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The paper deals with the three-dimensional problem in linear isotropic elasticity for
a coated half-space. The coating is modelled via the effective boundary conditions on
the surface of the substrate initially established on the basis of an ad hoc approach
and justified in the paper at a long-wave limit. An explicit model is derived for the
surface wave using the perturbation technique, along with the theory of harmonic
functions and Radon transform. The model consists of three-dimensional ‘quasi-static’
elliptic equations over the interior subject to the boundary conditions on the surface
which involve relations expressing wave potentials through each other as well as
a two-dimensional hyperbolic equation singularly perturbed by a pseudo-differential
(or integro-differential) operator. The latter equation governs dispersive surface wave
propagation, whereas the elliptic equations describe spatial decay of displacements and
stresses. As an illustration, the dynamic response is calculated for impulse and moving
surface loads. The explicit analytical solutions obtained for these cases may be used
for the non-destructive testing of the thickness of the coating and the elastic moduli of
the substrate.

Keywords: asymptotic model; surface wave; coating; Radon transform;
singular perturbation

1. Introduction

The theory of elastic surface waves for coated bodies is highly important for many
modern applications, for example, thin-film technology. As examples of ongoing
interest to the problem, we mention recent publications (Fu 2007; Steigmann &
Ogden 2007; Qian et al. 2009 and references therein).
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The potential of the exact analysis in the framework of three-dimensional
elasticity is rather limited due to a sophisticated dispersion relation (e.g.
Achenbach & Keshava 1967). This motivates the development of approximate
formulations including modelling the effect of the coating by introducing
certain effective boundary conditions imposed on the substrate surface (Auld
1990 and references therein). In particular, such conditions were derived in
Tiersten (1969) within the isotropic context using physical assumptions based
on the classical theory of plate extensions. Later on, it was claimed by Bovik
(1996) that the results of Tiersten (1969) are not asymptotically consistent
in the case of a thin coating. A standard asymptotic procedure presented
in §3 of the paper justifies the consistency of the consideration in Tiersten
(1969). Moreover, as shown in §5, the dispersion relation associated with the
aforementioned boundary conditions in Tiersten (1969) coincides with the two-
term long-wave expansion of the exact dispersion relation studied in Shuvalov &
Every (2008).

To our best knowledge, very little, if any, explicit asymptotic results have
been obtained for the transient dynamic response of a coated half-space subject
to surface loading. A way forward is to extract from the wave equations in
linear elasticity an approximate model oriented for the surface wave phenomena
only. A two-dimensional version of the model was established in Kaplunov
et al. (2006) by perturbing the original plane strain equations about the
homogeneous Rayleigh wave solution expressed in terms of harmonic functions
(Friedlander 1948; Chadwick 1976). The resulting relations consist of ‘quasi-
static’ elliptic equations over the interior for the wave Lame potentials satisfying
at the surface the ‘dynamic’ boundary conditions involving an inhomogeneous
hyperbolic equation. These clearly indicate a dual elliptic-hyperbolic nature
of the Rayleigh wave. A high accuracy of the predictions of the model in
Kaplunov et al. (2006) was demonstrated in Kaplunov et al. (in press) by
comparison with the exact solution of the transient moving load problem. We
also remark that the philosophy underlying the approach in Kaplunov et al.
(2006, in press) seems to be analogous to that in Achenbach (1998) and Parker &
Kiselev (2009) dealing with specialized formulations for the free surface waves of
general profile.

In §4, we extend the results of Kaplunov et al. (2006) in two directions.
First, we incorporate the effect of a coating via the effective boundary
conditions leading to a weak long-wave dispersion of the surface wave. In
contrast to an uncoated half-space, the hyperbolic equation for the surface
now contains a singular perturbation in the form of an integro-differential
or a pseudo-differential operator (see discussion in §5). Second, we proceed
to a three-dimensional problem starting from the Radon transform that has
been traditionally used for the three-dimensional to two-dimensional reduction
in linear elasticity (e.g. Willis 1971; Wang & Achenbach 1996; Georgiadis &
Lykotrafitis 2001).

