally recorded

in the same way: q = —x,,V7T and q = —X.zV 7. The
difference consists in the properties of k. and K.
The k_ value is independent of the size and shape of

the macroscopic body and the heat-flow direction if
the material of which the body is made is homoge-

neous. In contrast to ¥,,, the K value determining
the nondiffusive heat transfer depends on the size and
shape of nano- and microstructures, as well as on the
heat-flow direction therein:

Kefr = f(L,d,h,i],
q

where d is the diameter of a nanowire or nanotube and
h is the thickness of a nanofilm. Nondiffusive heat
transfer means that a part of heat is transferred by bal-
listic phonons, which undergo no collisions while
moving from one boundary to the opposite.

Specific properties of heat transfer in nanostruc-
tures are determined by two factors. The first one is
the shape and sizes of the objects under study. The
second factor is the presence of mutual phonon inter-
action of two types in phonon gas. One type is N-pro-
cesses, characterized by the fact that the total momen-
tum and energy of quasiparticles participating in them
are identical before and after the interaction. Corre-
spondingly, the gas as a whole does not lose energy and
pulse as well. The second type is U-processes. As a
result of interactions of this type, phonons transfer a
part of the momentum to the lattice but their total
energy does not change. Solutions of the Boltzmann
equation taking into account phonon interactions of
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both types show that, at low temperatures (or
I, / L > 1), the nondiffusive regime is implemented
due to the dominant role of N-processes. In the region
of low temperatures or small longitudinal sizes of the
nanofilms and nanowires, hydrodynamic heat transfer
is implemented, which is a flow of phonon gas as a
whole under the action of pressure gradient. Along
with the hydrodynamic model, the methods based on
the solution of the Boltzmann equation are used to
describe the heat transfer in the longitudinal direction.
For the transverse direction, the hydrodynamic model
is inapplicable. Kinetic methods based on the solution
of the Boltzmann equation are applied to describe heat
transfer. In both cases, there is the so-called diffusive—
ballistic heat transfer, when one part of phonons under-
goes interactions in the space between the structure
boundaries (diffusive transport), while the other part
transfers heat from one boundary to the other without
interactions inside the solid (ballistic transport).

Below, we will present theoretical and experimen-
tal studies on the aforementioned phenomena, includ-
ing most recent publications.

The exceptional importance of these studies is
related to the development of nanotechnologies,
which are very promising for designing radically new
systems in the fields of science and technology such as
medicine, electronics, optoelectronics, thermoelec-
tric and solar energy converters, materials science,
power engineering, etc. All these fields imply the prob-
lem of determining thermal conditions that provide
stable operation of the designed devices. This prob-
lem, in turn, calls for the development of scientific
bases of thermal physics of nanostructures (or nano
thermal physics), including thermodynamics of nano-
structures and theory of heat transfer in them. The
studies performed to date show that this division of
thermal physics differs significantly (in some con-
cepts) from the classical macroscopic thermal physics
and requires the development of radically new theo-
retical and experimental methods.

It was Fourier who started rigorous investigation of
heat transfer processes in solids in his famous work
“Analytical Theory of Heat” in 1822, where the Fou-
rier law was formulated. This study gave a start to the
development of the classical theory of heat conduc-
tion, where heat transfer is considered as a diffusive
process. The classical theory of heat conduction is
phenomenological and does not specify what objects
are heat carriers.

In the early 20th century, two works were pre-
sented, which became a basis for the development of
statistical solid-state thermodynamics: Einstein’s
study in 1907 and Debye’s study in 1912, which devel-
oped significantly the concepts given in the former work.
According to Debye, the internal-energy carriers in a
solid are classical elastic waves propagating therein. Pro-
ceeding from this theory, in 1945, V.V. Tarasov [15, 16]
extended for the first time the concepts of solid-state
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thermodynamics to two-dimensional and one-dimen-
sional structures which are directly related to nanotech-
nologies (two-dimensional structures are graphene,
silicene, and some others, while nanowires belong to
one-dimensional structures).

Development of quantum mechanics led in 1929 to
the study by Peierls [10], where the foundations of
microscopic theory of heat transfer in solids were laid.
The initial concept is quantization of classical elastic
waves propagating in a solid. As a result, microscopic
analysis of heat transfer is reduced to investigation of
the kinetics of gas consisting of quasiparticles (pho-
nons). One of the remarkable properties of this gas is
weak mutual interaction of phonons (ideal gas).
Therefore, the solution of the Boltzmann equation is
sufficient for determining thermal conductivities of
various materials, which is widely applied in practice
when analyzing properties of rarefied gases and
plasma. The corresponding methods for macroscopic
solids were developed by Clemens [11].

Up to the early 1960s, studies on the heat transport
theory were focused on developing methods for deter-
mining thermal conductivity of macroscopic solids.
These methods include consideration of phonon scat-
tering both from each other and at various irregulari-
ties of the ideal structure of solid-state lattices (e.g.,
due to the presence of impurities, defects, etc).

In [17], the kinetic equation was solved taking into
account only N-processes of phonon interaction. It
was shown that in this case phonon gas propagates as a
whole along nanowires and nanofilms; i.e., the so-
called hydrodynamic regime of heat transfer is imple-
mented. Similar investigation was carried out in [18],
where U-processes and processes of phonon decelera-
tion caused by crystal imperfections were taken into
account along with N-processes. It was shown that,
under the conditions where N-processes dominate in
phonon gas, the directed momentum acquired by
phonon gas under the action of temperature gradient is
slowed down only slightly by rare U-processes. As a
result, a heat-transferring phonon flux occurs. As an
example, heat transfer along a rod with a small diam-
eter d was considered in [19]. If the mean free path

with respect to N-processes /, is much smaller than
the rod diameter /,, < d and the mean free path with
respect to all possible processes of phonon decelera-
tion is /; > d, the regime of continuous phonon flow

along the rod is implemented. This situation resembles
the Poiseuille gas flow in a tube.

An important property of nondiffusive heat trans-
fer (dependence of k. on the sample size) was found
for the first time in [19] based on qualitative estima-
tions. A simple qualitative estimation showed that this
dependence is power-law:

Ko = ALP(B > 0), (1)
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where L is the sample size. This result was experimen-
tally confirmed for the first time in [20]. Currently,
this specific feature is confirmed in many theoretical,
numerical, and experimental studies. Modern data
yield that the 3 value is not constant but depends on L
(i.e., dependence (1) has a more complex behavior in
comparison with the power-law function).

The next two studies are devoted to a more detailed
solution of the Boltzmann equation for phonon gas in
an ideal crystal in two limiting cases where N- or U-
processes dominate [21, 22]. It was shown that a com-
bined (diffusive and hydrodynamic) regime of heat
transfer is implemented in the first case, whereas a
purely diffusive regime is implemented in the second
case. A system of equations that includes the equations
of conservation of energy and momentum of the sys-
tem (Guyer—Krumhansl (GK) system of equations)
was obtained for the hydrodynamic regime. An example
of the solution of the GK system of equations was pre-
sented in [23]. Note that the solution is reduced to the
determination of the effective thermal conductivity.

Finally, we should say that quite complete presen-
tation of the solutions of the Boltzmann equation for
phonon gas as applied to different regimes of heat trans-
fer was given in [24]. The results this study are of particu-
lar interest because its initial parameters are phonon-gas
parameters that differ from those in [21, 22]. The
unknown values in [21, 22] are internal energy of pho-
non gas £ and heat flow q propagating through the
material, whereas in [24] the corresponding parame-
ters are temperature 7 and phonon flux rate V. This is
more conventional when analyzing gas flow. We will
show below that the systems of equations [21, 22] and
[24] are equivalent.

A series of studies have recently been published
where the thermal-mass model is developed, which
has some common features with the hydrodynamic
model but at the same time differs from it. This model
is based on the system of hydrodynamics equations
[25]. Both models are aimed at analyzing longitudinal
heat propagation and are in agreement with the known
experimental data.

The kinetic model may compete well enough with
the hydrodynamic model [26—29]. It is a modified
version of the solution of the Boltzmann equation for
macroscopic objects [11]. The difference from the
classical formula for thermal conductivity is that the
former takes into account the shape and sizes of the
object under study and, correspondingly, scattering at
boundaries and other possible types of scattering. The
classical model is based on the fact that the medium is
isotropic (i.e., the phonon mean free paths are identi-
cal in all directions). The kinetic model for nanostruc-
tures takes into account their real sizes; therefore, the
mean free paths differ for different directions.

The kinetic model of heat transfer across a thin
film was proposed for the first time in [30]. The Boltz-

HIGH TEMPERATURE  Vol. 55 No.3 2017



HEAT CONDUCTION IN NANOSTRUCTURES

mann equation simultaneously taking into account the
diffusive and ballistic heat transports is used therein.

Experimental and numerical investigations
mainly confirm the theoretical predictions. Depen-

dence of the effective thermal conductivity K. on
I, / L and x_, has approximately the following form:

Ker = Ko [L/(L +1..)] [31]. Results of these investiga-
tions are generally presented in the form of power-law

dependences of the thermal conductivity K. on the
sizes L of nano- and microstructures in separate
ranges of sample lengths (1). However, in the entire
range (from an infinitely small value to the size where
the diffusive mechanism of heat transfer correspond-
ing to macroscopic samples (f = 0) is established),
dependence (1) is a curve, the exponent of power 3 of
which changes with size and, finally, tends to zero.
Such dependences were obtained experimentally and
numerically [9, 32—36].

Thus, when the sample size gradually increases
from a value that is much smaller than the phonon
mean free path (when the nondiffusive regime of heat
conduction is dominant) to sizes significantly exceed-
ing the mean free path (when the classical diffusive
mechanism of heat transfer is established), the effec-
tive thermal conductivity of the sample increases up to

the k. values that are typical of large three-dimen-
sional samples. During the increase in the size, the
heat transfer is simultaneously provided by the afore-
mentioned mechanisms: diffusive and ballistic. Con-
tribution to the heat transfer from each mechanism
changes with an increase in the sample size until only
one (diffusive) mechanism remains.

‘We should note that there is a great variety of nano-
structures, analysis of the heat-transfer processes in
which may differ significantly from the above-consid-
ered examples. These structures include superlattices
and some other types of multilayer structures. In addi-
tion, specific approaches are used for studying heat
transfer in the objects such as graphene, graphane, and
silicene, as well as closely related nanoribbons, layer
graphene, graphite, etc. Therefore, one should take
into account that the focus of this review is primarily
on the objects such as thin films, nanowires, and
nanotubes.

PRINCIPLES OF MICROSCOPIC HEAT
TRANSFER IN SOLIDS

In this section, we present information that is nec-
essary for detailed analysis of the heat-transfer pro-
cesses in nanostructures. Here, we discuss two funda-
mental problems: first, microscopic specific features
of the phonon interaction (or mutual transformation)
processes because these processes lead to the elimina-
tion of one particles and occurrence of the others (as
for any quasiparticles); second, physical pattern of two
mechanisms of heat transport via phonons, which
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proceeds from physics of phonon creation and annihi-
lation processes.

The Fourier law introduces the concept of thermal
conductivity. However, this parameter became possi-
ble to calculate only after 1929, when Peierls intro-
duced the concept of phonons: quanta of waves prop-
agating in solids. The existence of quasiparticles (pho-
nons) became the basis for the microscopic theory of
heat conduction in insulators and semiconductors.

Phonons are space-limited wave excitations of a
solid lattice (wave packets). Their state is characterized
by frequency m, energy %®, and quasi-momentum
p = 7k. Parameter k is the wave vector with magnitude
at 27t/ A, where A is the wavelength. The role of quasi-
momentum in the theory is similar to that of the con-
ventional momentum in continuous free space. The
difference between them is caused by the fact that
quasi-momentum propagating in discrete space
formed by the solid lattice is determined accurate to
vector #ib, where b is the reciprocal lattice vector. Pho-
nons, the momenta of which differ by #b, have identi-
cal energy. A periodic lattice containing N sites corre-
sponds to N — 1 nonzero values of vector b.

Specific features of phonon interactions with each
other and with the solid lattice play a key role in the
further presentation. Microscopic properties of quasi-
particles determine macroscopic properties of the pho-
non gas as a whole. This gas exists inside the solid lat-
tice. This is the first reason for the significant difference
in the behaviors of conventional gases composed of
atoms and molecules existing in continuous medium
from phonon gas existing in a discrete medium. The
second reason is that atoms and molecules are real par-
ticles with real mass, whereas phonons are vibrational
excitations of the solid lattice with zero mass.

To establish the most important properties of crys-
talline solids, one should find the dependences of fre-
quencies ® of the waves propagating in a solid on wave
vectors (k). These functions are referred to as disper-
sion relations. They are determined within the classi-
cal theory of elastic harmonic waves [37] and remain
valid for phonons.

Here, we restrict ourselves to the consideration of
the results of solving the problem of vibrations of a
one-dimensional chain of identical atoms, the equilib-
rium positions of which are spaced by identical mean
distances a. The specific feature of crystalline solids is
that the wavelengths of waves propagating in them
cannot be smaller than the lattice constant a:

A = Apmin > a. This value corresponds to the phonon
wave vector k,. The magnitude of the wave vector
changes from 0 to k,,. The complete solution to the
classical problem of propagation of vibrations in a
one-dimensional lattice of atoms of identical mass, the
repulsive forces between which are proportional to the
distances between them, was obtained by Kelvin in
1881 [16]. The dispersion equation has the form
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b

1/2

o ~(8) il

M 2

where o is the constant representing the interaction

forces between neighboring atoms and M is the

mass of lattice atoms. It follows from this formula

that the maximum possible wave-frequency value is
O = (4oc/M)'/2.

It follows from the above formula that one (k)
value corresponds to many k values. There is some
range of allowable k values from 0 to k,, in the one-
dimensional k-space, which is characterized by one-
to-one correspondence between ® and k. As follows
from the dispersion relation, in this case this range is
—n/a < k < m/a. It is referred to as the first Brillouin
zone. When considering two- or three-dimensional
lattices, the Brillouin zones have the corresponding
dimensions. Point k = 0, equal to infinite wavelength,
is generally at the zone center. The region in the vicin-
ity of point |k| <1/a corresponds to low-frequency
long-wavelength phonons, while the region near
[k| ~1/a corresponds to short-wavelength phonons.
Beyond the first zone of k-space, there are other zones
of positive and negative k values, magnitudes of which

exceed k,,,.

An important fundamental property of phonon gas
is that the k values are formally limited by nothing,
whereas dependences oXk) plotted above the k axis
periodically take a value from zero to ®,,,,,.

Let us now consider the dynamics of phonon inter-
action. In the general case, the mean free path of pho-
nons is determined by their mutual interactions, pres-
ence of various defects in the lattice (impurities, dislo-
cations, etc.), and finite crystal sizes (interaction with
boundaries). Here, we consider only the first effect
inherent in ideal crystals.

Within this approximation, the problem is reduced
to analysis of phonon interactions. In an overwhelm-
ing majority of cases, the theory takes into account
only the processes which involve three phonons,
because the higher-order processes are vanishingly
weak. There are two possibilities for such transforma-
tions. The first one is decay of one phonon into two
phonons. The second possibility is fusion of two pho-
nons with the formation of one phonon. These pro-
cesses change the total number of particles in the sys-
tem. The equilibrium energy distribution (Bose—Ein-
stein distribution) is valid for phonons as particles with

Zero spin:
-1
No() = [exp (IZ—“}j - 1j . )

Analysis of the aforementioned processes of inter-
action (transformation) of particles is carried out using
equations representing the energy and quasi-momen-
tum conservation laws.
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The quasi-momentum conservation law can be
recorded in two ways, depending on the type of pro-
cesses. One type implies normal processes (N-pro-
cesses). In this case, all three quasi-momenta belong
to the first Brillouin zone. The most important prop-
erty of these processes is equality of the quasi-
momenta before and after the interaction:

kl +k2 = k3,
k] = k2 +k3.

Note that Planck’s constant is omitted in these for-
mulas.

Processes of the second type are referred to as
Umklapp-processes (U-processes). These processes
occur when patrticles, for which [k| > k,,, participate in
the interaction. The momentum of particles with such
k| value is determined accurate to 7b. The quasi-
momentum conservation equation is written so that
the values of quasi-momenta, arising after events of
particle fusion or decay, are in the first Brillouin zone.
This can be achieved by introducing vector b into the
corresponding equations:

k, +k, =k; +b, (3)
k, =k, +k; +h. “4)

The b value is determined as follows. Leta,, a,, and

a, be the main lattice periods. Vector b should satisfy
the conditions [36]

al . b = 27'5[)1, 3.2 . b = 27'5[)2, a3 . b = 2T|:p3,

where p,, p,, and p; are positive or negative integers.
Solution of the written equations yields

b = pb, + p,b, + psbs.

Here, vectors b; are determined by the relations
2n 2r 2r

b, ==lasa;], b, ==[aza;], b, ==—[aa,],
s v v

v =a[aa,].

Equations (3) and (4) indicate the following. Let
the total vector k; + k, be beyond the first Brillouin
zone and vector k;, determined from the relation
k, + k, = k; + b, be in it. Vector b provides the pres-
ence of vector k; in the first Brillouin zone. As a result
of this interaction, momentum b is transferred from
phonon gas to the lattice. Due to the periodicity of the
lattice and specially chosen reciprocal lattice vector b,
the condition (k;) = (k; + b) is satisfied. Since the fre-
quency remains constant, the energy is conserved.
Accordingly, the energy conservation law has two evi-
dent forms:

axk;) + ox(k,) = oxks),
ok, = aXk,) + oK),
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Note that, among three phonons, either all three or
only one can be low-energy and long-wavelength [24].
In the case of two long-wavelength and one short-
wavelength phonons, the energy and quasi-momen-
tum conservation laws cannot be satisfied.

Physically, the difference between N- and U-pro-
cesses is as follows. In the case of N-processes, the
phonon-gas energy and momentum are conserved. In
the case of U-processes, the momentum is transferred
from phonon gas to lattice with the total energy con-
served.

Thus, according to modern concepts, heat transfer
in solids (insulators and semiconductors) is performed
via phonon gas. Phonons weakly interact with each
other. This is due to the fact that the vibration ampli-
tude of particles of a solid is small in comparison with
mean distances between them; therefore, the proper-
ties of phonon gas can be investigated using the solu-
tions to the kinetic equation. This equation differs
from the Boltzmann equation because the classical
collision operator of this equation is inapplicable to
phonons. The so-called transport Boltzmann equa-
tion is used [10, 11, 17, 19, 21, 22] (see below).

Now let us consider the physical pattern of heat
transport by phonons, which is closely related to the
specific features of phonon interaction with each other
and with the lattice inside the solid. The consideration
is performed for ideal crystals; therefore, only the gas
retardation due to U-processes is taken into account.

The heat transfer occurs in the presence of tem-
perature gradient and, correspondingly, pressure gra-
dient in phonon gas. This gradient influences phonon
gas, which may lead to its motion as a whole. However,
under the conventional conditions (room temperature
or higher, macroscopic sizes of solids), the relations

Iy / Iy =Vvy /VU < ] for the phonon mean free paths
with respect to normal processes (/) and U-processes
(/) and the corresponding interaction rates (v, and

v ) are satisfied. Under these conditions, the retarda-
tion due to U-processes provides immobility of pho-
non gas. In this case, heat transfer is caused by mutual
collisions of phonons from regions with different tem-
peratures (i.e., by diffusive processes).

The situation is quite different when the inverse
relations are satisfied (i.e., the retardation due to
U-processes is insufficient to provide the gas immobil-
ity). In such cases, heat transfer is caused by the
motion of phonon gas as a whole. This mechanism is
implemented when N-processes dominate.

It should be noted that, under real conditions,
some other factors decelerating gas motion occur
along with U-processes (for example, lattice defects,
impurity atoms, polycrystalline structure, etc.). These
factors produce approximately constant retardation in
the entire volume of the solid; thus, if gas moves, its
velocity is constant across the flow. The mean free
path characterizing retardation of the flow under these
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conditions is /. It takes into account all factors in the
solid volume that decelerate gas motion due to the
action of temperature gradient. Another factor retard-
ing gas motion is phonon scattering from the bound-
aries of a small solid. An example is heat transfer along
nanowires with diameter d. In such cases, /; ~ d, and
phonon-gas flows similar to Poiseuille flows of con-
ventional gases in tubes arise, provided that the
momentum loss due to the retardation at boundaries
dominate.

DIFFUSIVE HEAT TRANSFER

It follows from the Fourier law that the problem of
heat transfer in the diffusive regime is reduced to the
determination of phonon-gas thermal conductivity K.
Analysis of the transport processes in phonon gas is
performed in a similar way as for conventional gases:
based on the kinetic equation [10, 11]. The diffusive
regime is implemented in macroscopic solids at rather
high temperatures. The further presentation concerns
heat transport in bulk three-dimensional solids.

The Boltzmann equation is written for the non-
equilibrium distribution function N = N,(,1,k),
which is determined by solving this equation. Here, ¢
and r are, respectively, time and space variables and g
indicates the wave type. Low-frequency acoustic elas-
tic waves of three types propagate in bulk three-
dimensional solids: one longitudinal wave (LA) and
two transverse waves (7A4) [16]. This circumstance
results in low-frequency spectrum of phonon frequen-
cies. High-frequency optical waves also propagate in
solids; however, they do not make significant contri-
bution to the thermal conductivity because of low
group velocity and, therefore, are generally disre-
garded. The kinetic equation has the form

a_N+ ua_N
ot or

Here, the wave group velocity u = Bw/ak deter-

mines the phonon velocity and S#(/V) is the operator
of quasiparticle collisions.