In §6, the proposed model is applied to plane problems for surface-impulsive
and moving loads. As might be expected, the behaviour of the phase velocity
in the vicinity of its maximum or minimum corresponding to the long-wave
Rayleigh limit determines the advancing or receding type of the surface wave
front induced by a point instantaneous impulse. This behaviour also affects the
resonant response in case of a moving load.
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Figure 1. Statement of the problem.

2. Statement of the problem

We consider a three-dimensional half-space covered by an elastic coating of
constant thickness h. The Cartesian axes Oz; and Oz, are lying on the upper
surface of the coating, with the interface between the coating and the half-space
given by z3 = h (figure 1).

The equations of motion in three-dimensional elasticity are written as

80“- 607;]- (90'2‘3 . 62ui
~ o

8:@ an aIg (2 1)

and (90'3Z' + (30'3]‘ 80'33 :p(??u;;’

aa:i 0337 63:3 6t2

where u,, are the components of displacement vector, ¢;,, 03, are the components
of the Cauchy stress tensor and p is the volume density of solid media. We suppose,
throughout the paper, unless otherwise stated, that 1#j=1,2 and n=1,2,3.
The constitutive relations for a linear isotropic elastic solid are given by

du; | du; du; 0
O'ij:ﬂ'( u+ u])7 0-”=(A+2,U«) U+A<ﬂ+ﬁ)

a_ﬂij Gzi Gzi a.Tj (1’173

(2.2)

du; dug du; du; Jdug
d oyi=og=p(om , (2 S (2w
o TR ==L (61:3 + axi) 733 ((h,- + 6:1:j> + (A +20) dx3

where A and u are elastic moduli. The associated bulk wave speeds may then be

expressed as
A+2
0= + ok and = E (2.3)
V' » Vo
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We start from the relations (2.1) and (2.2) to describe the substrate (z3>h).

In the case of the coating (0 <3 <h), we supply with suffix ‘0’ the material

parameters in the above equations, operating with pg, g, uo as well as ¢1g and cy.
The prescribed boundary conditions at the surface 23 =0 of the coating are

oi3=0 and o33=—0P, (2.4)

where P = P(x,22,t) is a normal force. We also assume continuity of all
displacements and stresses g,3 at the interface a3 = h.

The aim of the consideration below is to establish a long-wave model for
the surface wave propagating in the system ‘coating-substrate’. The derivation
contains two stages. First, we reduce the effect of the coating on the substrate by
effective boundary conditions at the interface. Then, we perturb the equations
for the substrate subject to these boundary conditions about the homogeneous
surface wave solution.

3. Effective boundary conditions

In this section, we take into separate consideration the problem for an elastic
coating, setting the following boundary conditions at the interface z3 = h:

Up = Up, (31)

where v, = v, (2, 22, t) are prescribed displacements and n=1,2,3 as above.

We apply to the boundary value problem for the coating (2.1), (2.2), (2.4) and
(3.1) the standard scheme of direct asymptotic integration (e.g. Goldenveizer et al.
1993 and references therein). Let us specify a small parameter

h
_ e 3.2
=7 < (3.2)

corresponding to the long-wave assumption, where L is a typical wave length,
and scale the original variables as

f=2 a=2 and =2 (3.3)
We also define the dimensionless quantities
ur = ! u v = ! v
n = 7, Un; n= 7, Un
o U o (3.4
and 0= ,uo_VJU’ 05 = mdng, pr= ,ughVP’

where V' is the maximal displacement amplitude. Here and below in this section
all quantities with the asterisk are of the same asymptotic order.
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The equations of motion and the constitutive relations may now be rewritten as

do; L 302} do’, B GQU;‘
0¢; 9§, an ~ or2’
903 Le 9073 n 9073 _ 62“5:
(97) 881 6£J o072
, O 0y
Yo 0E; 653 . o b (3.5)
% 2 Us 20U, 2 J)
g0y = (k) — 2 ek + (kg —2) =),
2 % u;k U;
07, an + 3,
. duk du’ ou;
and 62033=K38—;+8(K3—2) (GEZ' +a—£;>,

where kg = c19/ c20-

The boundary conditions become
=0 and g3 =—p* atn=0
¢ oo IR (3.6)
and uy =v, atn=1.
Next we expand the displacements and stresses in asymptotic series in terms of
the small parameter &:

) o o
Un 0) (1)
o 27 T

*
il el | e

o)\

Substituting these expansions into the equations (3.5), and boundary
conditions (3.6), we obtain at the leading order

A PG S
+ i B :
OSZ 65] 817 72

aar:(,)g) _ 62u§0)

an  or’
o _ou” o
0T g T oE (3.8)
au,(?) _0
an ’
ugo) =v, atn=0,
aég) =—p" atn=0
and ogg) =0 atn=0.
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Equations (3.8); and (3.8), together with the related boundary conditions (3.8);
and (3.8)g may be integrated to yield

u = v (3.9)
and )
o _ dvy
O33 =N55 —P- (3.10)

The last formula represents the sought for expression for the normal stress o3s.
Evaluation of the stresses g3 requires further analysis.
At the next order, equation (3.5); becomes

dul! au§0>
. =0. 3.11
an 0¢; ( )
It is also clear that
uV=0 atn=1. (3.12)
Then, from equations (3.11) and (3.12), we have
(1) dug
u = (1— . 3.13
V=g (313)

Similarly, we derive from the formula (3.5) taken at order e, and the boundary
conditions (3.12)

1 B v’ ov*
ul) = (1 - 2;2)(1—n) (@“La_gj) (3.14)
i j
Now, using the formulae (3.5)4, (3.9) and ( ) we obtain
© ou 0
0 _ 20U 2 _ 9%
g, =K’ + -2 + Ky — 2
0 3E (kg —2) agj (k5 = 2) o
—a(1 )2 o1 — 2 (3.15)
— Ky + — 2Ky .
0¢; 0¢;

Finally, starting from equation (3.8); and using equations (3.8)3 and (3.15) with
the boundary conditions (3.8)7, we are in a position to determine the leading

order terms 02? in the asymptotic expansions for the stresses ¢7;. They are

20)% 2% 2. .% 92v*
O 07y 9%] 9, 07V] N
= —4(1 — —(3—-4 . 3.16
Tz =1 |: 87'2 353 =) 057 ( o )351357‘ (3.16)

In the original dimension form, the stresses at the interface a3 ="h may be
presented as

9%v; d%v; d%v; 62114
poh{ o~ [—2/+4<1—K0‘2> +(3 - 4157) “
dt ij dx? dx;0; (3.17)

and 533=p0h——P,
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where s,3 =0,3(x1, 2, h,t). The assumed continuity of the displacements and
stresses at 23 = h now reads as ¢,3 = s,3 and u,, = v, where ¢,3 and u, denote the
stresses and displacements in the substrate, respectively. As a result, the effective
boundary conditions on the surface of the substrate can be written as

(')ZUZ' 62’&2‘ _ 62’&2‘ _ 62U'
0'@'3=P[]h {W—Cgo [_+4(1—K02)W+(3—4K02) j}}
(3.18)

8:1:]-2 : dz;07;
62u;),

and o33 =poh YD
These boundary conditions in case of P =0 coincide with those obtained in
Tiersten (1969) using an ad hoc physical approach based on modelling of the
coating in the framework of the classical theory of plate extension. A more recent
analysis in Bovik (1996), with the methodology later extended to anisotropy
in, for example, Niklasson et al. (2000), claims that boundary conditions (3.18)
neglect a few terms of O(h).