Further analysis is carried out within the ideal-
crystal approximation where mutual phonon interac-
tions are assumed to be the only type of phonon inter-
actions. The collision integral in the kinetic equation
takes into account three-phonon interaction pro-
cesses. Processes involving four or more phonons are
disregarded because their contribution is negligible.

As was noted above, the number of particles in
phonon gas is not retained; however, the total energy
is conserved within the ideal-crystal approximation.
Therefore, using the conventional procedure of reduc-
ing the Boltzmann equation to the system of conserva-
tion equations (multiplication by particle energy 7®
and integration from 0 to ®,,,,, ), we obtain for the gas-
energy equation (® and k are related by the dispersion
relation oxk))

= SHN).
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dk _
Zg:jtht(N)(zm3 -0,

Here, the summation is over the aforementioned
longitudinal and transverse waves (they are also
referred to as polarizations). As a result, we have the
energy equation in the form

9E | divg =0, (5)
ot
where E is the specific internal energy and q is the heat
flow density:

E:Zjth

Let us consider the solution of the equation in the
region of relatively high temperatures in macroscopic
solids. Under the action of temperature gradient, pho-
non gas acquires an excess momentum directed oppo-
site to the temperature gradient. However, the rate of
U-processes of phonon interaction is high in this tem-
perature region, which leads to the suppression of the
directed momentum of phonon gas: it remains immo-
bile. With the other reasons (lattice defects, impuri-
ties, etc.) absent, momentum loss in collisions of pho-
nons is the only factor determining the thermal resis-
tance of a solid. Under these conditions, heat
transport is determined by the processes of quasiparti-
cle diffusion proceeding from the Fourier law:

q = —x.VT. The problem is reduced to derivation of
the expression for thermal conductivity. In this case,
the simplified expression for the collision operator in
the kinetic equation, which is sometimes referred to as
T-approximation, is generally used [11]:

d’k d’k
okl ZjhmuN(zn)3. (6)

SH(N) = M.

Here, N, is equilibrium distribution function (2)
and T is the relaxation time. This time generally
depends on ®. However, when solving the kinetic
equation, the so-called “gray” approximation, which
does not take into account the dependence T(w) but
uses its averaged constant value, is applied in some
cases. Within this approximation, taking into account
the temperature gradient, this equation has the follow-
ing form:

a_N+(u.VT)8_N:M‘
ot oT T

In English-speaking literature, such equations are
generally referred to as the Boltzmann transport equa-
tions (BTE).

The stationary problem is solved within the linear
approximation of small deviations of the distribution
function from the equilibrium one. The degree of
smallness #n of deviations of the distribution function
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from the equilibrium function is easily written by com-
paring the function norms: |N — N| = || < |N,|.
Specifically parameter # determines the thermal con-
ductivity of phonon gas. Under these conditions, the
initial collision integral is transformed into the linear-
ized collision integral S{(N) — [(n) = —n/ 1. Further
simplification of the Boltzmann equation is reduced
to replacement of N /0T with ON, /0T . We have

N n
VrH—/22=-2=.
( )E)T
Hence,
oON
=—1u-VT)=—=.
n T(u )BT

Here, all parameters (except for temperature) are
functions of the wave vector k. Substituting » instead
of N into the above expression for heat flow q, we
obtain (summation is over the types of waves propa-
gating in the solid)

IN, d’k
9T 2n)®

a=-) [ho,7,@, -VT)u
4

The temperature gradient is taken outside the inte-
gral sign. Then the previous expression is reduced to
the Fourier law

q=-x.VT,

where the thermal conductivity k_ is determined by
the formula

1 2 0Ny I’k 1 d’k
= — h —0 = - C l ) 7
Keo 3 Eg I OJng’C 3 (27-5)3 3 gg I u (21‘[)3 ( )

Clw) = h(o(dN 0 / d T) is the specific heat per unit vol-
ume, u is the speed of sound, and / = u7 is the phonon
mean free path.

The following formula is often used for simple esti-
mations within the Debye approximation:

k. = Lcul,
3

where all parameters are averaged over the entire pho-
non spectrum from zero to m

max-*

MODELS OF THE NONDIFFUSIVE REGIME
OF HEAT TRANSFER

Before we begin to consider the models that are
used for describing the nondiffusive regime of heat
transfer in nanostructures, we note one specific fea-
ture of the physics of these phenomena: in many cases,
the character of heat transport and, correspondingly,
the effective thermal conductivity depend on the heat-
flow direction. This fact necessitates the development
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of models for determining x.s, which radically differ
from each other depending on the heat-flow direction.

Let us clarify the physical meaning of these differ-
ences by an example of nanofilm [13]. When heat
propagates along the surface of a film with large
Knudsen parameter, a phonon-gas flow occurs simul-
taneously in the same direction [13, 38]. The hydrody-
namic component plays an important role in this case.
As will be shown below, under these conditions, N-
processes of phonon interaction generate a part of heat
flow in close connection with the processes of scatter-
ing at boundaries. The U-processes and phonon inter-
actions with lattice defects naturally make a particular
contribution.

When heat propagated across the film surface, no
gas-dynamic flow is formed, and the problem of heat
transport can be solved by only using kinetic methods.

Accordingly, there are two groups of models. The
models describing longitudinal transport include
hydrodynamic [21—24] and thermal-mass [25] mod-
els, as well as kinetic model [26—29] which uses mod-
ified expression of classical thermal conductivity (7)
and thus takes into account the shape and sizes of the
object under study. The models describing transverse
transport include diffusive—ballistic [30] and radiative
phonon [8] models.

Differences of the mechanisms and, correspond-
ingly, methods of analysis of nondiffusive heat transfer
from each other and from the classical diffusion mech-
anism are discussed below. The models that analyze
longitudinal heat transport are first discussed.

As the first example, we consider the so-called
hydrodynamic mechanism, found theoretically about
50 years ago [17—22, 24] as a result of accurate solution
of the Boltzmann equation (see also [39]), as applied
to Kn >1 and low temperatures. The hydrodynamic
macroscopic system of equations including the energy
and quasi-momentum conservation equations was
obtained for phonon gas in [21, 22]. The solution of
this system of equations makes it possible to determine
the effective thermal conductivities of nano- and
microstructures [9, 23]. The kinetic equation is initial
for deriving this system of equations. Two factors facil-
itate the occurrence of the hydrodynamic regime of
heat transfer. First, low temperatures (on the order of
several kelvin). Second, small sizes of solids (below 10
um at about 300 K).

It was shown in the previous section that the hydro-
dynamic regime of heat transport is implemented
when the pressure gradient due to temperature inho-
mogeneity affects phonon gas more strongly as com-
pared with retardation caused by various interactions
of quasiparticles with the lattice.

When the case in point is low temperatures, the
transition to the hydrodynamic regime is due to the
exponential decrease in the rate of U-processes with a
decrease in temperature to several units of kelvin.
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Concerning small sizes, the decrease in the rate of pro-
cesses retarding the gas is due to the increase in the
number of ballistic quasiparticles that do not interact
with the lattice and to the significant deviation of the
distribution function from equilibrium.

The importance of theoretical predictions of the
aforementioned studies is that they were confirmed
experimentally for both relatively large samples (on
the order of several centimeters) at several kelvin [20]
and nanostructures at room temperature or higher
[40]. Thermal conductivity of small samples does not
equal large three-dimensional solids. Therefore,
instead of the thermal conductivities of macroscopic

samples K, given in handbooks, the so-called effective

thermal conductivities K., which are smaller and
depend on sample sizes, are introduced. These depen-
dences have a complex form; however, power-law
dependences (1) can be used within relatively small
ranges of variation in the sizes.

Let us first consider the physical meaning of the
nondiffusive mechanism of heat transfer. As previ-
ously, an ideal crystal, which has no impurities,
defects, and other factors inducing phonon decelera-
tion, is investigated in the first approximation. When
considering longitudinal heat transfer in films and
wires, the main factor causing nondiffusive transport
is phonon scattering at boundaries. Since the mean

free path /_ significantly exceeds the film thickness or
wire diameter, a part of phonons are ballistic (i.e., they
propagate from one boundary to the other without
collisions). Diffusion and specular phonon reflections
from boundaries are considered. Diffusion phonon
scattering at boundaries reduces significantly the
effective mean free paths and effective thermal con-
ductivities upon a decrease in nanosizes of the corre-
sponding objects in comparison with macroscopic
samples made of the same materials. The resulting
heat-transport mechanism is a phonon-gas flow along
the nanostructure. In the case of transverse heat trans-
fer, a decrease in the nanosizes also facilitates the
increase in the fraction of heat transfer via ballistic
mechanism.

We return to specific features of longitudinal heat
transport. If the gas-dynamic regime is implemented
under the corresponding conditions, there is a pho-
non-gas flow with the kinematic viscosityat u =/, (u)

({u) is the mean wave group velocity). This means that
a close-to-Poiseuille phonon-gas flow arises in the
sample [23, 38]. In such cases, N-processes actively
participate in the formation of profile of the phonon
flow velocity; therefore, they determine an important
parameter: mean gas-flow velocity. The mean pho-
non-flow velocity depends on the phonon-gas viscos-
ity, i.e., on /. If the condition /,, > L is satisfied, the
free-molecular regime of strongly rarefied gas flow is
implemented [41]. Concerning the heat-transfer char-
acter, we can say that the diffusive—ballistic mode is
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implemented. Thus, the heat transport is due to the
phonon-gas motion as a whole with some mean veloc-
ity V.

It follows from the aforesaid that macroscopic
energy and quasi-momentum conservation equations,
taking into account the specific features of phonon
interactions with each other and with the lattice of a
solid, should be derived to determine heat transport
within the hydrodynamic approximation. This prob-
lem can be solved proceeding from the Boltzmann
equation. To this end, first, one should accurately
write the collision operator in the kinetic equation tak-
ing into account N- and U-processes. Second, one
should conventionally reduce the kinetic equation to
the system of hydrodynamic equations of energy and
quasi-momentum. There are different performance
versions of these procedures [21, 22, 24, 39]. Below,
we will briefly describe the last version [24].

Derivation of the energy equation from kinetic
equation (5), (6) was earlier presented. To obtain the
quasi-momentum conservation equation, we should
find the solution to the Boltzmann equation that takes
into account three-phonon interaction processes. As
usual, the linear approximation is used; therefore, the
desired distribution function N(z,r,Kk) is presented in
the form of the equilibrium distribution function
Ny(T',w) plus small correction » taking into account
the specific features of this regime. Since the case in
point is gas-dynamic flow, the correction takes into
account velocity V of the phonon flow as a whole.
Therefore, argument ® of the distribution function is
replaced with ®—k - V. At rather small V values, the
nonequilibrium distribution function can be written as

o .

In the general case, it is convenient to introduce
desired small corrections :

JdN,
Ny(N, +1
J0 X = No(N )(kBT]
According to (8), x = kV.

Then the Boltzmann equation within the station-
ary approximation has the form

a# = Iy + 1,00, ©)

Nw-k-V)=Ny-k-V

n=-—

u-vr

where u = 80)/ dk is the group velocity and 7, ()), and

1, () are the linear operators acting on ¥ taking into
account phonon interaction. Here, the collision inte-
gral is divided into parts that separately take into
account normal processes (/,) and umklapp pro-
cesses (/). As usual, each of the operators is a differ-
ence between the number of processes per unit time,
which lead to the occurrence of phonons in a specified
state (g,k), and the number of processes, which bring
out phonons from this state. The parameters deter-
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mining the linear nonequilibrium components of the
distribution functions can be written as

X=%Xnv T Xvus

where ¥y =k -V and 7y is the part of the correction
to the distribution function that takes into account
umklapp processes. Within the approximation under

consideration, ¥, << % y; accordingly, for the interac-
tion rates, we have v, < v . We write
InQO) =InQy +X0) = InQUN) + InQOw) = In(w),

because /5 (y y) = 0. Similarly,

Ty =TyQUy +Xo) = LuQUn) + Ly w) = L)
because 1, (y,) < I,(x ) due to the aforesaid.
As a result, the Boltzmann equation has the form

u-VTaN0
oT

=IyOw)+ Ly(n)-

Afterward, to obtain the quasi-momentum conser-
vation equation, we multiply all terms of this equation

by 7k, integrate over d 3k/ (275)3, and sum over all
polarizations (longitudinal and transverse) of the pho-
non spectrum. Since normal processes conserve the
total quasi-momentum, the integral of 7, () ) turns to
zero. The result of integration is reduced to the quasi-
momentum conservation equation

Ny d ke k ZI U(XN)

oT (2m)

The left-hand side of this equatlon determines the
process of formation of the phonon-gas flow under the
action of temperature gradient and, therefore, pres-
sure gradient; the right-hand side establishes the resis-
tance to its directed motion caused by the presence of
U-processes. Therefore, the last equation determines

the unknown velocity V. After substituting x y =k -V
into the last equation, it takes the form [24]

BVT =—v,B,7V,

where v, is the umklapp collision rate and 3, and 3,
are determined by the expressions [24]

d 3aT ZI (2 )3 ’
TV, = —@jkm )

We find the phonon flow velocity V at a specified
temperature gradient from Eq. (10). The physical
meaning of the term on the right-hand side of the
equation is obvious: it means the flow retardation due
to the action of only U-processes. These processes act
with a constant density in the entire volume of the

ij(u vyr e

(10)
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solid, and the scattering at boundaries is not taken into
account here.

Equation (10) is valid for large samples, in which
the friction between gas and boundaries is disre-
garded. However, when the phonon-gas flow in
nanowires and nanofilms is under consideration, it is
necessary to take into account phonon scattering at
surfaces. This scattering leads to the flow retardation
by a wall, as a result of which inhomogeneous trans-
verse velocity distribution is formed due to the pres-
ence of phonon-gas viscosity which must be taken
into account in Eq. (9). This equation for an ideal
crystal with the presence of phonon scattering at
boundaries can be written as

By
—VT =uAvV —v,V.
BT u U

Here, the temperature gradient is directed along
the system axis and the second derivative of velocity
takes into account transverse inhomogeneity of the
phonon-gas velocity along the tube. The kinematic
viscosity of phonons is determined by N-processes
[24]: w =1y (u). In the case of nonideal crystals, it
would be correct to write the last equation in the form

Bl = uA
FLVYT = — ,
Bz u Vv,V

where v ; is the rate of phonon collisions related to the
loss of quasi-momentum. This parameter takes into
account U-processes and events of phonon interaction
with irregularities of the lattice geometry. Note that
the introduction of viscosity term states a nontrivial
problem of formulating the conditions at the boundar-
ies of a solid when solving problems of phonon-gas
propagation in solids [23, 39, 42, 43]. Note the differ-
ence between Eq. (11) and the motion equation of
conventional viscous gas in a tube [44]:

nAV =Vp

(1)

(n is the dynamic viscosity). The physical difference is
that the last term in (11) takes into account the action
of not only surface but also volume retardation on the
phonon gas. This term can be neglected when analy-
zing heat transport, for example, in a nanowire if the

condition u/ R*>v v is satisfied (R is the nanowire
radius).

The expression for the energy flux q transferred by
phonons under the action of temperature gradient is
determined in the same way as and in the previous sec-
tion. Expression (5) is used for q where the correction
to the distribution function # is substituted instead of NV,
in this case, this correction has the form

n=—kv2o_ oy TN,
0 ®waoT
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After substituting this expression into (6), we have

q = TPB,V. Then we substitute V from (10), and the
final expression is written as

q=-«.VT,

where K. =pB; /v vB, is the thermal conductivity in
infinite medium. This result is obtained for relatively low
temperatures. Parameter v, exponentially depends on
temperature; therefore, k., is proportional to exp(e/ T)
[10]. At temperatures above the Debye temperature,
the thermal conductivity is inversely proportional to
temperature [24].

An interesting result is found if energy equation (5)
is written in somewhat different form [24]. We proceed
from the expression for N:

I,

N = No(@) — KV TINy(@)
0w

=N kV
o(®) + o 9T

We substitute the former expression into formula
for E (6) and the latter into the formula for q from (6).

Since the integral of 70kVON,/dw for integration
over all directions k turns to zero, we restrict ourselves
to the equilibrium value of the internal energy:

E, =BT, where B, = aEO/aT. When calculating q,

we take into account that the integral of wuN, also
turns to zero and neglect the term containing VV T
[24]. As a result, we obtain q = 3,7V. Then the energy
conservation equation can be written as
8,97 4 B, TdivV = 0. (12)

ot
This implies that divV = 0 within the stationary

approximation; i.e., the phonon gas behaves like
incompressible gas.

The quasi-momentum conservation equation
within stationary approximation (10) was obtained
above. Now let us take into account the nonstationary
term of the Boltzmann equation. We have the nonsta-
tionary quasi-momentum conservation equation

oV _
BzT§+B,VT = +UAV — v B3,TV. (13)

Two last equations (12) and (13) have the form
found in [24] and are a system of equations for phonon
flow taking into account the friction between it and
the boundary surfaces. However, one can show that
quasi-momentum conservation equation (12) is non-
equivalent to the similar equation obtained in [21, 22]:
the term having the form of V(VV) is not in (12). The
corresponding term taking into account gas compress-
ibility can be taken from the Navier—Stokes equation
[44]. Then, the quasi-momentum conservation equa-
tion has the form

BZT%—‘;+BIVT —u AV+§V(V~V) —VB,7V. (14)
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The introduced terms make it possible to take into
account internal heat release in the material, which is
especially important for calculations of future nano-
electronic circuits.

Using the above-introduced expressions for q, K

and T, =V} and taking into account the estimate

W~ Iy (v), we reduce expression (14) to the following
form:

TR%-'- 4= —k.VT +1yl (qu v q)). (15)

Here, /, and /; are the mean free paths with
respect to N-processes and the whole sum of processes
of phonon-gas retardation in infinite medium, respec-
tively. When a nonideal crystal is under study (i.e.,
when some other mechanisms of phonon scattering
are taken into account along with U-processes),

parameter / is applied instead of /. It is determined
using the known Matthiessen formula ’c}l = z“ci_l;
1

hence, I = Tzvy, (v is the mean speed of sound).
In a general case, the Guyer—Krumhansl (GK)
equations [21] have the following form. The energy
conservation equation exactly coincides with Eq. (5).
The quasi-momentum conservation equation some-
what differs from (15):
12—? =—q-k.VT+/’ (qu +2V(V- q)). (16)
Thus, proceeding from different initial prerequisites,
we obtained two equivalent equations (15) and (16).

Within the stationary approximation, taking into
account energy conservation equation (5) without
internal heat sources, expression (16) has the form

q=-k.VT+/[’V%. (17)

Detailed derivation and analysis of the GK equa-
tions was given in [39].

The presence of the term /°V g is common for the
above forms of quasi-momentum conservation equa-
tions. This term within the Lifshitz—Pitaevskii
approximation is obtained from the viscosity term in
equality (13), which is similar to the Navier—Stokes
equation. This indicates that the solution to these
equations for thin films and nanowires has the form
that is similar to the distribution of velocities obtained
when analyzing Poiseuille flows in rarefied-gas flows
of the corresponding geometries. However, there is no
exact correspondence because of the above compari-
son of the motion equations for conventional and pho-
non gases. The coincidence is possible in the cases
where the friction by walls exceeds the momentum loss
determined by all the other processes.

Note that specifically the last term in (15) and (16)
is responsible for the influence of small samples on the
heat-transport character. It follows from (17) that the
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presence of the last term reduces heat flow in nano-
structures in comparison with solids of large sizes
under the same temperature gradients. In other words,
the presence of the similar-to-viscosity term retards
heat transfer. A decrease in the film thickness or
nanowire diameter leads to a decrease in the effective
thermal conductivity.

The GK system of equations is reduced to the dif-
ferential equation with respect to temperature [39]:

9y 9 (2 3 9T, 3 0T
VT + ZX 2 (VPT) = 9L, 2 971
+5<u>8t( ) I (u) ot +<u>2 or’

This is generalization of the classical heat-conduc-
tion equation, which includes this classical equation
and hyperbolic wave equation (generally referred to as
the Cattaneo—Vernotte equation) [45]. In the Soviet
Union, this equation was derived somewhat later by
Lykov. Furthermore, this equation contains an addi-
tional term including mixed time and space deriva-
tives.

The models of nondiffusive heat transport, mathe-
matically based on the GK system of equations, and
with an equivalent but somewhat different approach
developed in [24], were considered above.

The presented results give radically new knowledge
about heat transfer in solids (in comparison with the
generally accepted classical concepts). However, the
processes providing heat transport in nano- and
microstructures should be considered more com-
pletely. First, the problem of interaction between pho-
non gas and boundaries of a solid must be analyzed.
Second, it is important to know how heat transport is
implemented in a film or wire. These two factors
determine the transport character on the whole. These
problems were analyzed from different points of view
in [23, 29, 39, 42, 43].

Let us first discuss the problem of interaction
between the flow and boundary. It is studied based on
two different approaches. One approach is analysis
using the gas-dynamic model of heat transport. This
approach calls for the formulation of correct boundary
conditions for the phonon-gas flow at the boundaries.
Different versions of boundary conditions and differ-
ent functions were proposed for solving the system of
equations [23, 39, 42, 43]. For example, the GK sys-
tem of equations was used in [23]; therefore, the bound-

ary condition is imposed on the heat-flow value g, . As
is known, the phenomenon of flow sliding at a wall
occurs in rarefied-gas flows [46]. It was proposed in
[39, 42, 43] to take into account flow sliding along the
boundary. For example, the possibility of using the
Maxwell formula was discussed in [39]:

Vw = CA%_;;',

and the more general formula
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2
vy = CAY _ 429

on on’’
Similar analysis was performed in [42, 43].

Furthermore, we will consider the kinetic approach
to the problem of interaction between the phonon flow
and boundary.

One of the first results on this important line of
research was obtained in [26, 27]. The initial formula
for determining thermal conductivity is the expression
yielded by (7) and found in the solution of the Boltz-
mann equation [26] for macroscopic objects

/T
= (k_) e’
h

k123 ! I x 2 dX,
2V ) (e -1
where x = 710/ kT and Vis the volume.
The processes of heat transport in nanowires were

studied in [26]. The effective thermal conductivity is
written as

Keer = Koo — AKeffa

where Ak, is the correction taking into account the
presence of phonon scattering at the nanowire bound-
aries. Omitting the corresponding formulas from [26],
we note that in this model (as in the hydrodynamic
model) the processes of interaction between phonon
gas and boundaries are taken into account. More spe-
cifically, two types of phonon interactions with
boundaries are taken into account. The first type is
specular phonon reflection. The probability of this
reflection type is assumed to be some value p <1.The
second type is diffuse reflection with the probability
1-p.

Determination of the thermal conductivity requires
calculation of relaxation time T. The following pro-
cesses of phonon scattering were taken into account in
[26]: U-processes, phonon scattering by impurities
with mass M, scattering at boundaries, and electron
scattering. The corresponding times between colli-

sions are calculated for each of these processes: T,

Ty, T, and 7,, .. According to the Matthiessen rule,

the desired timeis Tt =1, + Ty + T + T;,',_e. Quan-

tum confinement, which is significant in the cases
where phonon wavelengths are comparable with the
wire diameter, was also taken into account. As is
known, this effect reduces the wave group velocity
and, accordingly, thermal conductivity. The depen-
dences k.(T) and k.(p) were calculated. At 300 K,
the thermal conductivity is more than 150 W/(m K)
for a macroscopic silicon sample, whereas, for a
nanowire 20 nm in diameter, taking into account the
above factors, the thermal conductivity at p =0 is

about 15 W/(m K). Analysis of the dependence k. (p)
showed that the increase in p leads to an increase in

ks (this is obvious). However, the transition to p =1
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does not provide coincidence with k_ because of the

influence of quantum confinement. For p =1, the
thermal conductivity is 110 W/(m K) at 300 K.

In [47], the analysis was also performed based on
the kinetic theory. Here, investigation of the problem
is focused on statistical analysis of interactions
between quasiparticles and the boundary. The proba-
bility p of specular phonon scattering at the boundary
surface is also introduced. It was revealed that the con-
dition /, > L does not ensure ballistic transport. The
reason is the same as in the previous example. Fur-
thermore, parameter p in the used approximation is
not constant but depends on roughness M (nm).
According to Soffer [48], this relationship has the form

plk) = exp(—4k2n2). It is clear that the thermal con-
ductivity decreases with an increase in 1 and vice versa.
Thus, not only the size of the sample but also the quality
of its surface affects the thermal conductivity.

The next important problem is to determine frac-
tions of the ballistic and diffusive regimes in the total
heat transport. This question was considered in detail
in [47]. The consideration is based on the kinetic the-
ory. The expression for thermal conductivity is in fact
the same as that yielded by the solution of Boltzmann
equation (6):

_ 1 2
Kerr = @;jks(hw,/km

exp(h/kgT)
[exp(h(o/kBT) —1]

The structure of this formula is the same as (7):
there is the product of specific heat, mean speed of
sound, and mean free path under the integral. How-
ever, the fundamental difference is that /_ is used as
the mean free path in (6), whereas in formula (18)
parameter /;(k) is used, which takes into account
interactions with phonons and scattering at boundar-
ies and lattice irregularities. Therefore, the expression
for /;(k) considers all these factors [49]. As a result,
thermal conductivity is calculated taking into account
the shape and sizes of the body under study. In [47],
this body was a silicon nanowire.

The analysis begins with the regime where interac-
tions of phonons inside the body can be neglected
(i.e., when they are scattered only at the boundaries).
This is the purely ballistic heat-transport regime (the
so-called Casimir limit). It is interesting that there are
hardly any N- and U-processes in this regime. Accord-
ing to the above-said, the condition Kn =/ / L>1is
not a rigorous criterion for ballistic transport. The
more accurate expression is [47]

(18)

u (k) ,(k)Cos’0dk.

1-exp(-L/L.)=Kn™ <1-p.

The most important factors determining the ballis-
tic heat-transport regime are the sample size (nanow-
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ire diameter, film thickness, or nanotube length), tem-
perature, and surface roughness. Furthermore, we
present calculations of thermal conductivity K from
formula (18) at specified p and 1 values in the ranges
of temperatures T from 0 to 300 K and nanowire
diameters d from 10 nm to 1 um. Casimir thermal

conductivity K is simultaneously calculated using
the specially determined Casimir mean free path
I-(k). The results of these calculations allow one to
determine the ratio k. /(d,T, p,n), which is a frac-
tion of ballistic transport in the total heat flow. The
ratio K /x(d,T, p,n)), which is a fraction of diffusive
transport in the total heat flow, is determined in a
similar way. We present a numerical example of the
calculations. At a given roughness of 1 = 0.2 nm, bal-
listic transport occurs at 7' < 140 K when d <10 nm
and at lower temperatures (7'< 20 K) whend <10 um.

Thus, the quite complete analysis of heat transfer in
nanostructures is not reduced to the solution of one
system of equations but requires comprehensive study.

The models of non-diffusive heat transport, math-
ematically based on the GK system of equations, and
equivalent but somewhat different approach devel-
oped in [24] were considered above.

Recently, a new approach has been proposed, the
results of which are similar to the GK model concern-
ing the mathematical content and calculated data.
Nevertheless, it is of independent interest [45, 50].
The results obtained in these and some other studies
were referred to therein as the thermal-mass model.
This name indicates that authors proceeded from the
conventional hydrodynamics for media consisting of
particles with a finite mass. This was achieved due to

the Einstein relation £ = mc’. As the gas-dynamic
model, this model is macroscopic. Thermal conduc-
tivity is modeled by a gas having mass density and
flowing through a porous medium. A change in the
mean free path /; is interpreted as the change in the

porosity of the medium, whereas a change in /,, is due
to the change in viscosity. A set of calculation data was
obtained based on this theory which is well consistent
with experimental [32, 51] and calculation data found
proceeding from some other results [52].

Another approach was formulated in [53], where
the separate expressions for the kinetic (diffusion),
Kyin» and collective (hydrodynamic), x..,, compo-
nents of the total thermal conductivity K were
obtained. These three values are related by the follow-
ing expression:

K= Kyjn (1= 2) + Koo 2,

T =Tp/(Tp+Ty).

The models describing longitudinal heat transport
in nanostructures were considered above. Below, we
will briefly discuss the models that were developed for
determining characteristics of transverse heat trans-
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port. One of the first related studies is [30], which was
based on the solution of the Boltzmann equation. The
distribution function is assumed to consist of two
parts: ballistic and diffusive. The ballistic part includes
phonons moving in a certain direction from one
boundary (with which they have collided) to the other.
The remaining phonons enter the diffusive part (the
phonons that were created or scattered at internal
points of the sample).

A model of transverse heat transport was proposed
in [34], which is based on the use of the Boltzmann
equation. The collision term of the equation is taken in
the form

N-N; N-Np
Tr TN .
Here, the first term takes into account phonon

scattering, while the second term takes into account
N-processes. As a result of the solution, we determine

deviations from the equilibrium functions N, and
Np, which have the form
1

1
exp (h—w] -1 exp (—hw — hku] -1
kgT kgT
A radiative phonon model was proposed for study-
ing ballistic heat transport [8]. The essence of this
model is as follows. The formulas for equilibrium radi-
ation of planes that limit the nanofilm and have differ-
ent temperatures are written. In contrast to conven-
tional problems of electromagnetic-wave radiation,

the Planck function is integrated from zero to m

SHN) = -

Npg Np =

max*

RESULTS OF THE NUMERICAL
CALCULATIONS

Let us first consider how the problems of heat
transfer are stated for macro- and nanoobjects.

In the cases where the condition Kn =/_ / L <1lis
satisfied (i.e., when the Fourier approximation pro-
viding classical diffusive heat transport is applicable),
the main theoretical problem is to determine thermal
conductivity k., for specified microscopic structure of
material. For a certain material, this parameter
depends on temperature but is independent of the geo-
metric characteristics of objects made of this material.
When the approximation of smallness of the number
Kn is not satisfied (i.e., Kn > 1), the problem is to
determine effective thermal conductivity K., under
the following conditions. First, as in the case of
Kn < 1, microscopic structure of the material is given.
Second, one should specify the shape of the nanosized
solid. Third, the sizes of this solid should be set.
Fourth, it is important to take into account the heat-
flow direction because the properties of nanostruc-
tures are anisotropic even at ideal isotropy of the
microscopic structure. According to the calculation
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results [13], the degree of anisotropy of a single-crystal
nanofilm can be as high as 1.8. For nanotubes, it is
important to indicate the chirality (i.e., position of
hexagonal cells with respect to the system axis) and
whether the tube is single-wall or multiwall.

The aforesaid means that, in the general case, the
problems related to studying heat propagation in the
range Kn > 1 are more diverse than those for the range
Kn < 1. As a result, there are many different models
describing heat transport in such systems.

In the relatively simple case of thin films, the influ-
ence of the size can be estimated by taking into
account that the classical thermal conductivity is pro-
portional to the mean free path. Then, for example, if
Kn > 1, we can assume that /(Kn>1)= L. As a

result, we have K.q/k. = (Kn)fl. In the region of
intermediate Knudsen numbers, such estimation gives

Kep _ 1
K. 1+Kn

Currently, there are several such simple relations
concerning different domains of definition of Kn [31].
However, they do not take into account the heat prop-
agation direction. One should bear in mind that ther-
mal conductivity of a nanofilm of a fixed thickness dif-
fers significantly for longitudinal and transverse heat
flows [13]. Therefore, the use of such estimations
yields rather rough results.

Theoretical predictions presented in the previous
sections require experimental confirmation, and the
experimental data should be compared with the results
of numerical calculations. First of all, one should
check in the initial analysis stage if the effective ther-
mal conductivity indeed depends on the sample sizes.
Generally, the case in point is sample sizes on the
order of the phonon mean free path or smaller. As was
noted above, the mechanism of heat conduction
under these conditions radically differs from classical
diffusive heat conduction based on the Fourier law. It
is important to determine the effective thermal con-
ductivity in longitudinal and transverse directions (for
example, if a nanofilm is under study).

Below, we will very briefly consider the main meth-
ods of calculating the effective thermal conductivity,
which are currently most widely applied.

The first one is the molecular dynamics (MD)
method. It is very popular. Accordingly, many inter-
esting results were obtained using it. The dynamics of
lattice of a solid is studied within this method. The sys-
tem of Newton equations is written for each lattice
atom. However, this method has two significant draw-
backs. One of them is high laboriousness, due to which
the results for rather large samples are difficult to
obtain; however, the main drawback of the method is
that the lattice is described using classical mechanics,
whereas the whole theoretical base of thermodynam-
ics and heat transfer in solids is based on the Bose—

(19)

oo
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Einstein quantum statistics. When analyzing pro-
cesses in a solid, one should use Bose—Einstein
quantum statistics (2): N, = 1/[exp (hay/kgT) —1]. In
the classical limit (when the body temperature
exceeds significantly the Debye temperature 7 > 6
and, correspondingly, hw/ kgT < 1), this relation
yields N, = kBT/h(D. Here, the energy of most pho-

nons is 7m ~ k30p. In these limits, the MD method
can be used. As can be seen, this consideration is
valid for sufficiently high temperatures (higher than the

Debye temperature for the corresponding material 6, ).
It is known that for most materials the Debye tem-
perature is lower than 300 K or slightly exceeds this

value [8]; however, O, = 2000 K for carbon. There-
fore, the use of the MD method and classical approx-
imation may lead to errors when estimating thermal
conductivity [36, 54, 55].

Thus, the calculation results for sufficiently high
temperatures (for example, from 300 to 1000 K for sil-
icon) can be accepted.

The second approach is based on the use of the
Boltzmann kinetic equation for heat carriers (pho-
nons). In this case, the solution is performed using
quantum-mechanical methods. The initial distribu-
tion is the Bose—Einstein energy distribution for pho-
nons. Thermal conductivity is determined as a result
of summation over the contributions from different
polarizations. The polarization is considered to be a
wave type. Generally, one deals with acoustic low-fre-
quency waves LA and TA. This makes it possible to
determine relative contributions from different polar-
izations to heat transfer in corresponding objects. The
solution is performed within the linear approximation.

The approximation of the nonequilibrium Green
function is fairly effective for studying heat conduction
of nanostructures. This method was developed for
nonequilibrium Fermi systems by L.V. Keldysh [24]
and then for phonon gas in [56, 57]. This method
allows one to find the exact solution from the first
principles taking into account the quantum-mechani-
cal nature of phonon gas.

The Monte Carlo method was used in some studies
for calculating thermal conductivity of nanostructures
[58, 59].

Let us first consider the studies, in which the
dependences k(L) for nanotubes were investigated.

Numerical analysis of ballistic heat conduction in a
carbon nanotube was carried out in [36]. The tube chi-
rality was not indicated. The investigation was per-
formed based on the solution of the Boltzmann equa-
tion (Boltzmann—Peierls equation, according to the
terminology accepted by the authors) taking into
account finite nanotube size L. As a result, two depen-
dences of the effective thermal conductivity on the
tube length were obtained. One dependence,
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Keff = ALl/z,

corresponds to the conditions where linear dispersion
relations (i.e., Debye approximation) occur. If there is
a quadratic dependence of the frequency on the wave
vector occurs (which is typical, for example, of bend
oscillations [37]), the corresponding dependence has
the form

Keff = AL1/3.

The dependences of the effective thermal conduc-
tivity on the length of a single-wall carbon nanotube were
calculated in [60] by the MD method for two diameter
values and identical chirality: (5, 5) and (10, 10); tem-
perature is 300 K. It was shown that, for the tube

(5, 5), the dependence has the form k.4 = AL in
the range of L from 6 to 404 nm. Notably, k. changed
from 160 to 600 W/(m K). For the sample (10, 10),
thermal conductivity changed only slightly in the
above range of tube lengths. The results obtained yield
thermal conductivity that is much lower as compared
with MD calculations for large samples. In the latter case,
the nanotube thermal conductivity is 1000 W/(m K) or
higher [61].

Note that such power-law dependences k¢ (L) are
valid only in relatively narrow ranges of variation in L.
The dependence k.;(L) that approximately corre-
sponds to (19) is applicable in the entire range from
almost zero to the values, at which diffusive heat trans-
port is implemented (i.e., k..).

Thermal conductivity of nanotubes was numeri-
cally investigated in [55] by the MD methods. In par-
ticular, the influence of the chirality on the thermal
conductivity at a fixed tube length and 300 K was stud-
ied. Calculations showed that this influence is weak.
The tubes of (9, 0), (10, 0), and (5, 5) were considered.
The thermal-conductivity values varied in the range
3—5%. The tube radii were 0.357 nm for (9, 0) and
0.397 nm for (10, 0). Moreover, the influences of the
tube length and temperature were studied. For the
tube of (5, 5) and at 300 K, the tube length was varied
from 2 to 10 nm. The thermal conductivity increased
from 200 to 3000 W/(m K). Accordingly, the effective
thermal conductivity depends on the tube length as

Ko = AL’*. The thermal conductivity of the same
tube at 800 K increases from 400 to 800 W/(m K) with
a change in the length from 10 to 100 nm. In this case,

the following dependence was obtained: K ¢ = AL,
For the tube of (10, 10), we have i, = AL"" at 300 K

and KeffooLO'12 at 800 K. Thus, the dependences
K. (L) significantly differ from each other at high
temperatures and different chirality values.

The dependences of the thermal conductivity of
carbon and boron nitride nanotubes were calculated in
[32] based on the system of equations obtained by the
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authors within the thermal-mass model. The carbon
tube was 1.65 nm in diameter and 3.02 um in length.
The boron nitride tube sizes were 10 nm and 5 um,
respectively. It was shown that the thermal conductiv-
ity increases for both materials. The carbon-tube ther-
mal conductivity increases from 50 to 300 W/(m K) in
the range of 50—500 K. The thermal conductivity of the
boron nitride tube increases from 50 to 350 W/(m K) in
the range of 50—300 K. The calculation results are in
very good agreement with the experimental data.

Let us now consider some results of calculating
thermal conductivity of nanofilms. Note that the ther-
mal conductivity of nanofilms is different for longitu-
dinal and transverse directions. The heat-transport
mechanisms also differ. In the case of longitudinal
heat transport, the retardation of heat transfer is
mainly due to the phonon scattering at boundaries.
The thermal conductivity naturally increases with an
increase in the film thickness. For transverse heat
transport, the thermal conductivity also grows with an
increase in the film thickness because the mean free
path increases.

GK system of equations (15) was used in [23] for
analyzing longitudinal heat conduction. The follow-
ing analytical solution was obtained:

- tanh(0.5Kn™")
1+0.5Kn

It follows from this expression that k. = x,, for
Kn <1. For Kn>1, x4 — 0, which is invalid
because this is the case of ballistic heat conduction.
The solution obtained is in qualitative agreement with
the experimental data obtained by some researchers.
Interesting data on thermal conductivity of nanowires
were presented in [62].

The authors of [38] used the gas-dynamic approx-
imation and, correspondingly, GK system of equa-
tions (15) to determine the longitudinal thermal con-
ductivity of a film. The condition taking into account
phonon-gas flow sliding at a wall was used as the
boundary condition at the wall:

Vs =CL. (Mj _
Bz z=L/2

Here, V is the gas velocity at the film surface, Cis
a constant characterizing the value of gas sliding at the
film surface, and L is the film thickness. The result of
the analytical solution of the GK system of equations
has the form

Eﬂﬁﬂﬂﬁz.L.£j1}+6céﬂ
K 12\7 L]l

Depending on the ratio between two terms in the
square brackets, this dependence is proportional in
limiting cases to the (L/ /) ratio in either the second or
first power. Note that the power-law dependences

Kefr _

K

=

oo
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K5 (L) were obtained for the first time by Gurzhi in
1968 [19]. It is interesting that his results exactly coin-
cide with those presented here. However, such depen-

dences do not ensure correct K. values in limiting
cases.

The results of calculating the longitudinal and
transverse thermal conductivities of a silicon nanofilm
were presented in [34]. The longitudinal thermal con-
ductivity was determined using the momentum con-
servation equation from the thermal-mass theory

Wi VT = (o) + =L Ey (o),
Roo

Here, z is the axis oriented normal to the film sym-
metry plane with the coordinate origin on this plane.

The transverse thermal conductivity is determined
by solving Eq. (19). The obtained values vary from 5 to
140 W/(m K) with a change in the film thickness from
1 to 100 nm. The ratio of the transverse thermal con-
ductivity to the longitudinal changes from 1.84 to 1
with a change in the film thickness from one to thou-
sand nanometers.

Unfortunately, as in the other mentioned studies,
the temperature, for which the calculations are per-
formed, was not reported.

Below, we will consider the results of numerical
investigations of heat transport in nanowires. A series
of calculations of the nanowire thermal conductivity
in the range from 1 nanometer to 100 um were carried
out in [62]. The calculations were performed using the
solution of the Boltzmann equation for thermal con-
ductivity with phonon scattering at boundaries accu-
rately taken into account (see also [47] for nanofilms).
The following results were obtained. The dependences
of the thermal conductivity of nanowire on its diame-
ter were obtained within the approximation of con-
stant probability p of specular phonon scattering at the
wire surface. The p values of 0.0, 0.5, and 0.9 were
taken. The obtained dependences are similar to the
dependences for nanofilms depending on their thick-
ness. The diffusive regime of heat conduction occurs
at the wire diameter of =100 um.

In addition, calculations of the so-called cumula-
tive (accumulated) thermal conductivity were also car-
ried out in this study. The results of these calculations
descriptively show the contributions from different
portions of the phonon spectrum to the resulting ther-
mal conductivity. The calculations were performed for
temperatures of 20, 50, and 300 K. It was shown, for
example, that these dependences at 300 K almost
coincide for the diameters of 10 nm, 100 nm, and
1 um. Furthermore, more than 90% of heat transfer
occurs in the wavelength range from about 1 to 10 nm.
For temperatures of 50 and 20 K, 90% contribution to
the thermal conductivity is obtained in the phonon
wavelength range up to 30 and 40 nm, respectively.
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Thermal conductivities of ten semiconductors
(AsGa, InP, AISb, GaSb, InAs, InSb, ZnS, ZnSe,
ZnTe, and CdTe) were calculated in [63] at 300 K in
the wire diameter range from 30 nm to 10 um. The
authors obtained some generalized dependence for
these materials at the nanowire diameter of 30 nm:

X —+n)?.
K

oo

Here, r = M,/Mh , M, is the smaller mass of ele-

ments entering the semiconductor, and M, is the
larger mass.

An analytical solution for x4 as applied to nanow-
ires was obtained in [23] based on the GK system of
equations. It has the form

Keir _q_ 4Kn’1,(0.5Kn"")
- 1+ Kn/Z,(0.5Kn™")

SOME EXPERIMENTAL DATA
ON THE PROCESSES OF NONDIFFUSIVE
HEAT TRANSFER

Phenomena of nondiffusive heat transfer in solids
were theoretically predicted long ago [18, 19, 64]. The
main analytical expressions that relate ., with 7and
characteristic size L were obtained in these studies for
the first time. However, the complexity of the corre-
sponding processes induced a need in not only exper-
imental confirmation of these phenomena but also
comprehensive analysis of the influence of geometry,
chemical and phase compositions, and some other
structural features of objects on the heat-transfer effi-
ciency therein.

To date, investigations of heat transfer in low-tem-
perature (with 7'< 10 K) crystalline cylindrical sam-
ples of helium “He [65, 66], bismuth Bi [20], parahy-
drogen [67, 68], and germanium °Ge [69, 70] have
been performed. First, we note some specific features
of the k ; behavior depending on 7 and L. Samples
diameters d, were chosen to be L. It was shown that the
temperature dependences of K .; are nonmonotonic

and have a maximum (3™ at temperature 7}, (see

Table 1). In relatively narrow ranges of 7 and L, the
K. value can be approximated by the function

Ker o< T"L", where n and m are constants. It was
noted that n depends significantly on the ratio between
T and T,,. For example, the values of n = 3 [65—68]
and n = 3.5 [20] were observed experimentally for var-
ious materials at T<¢ T,,, whereas at 7< T,, the follow-
ing values were obtained: n = 6—8 [65, 66, 69, 70], n =
4.5—10 [67, 68], and n = 3.5 [20]. The m values for Bi
at 7< T, were foundtobe =1.2—1.4[20]. At T> T,,, K4
passes through extremum and gradually decreases. In
the limit 7" > T,, differences in the behavior and
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Table 1. Some results of experimental studies on heat transfer in cylindrical (length /,, diameter dj)) crystalline materials at

low temperatures
Measurement . K
I/ d, T,, K eff>
References technique Material 0> CM 0> CM m> KW/(m K) legt (T,,), cm
[20] Stationary Bi below 8 0.15—-0.51 3—4 1-3 —
[65, 66] thermo- He 5.2 0.25-0.6 0.8—1.2 2-5 0.2—0.7
[67,68] | and calorimetry| p,pvdrogen _ 0.6 34 3.4 0.15-0.32

numerical values of K (7") disappear for all the inves-
tigated materials.

Thus, one can separate three main regions in the

Ko (7) behavior depending on temperature; these
regions differ significantly by the characteristic phonon
mean free paths in N- and U-processes, which depend

on temperature [18—20, 67, 68] as [, o< (T/GD)5 and

Iy o< exp(GD/T)(T/BD)S/Z. In the case of extremely
low temperatures, T << T,,, the ballistic heat-transfer
regime is implemented, in which /5 and /;; exceed sig-
nificantly the characteristic object size L. In this case,
the effective phonon mean free path is determined by
the characteristic size of the sample: /4 = L. Thus,
the scattering occurs only at the boundaries of the
material. The following theoretical formula is valid for

K. in the ultralow-temperature limit: K ¢ o< T°L (18,
19, 64]. When the temperature increasesto 7< 7,,, the
phonon-gas motion regime changes to hydrodynamic,
for which the two-sided inequality /y < L < /;; is valid
and N-processes with quasi-momentum conservation
dominate. Here, /. is determined as the distance,
which the colliding phonons pass from one sample

boundary to the other (i.e., /.4 = Lz/lN) [18, 19]. In

this case, the theory [18, 19] yields K o 7°L’, and the
numerical k.. values are larger than those for the bal-
listic regime by a factor of 10—15. With a further
increase in temperature to 7> 7,,, the [y, and /;; values
significantly decrease in comparison with L (/y, </, < L)
[20] and the phonon motion is limited by U-processes,
and /[ = [;. While /; decreases, this circumstance
gradually leads to a decrease in K. The process of
heat transfer becomes diffusive.

To confirm the phenomenon of hydrodynamic
phonon heat transfer, the dependence of the effective
phonon mean free path /(7)) on temperature was
estimated in [20, 67, 68] based on the known depen-

dences ¥ (7') and compared with the corresponding

dependence on L. It was shown that /«(7") increases
with a decrease in temperature, levels off to the plateau

199 oc I at T= T, and barely changes at a further

(max)

decrease in temperature. The characteristic /.y values

may reach 0.15—0.7 cm [20, 67, 68]. This indicates that
at T < T,, the only process limiting the heat-transfer
efficiency is phonon scattering at the sample boundar-
ies. Proceeding from this circumstance and the fact

that the experimental dependences K (7, L) are in
satisfactory agreement with the theoretical data of [18,
19, 64], the authors of [20, 67, 68] made a suggestion
that the hydrodynamic phonon-motion regime can be
implemented in the investigated objects at T< 7,,.

It is interesting that the absolute k. values
strongly depend on the existing impurities and struc-

tural defects. For example, the k., value for °Ge
crystals with the degree of purity 0f 99.99% is larger by
a factor of 2.5—3.0 than that for "°Ge with the degree
of purity of 96% at an identical temperature [69, 70].
This is caused by the efficient (for the more contami-
nated sample) phonon scattering from impurities.

The possibility of deviation from the diffusive
mechanism of heat propagation in solids of small sizes
(comparable with the phonon mean free path) was
predicted for the first time in [71]. The influence of
roughness on the heat transport in the cases where the
scattering at boundary surfaces of small samples is sig-
nificant was also discussed in this study (see also [48]).
These objects include [72], for example, nanotubes,
nanowires, thin films, superlattices, etc. For a long
time, investigation of the thermal properties of such
systems has been difficult because of the absence of
corresponding techniques. However, currently the
number of studies on this line of research constantly
increases due to the development of the experimental
techniques [3].

It should be noted that heat transport in small-size
objects (with the characteristic sizes of no more than
10 um) differs from that in bulk objects of the same
chemical composition. The thermal properties of bulk
crystalline solids are mainly isotropic. However, this
does not hold true for small-size objects, where
anisotropy of K is caused by anisotropy of /. due to
the significant difference between the object sizes,
structural features, etc. [73]. Therefore, it is customary
for thin films, for example, to separate the transverse

(across their surface area), K., and longitudinal

(along the surface area), K., effective thermal con-
ductivities. Notably, the experimental techniques for
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Fig. 1. Comparison of the experimental data on the depen-
dence Kefp) / K. forsilicon films on their thickness L [73, 77—
79] with (1) theory [82] and dependences for the (2) ballistic,
B = 1, and (3) diffusive, B = 0, regimes of heat transfer.

determining these values may differ significantly [40,
73, 74].

In one of the earlier experimental studies [40], the
transverse thermal conductivity of thin SiO, films with
a thickness of 10~2—1.0 um was investigated by calori-
and thermometry methods from 300 to 460 K. The
films were prepared by thermal oxidation of Si sub-
strates. Doped SiO, films containing 3.0% B and 4.5%
P were synthesized by chemical vapor deposition to
analyze the influence of impurities on K., . It was
experimentally shown that k., depends on the char-
acteristic size L (film thickness in this case) as

Kegr) o Lﬁ, where 3 is constant, which was not deter-
mined numerically in the study. The authors believed this
dependence of k¢, on L is caused (as in [20, 65—68]) by
the surface phonon scattering at the Si—SiO, interface
and the influence of this scattering on the heat-trans-
fer efficiency. The characteristic K., values for the
investigated films were 4 x 103—0.5 W/(m K) (at 373 K),
which is much lower than the thermal conductivity of

a bulk quartz sample: ¥, = 1.38 W/(m K) [75]. It was

established that ., for the doped films is smaller
than that for the undoped SiO, sample by a factor of
2.0—3.0 because of the additional volume phonon
scattering from impurities. It was experimentally
shown that temperature affects k., for thin SiO,
films. For example, the k.4, values decrease by a fac-
tor of 1.5—2.0 with an increase in temperature from
300 to 460 K.

The development of microprocessor technology
required thorough investigation of the heat-transfer
processes in thin semiconductor films deposited on
dielectric substrates. These objects include thin Si
films on SiO, wafers, which are referred to as silicon
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on insulator (SOI) [76]. A number of studies [73, 77—
80] were devoted to thermal properties of such objects,
in which the longitudinal thermal conductivity K. of
Si films was investigated.

The behavior of K. for silicon films with thick-
ness L = 0.02—1.6 um in SOI (SiO, layer thickness is
about 3 um) was analyzed in [77—80] using calorime-
try methods at 20 to 350 K. In these studies, stationary
sample heating by Joule’s heat was applied and tem-
peratures were measured at different points of the
samples using heat resistances. As a result, the law of
change in temperature [81] along the film surface was
determined, which was used to calculate K,.g,. Some
techniques have recently been developed, which are
based on contactless determination of the dynamics of
thermal fields in Si membranes and films by the meth-
ods of laser-induced nonstationary thermal gratings
[74] and thermal-reflection measurement [73]. These
methods are based on nonstationary heating of objects
with subsequent laser probing of their surfaces and
analysis of the laser-radiation characteristics. These
diagnostics techniques (in contrast to the above-con-
sidered contact methods) yield information about the
dynamics of heat processes in thin Si films.

Having summarized the data of [77—80], we should
note that there is deviation from the diffusive heat
transfer for almost all thin Si films investigated in these
papers. The degree of this deviation (quantitatively
expressed as the K / K., ratio) is mainly determined
by the thickness and temperature of the film. Figure 1
shows experimental points of the dependence
Kesryy (L) / K., atroom temperature and the corresponding
data obtained from theoretical estimations [82]. It was
shown that the theory is fairly well confirmed by the
experiment for almost all considered L values. The esti-
mations predict rather complex behavior of g (L).

This indicates that the dependence K. (L) o< 1* should
be considered as a piecewise-specified one, and the
values are determined by film thickness L. Thus, the
cases of B~ 1 and § = 0 can be considered as examples
of, respectively, ballistic and diffusive mechanisms of
heat transfer. In this context, we can state that at L <
1.0 um (see Fig. 1) and room temperature the heat-
conduction efficiency is limited almost entirely by
phonon scattering at the boundaries of a solid, and the
energy-transfer process is ballistic.

The found dependence K, (L) makes it possible to
estimate the effective phonon mean free path as
legr = 1.0-2.5 um (under standard conditions). It was

proposed in [74] to consider / ¢ as the mean free path
of low-frequency phonons, because specifically they
are characterized by maximum values. It was noted that
these estimates exceed significantly /. = 0.04 um, a
value determined based on the simple gas-kinetic the-
ory [83], in which the contribution from phonons of
this type was neglected. As analysis showed [74], there



452

KHVESYUK, SKRYABIN

Table 2. Some results of experimental studies on longitudinal thermal conductivity &g, of thin silicon films with thickness L

References | Measurement technique L, um T,., K ker?fa”", W/(mK) | leg(T = 300K), um B
(731 | hermal-reflection 0.068—0.258 - - -2 0.564
measurement
[74] Laser—mduced nons.ta- 0.4 _ _ ~1.0-2.5 B
tionary thermal gratings
[79] and calorimetry 0.42—1.6 70—100 110—130 ~1 0.306

is only scarce quantitative information about the
influence of structural features (impurities, defects,
etc.) on /¢y and, accordingly, the efficiency of heat
transfer as a whole.

Studies [77—80] made it possible to establish the spe-
cific features of the influence of temperature on K. It

was shown that the qualitative behavior of k¢, (7') is also
nonmonotonic (as in the above-considered case of
bulk samples at low temperatures). It is interesting to
note that, in contrast to bulk crystalline solids at low
temperatures for which the ballistic heat-transfer
regime is implemented at 7<% 7,, [18, 19], in the case of
the considered thin Si films, these phenomena may occur
at 7> T, as well. As was noted above, this is due to the fact
that their thickness is sufficiently small to satisfy the con-
dition /, < L < /. To compare the data obtained by differ-

ent authors, the 7;,, k", /.y and P values for thin Si
films at room temperature are listed in Table 2. It was
shown that for Si films with thickness L = 0.02—1.6 um

the maximum of K(er}}ﬁx) = 2.0-130 W/(m K) is observed
at T,, ~ 70—110 K. The [ values were determined by pro-
cessing the data of [73, 77—79].

Description of another promising method of ana-
lyzing heat-transfer processes in thin metal films and
the obtained results were presented in [84]. Heat con-
duction of the system composed of thin nickel strips
(width 0.02 um, length 0.12 um, and thicknesses L
from 0.065 to 2 um), deposited parallel to each other
by electron lithography on transparent sapphire or
fused 0.8-um-thick silica substrates, was investigated
in this study. This method is based on determination of
thermal resistances of two-layer (metal film—dielec-
tric substrate) systems by investigating specific fea-
tures of the dynamics of surface acoustic waves arising
in metal films upon their pulsed laser heating.

The transverse coefficients of thermal resistance
were determined in [84] based on the mathematical
processing of experimental results. It was shown that
the substrate material affects significantly the heat-
transport characteristics. A small deviation from the
Fourier law is observed for the quartz-glass substrate
at L <£0.1 um, whereas for the sapphire substrate it is
pronounced at larger L values (L < 1.0 um). The

authors related this behavior of the thermal resistance
to the significant difference in the phonon mean free
paths in fused silica (/.; = 0.02 wm) and sapphire
(lefr) = 0.12 um). Note that this work does not contain
analysis of the influence of the thickness of the sub-
strate, its surface roughness, and other parameters on
the deviation from diffusive heat transfer. In addition,
the experimental results were processed using macro-
scopic thermophysical parameters (specific heat,
thermal-expansion coefficient, etc.), which may sig-
nificantly differ for thin films and bulk samples of Ni.

Recently, many experimental studies [85—87] on
heat transfer in nanowires have been performed for
different applications [72].

The data on thermal conductivity of Si and Ge
nanowires obtained by microcalorimetric methods
were presented in [85—87]. In these studies, nanowire
diameters d,, were chosen as the characteristic size L;
these values were L = 0.01—0.115 um at length /, of sev-
eral micrometers. Temperature in the experiments was
varied from 20 to 320 K. Behavioral features of the
dependence of k. on T and L for Si nanowires were
established in these works. It was shown that the rela-

tion K o< 7" is valid for the diameters from 0.056 to
0.115 um at low temperatures (7'~ 20—60 K), which is
in agreement with the theory [18, 19, 64]. When the
nanowire diameter decreases to d, = 0.022—0.037 um,
there are a deviation from the Debye theory and a dis-

persion of values from K4 o< T t0 Kogp o< T' ? As was
noted in [85], this circumstance can be due to the spe-
cific features of phonon—phonon scattering and some
other effects that are significant on such scales. The

experiments showed that the k_; values for the con-
sidered wires are about two orders of magnitude
smaller than those for a bulk sample, which is caused
by the higher efficiency of boundary phonon scatter-
ing [47]. The theoretically predicted thermal conduc-
tivities of nanowires [88] are in good agreement with
the above experimental data.

Interesting objects are nanowires with heteroge-
neous interface [87]. These structures are composed
of, for example, Si core of round cross section with a
diameter of 0.012—0.045 um surrounded by a Ge shell
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Fig. 2. Dependences of k. for different nanowires on
their diameters dy: (/) Si nanowires, (2) Ge nanowires,
and (3) Si—Ge nanowire with heterogeneous interface [87].

with an external diameter of 0.073—0.128 um. The
presence of the Si—Ge interface leads to phonon scat-
tering at not only nanowire boundaries but also this
interface. For example, it was established in [86] that
K5 for heterogeneous Si—Ge wires is smaller by a fac-
tor of 3—4 than that for separate homogeneous Si and
Ge wires at their identical diameters (see Fig. 2).

Nanotubes are unique objects because of their
structure. They are cylindrical objects with diameter
d, and length /; consisting of a rolled monolayer of
material (for example, graphene, boron nitride, etc.).
This structure, in turn, provides almost complete
absence of boundary phonon scattering and high ther-
mal and electrical conductivities [72]. Depending on
the number of monolayers that enter a nanotube, it is
customary to separate single-layer and multilayer

tubes. It should be noted that the x4 value for multi-
layer tubes is smaller [89] than that for single-layer
ones, because of phonon scattering at the boundaries
of monolayers.

To date, the most investigated objects are carbon
nanotubes, some experimental results for which were
given in [90—95]. In these studies, thermal properties
of single-layer carbon nanotubes with external diame-
ter d, = 0.001—0.03 um and length /, = 1—10 wm were
analyzed. The investigations were performed using
techniques based on the application of various thermal
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nanosensors [90, 91], differential thermometry [92],
analysis of /—V characteristics [93], and some other
described methods [94].

It is shown in Table 3 that extrema of k (7") for
carbon nanotubes are observed at close-to-room tem-

peratures (7, = 280—320 K); these extrema are Koy
2.40—4.74 kW/(m K) on average and, in some cases
(max)

[95], may reach even K. = = 9.8 kW/(m K). Thus,
thermal conductivity of carbon nanotubes is much
higher than that for bulk samples of different carbon

modifications. For example, the Kf,}‘}ﬁx) values of the
former exceed by a factor of 5—10 the diamond ther-
mal conductivity (whichis x_ = 0.9-2.3 kW/(m K) at
room temperature) [96].

Analysis of the influence of the sizes of tubes on

their thermal properties showed [96] that /., decreases
with an increase in d, due to the increase in the num-
ber of states (e.g., tube structural defects), from which
phonons are scattered. This circumstance, in turn,

leads to a decrease in k. For example, /. = 2.76 um
and K. =~ 8 kW/(m K) at d; = 10~% um and room tem-

perature, whereas for d, ~ 3 x 107 um, /s = 0.75 um
and K. = 2 kW/(m K).

Another parameter that affects K¢ of tubes is their
chirality [97]. Due to the structural features of tubes of
different chiralities, the amount of heat (and, accord-
ingly, K. ) transferred by the longitudinal and tangent
phonon modes for zigzag configuration [97] is larger
[3] as compared with other configurations.

Empirical formulas for estimating K. at known 7'
and L values were obtained in [93] based on analysis of
the experimental data. Tube length /, was chosen as L.

To conclude, we should note that the main differ-
ence between heat transfers in the cases of small-size
systems and low-temperature macroscopic bodies is
that the phenomenon of nondiffusive energy transfer
for objects with significantly small sizes (L < 10 um)
can be observed at much higher temperatures (up to
room temperature). Another specific feature of heat
transfer in small-size structures is significant anisot-
ropy of thermal conductivity K.. The theory [13]
indicates that this circumstance may lead to different
energy-transfer mechanisms for the same object in
different directions. For example, it was stated for thin

Table 3. Results of experimental studies on heat transfer in single-layer carbon nanotubes

References | Measurement technique | d, 1073 um ly, um T,, K ké‘flﬁ‘x’ kW/(m K) |[legr (T = 300K), um
Measurement and analysis
[93] of IV characteristics 1.7 2.6 280—320 2.5-3.3 —
[91] Stationary thermo- 16 1.89 300-310 1.6—1.7 —
[95]  |and calorimetry 1-3 3-5 280—320 3-9.8 0.25-0.75
HIGH TEMPERATURE Vol.55 No.3 2017
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films that the longitudinal and transverse thermal
conductivities are mainly related to the hydrodynamic
and ballistic mechanisms, respectively. Nevertheless,
the presented analysis showed that there is no compre-
hensive experimental study of these mechanisms and
their efficiencies have not been compared.

Though the investigations are currently quite
intense, there is no complete information about the
specific features of all physical processes implemented
upon ballistic and hydrodynamic heat transfers and
about a transition from the latter regimes to the diffusive
regime. All these problems require further analyses.

CONCLUSIONS

The purpose of this study was to describe the mod-
ern state of experimental and theoretical investigations
in the extremely promising field that has been inten-
sively developed in recent years: nano thermal physics,
which is, in essence, a new line or research in thermal
physics. Of course, only a small part of this field is pre-
sented here, which, nevertheless, shows that physics
and methods of describing heat transport in nano-
structures differs significantly from the classical the-
ory of heat conduction. First, they are much more
diverse. Second, they are based on the statistical the-
ory, solid-state physics, and quantum mechanics.

The considered type of heat transport is often
referred to as diffusive—ballistic because it covers the

range of variation in parameter Kn =/ / L from diffu-

sive (Kn < 1) to ballistic (Kn > 1). The unusualness
of the heat-transport mechanisms in nanostructures is
enhanced by the dependence of the effective thermal
conductivity on the shape and sizes of objects of study,
surface roughness, and heat-flow propagation direc-
tion with respect to the geometry of samples. Due to
this, practical calculations aimed at determining ther-
mal regimes of real devices (e.g., nanoelectronic cir-
cuits) become much more complicated, as compared
with modern devices because of a large number of
parameters, on which the effective thermal conductiv-
ity depends.

A very large amount of information on this prob-
lem has accumulated for about 25 years. Therefore,
many themes are beyond the scope of this study: heat
transport in two-dimensional systems (graphene,
graphene ribbons, silicene, etc.), composite materials,
Kapitza resistances, and some others. However, even
more problems are to be solved. In particular, experi-
mental and theoretical investigation of interaction
between phonon gas and walls; problems related to
internal heat release under electric current and exter-
nal electromagnetic field, which have not been con-
sidered at all. The problems of heating under electric
current induce problems of the kinetics of electron and
hole gases in semiconductors. Further progress in
nanotechnologies will state new problems (in particu-
lar, problems related to analyzing fairly complex sys-
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tems, including materials of different nature, rather
than individual elements).

A separate problem is the training of experts in this
field. The point is that they should master not only the
fundamentals of thermophysics but also the basic
physical principles of heat transfer processes.
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