Let us consider expressions (35) and (36) from Bovik (1996) in the notation of
the present paper.

d%u; 9% u; 9%u; 9% u;
s=pohi— — & | — +4(1 — k> i 3 g2 j
d
— h(1 — 2k 2) 8 (3.19)
6x7;
82U3 (90'32' 60’3
d 3 =poh —h 7).
T ((‘)xi + amj)

The underlined terms in the r.h.s. of the above formulae do not appear in the
effective boundary conditions (3.18). It can easily be verified by introducing in
equations (3.19) the scaled variables (3.3) and dimensionless displacements and
stresses (3.4) that all the extra terms are of the next asymptotic order in ¢, that
is, O(h?) in the notation of Bovik (1996).

4. Derivation of the asymptotic model

In this section, we investigate the problem for the substrate governing equations
(2.1) and (2.2) over the domain —oo < z; <00, —00 < 2 <00 and h < 13 < 00,
subject to effective boundary conditions (3.18) at the surface z3 = h.

First, we express the equations of motion in terms of displacements. On
substituting equation (2.2) into equation (2.1), we obtain

u

a2’

where u = (uy, up, u3) is the displacement vector, and a conventional notation is
adopted for three-dimensional differential operators.

(A+ w)grad divu + pAu=p (4.1)
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Let us apply the Radon transforms to equation (4.1) (Georgiadis & Lykotrafitis
2001 for more details). The result is

aQu("‘) aQu(O‘)
2 1 1
(Gt ) cost il g
) 62 ué“) 62 ug("‘) (:)2 uia)
—i—(l—i—u)cosa(sma 0z T avam ) =P o
. aQu(a) aZu(“)
[(A+ w)sin® a + pl =2 + u——>
Jdx dz;
62 UYX) aQ u:g“) 62 u;“) (42)
+ (A+u)sine | cosa i G0 =5
aQu(O‘) 2u(a) azu(a)
d 2 1 . 2 3
an (A+p) (cosaaxaxg + smozaxajv3 + i
aQu(a) a2u(0‘>
A42 - =p—3
+ (A 2u) 522 2
where
o
u]ia)(x, o, 13, t) = J up(x cosa — Csina, x sin o + { cos a, w3, t) dC, (4.3)
—00
and
X=zcosa+ msina, {=-—xsina+ 1 cosa,

with the angle « varying over the interval 0 <« <27w. We also introduce the
transformed displacements in the Cartesian frame (x,{), (igure 2). They are

(o) ()
1

cos o+ uza (@) () ()

sina and w, ' =-—u, sino+ u, cosa. (4.4)

uwlY =y .
S

X
Now we set uéa) =0 assuming that the anti-plane motion is not induced by the

studied normal force. Then equations (4.2) rewritten in terms of the displacements
(4.4) take the form of the plane problem of elasticity, that is,

62 (a) 62 () a?u(a) 62 (a)
(4 20) 2+ SR (A p) 5 = p X
ax? 0z, dx0x3 012
62 u)((“) 82 u;“) 62 uﬁg“) 62 u)((a) (4'5)
d A A+2 =
an ( +“)axax3+“ i + (A +2pu) 522 YD
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X2

X1

Figure 2. Rotation of Cartesian frame.

The associated boundary conditions at the surface a3=h follow from the
transformation of the original boundary conditions (3.18). They can be written as

(@) @) 2, (@) 2,,(@)
@ [ Ouy dus "\ Fuy _g\ 07Uy
Oys =H (6_303 + W) = uoh [Wcm —4(1—xp7) PN
(4.6)

(o) () 2, ()
o Ouy Ju 0°u. _ N
and ‘7:(53) = AW + (A+2u) 6;3 = ,U«oha—tz ol — PW,

where a%),aég) and P@ denote the transformed stresses and normal force,

respectively.

In case of h =0, the boundary value problems (4.5) and (4.6) are identical to
those considered in Kaplunov et al. (2006), dealing with an explicit asymptotic
model for the plane Rayleigh waves induced by the transient loads applied to the
surface of an elastic half-space. Below we extend the asymptotic methodology in
Kaplunov et al. (2006) to a coated half-space.

Let us introduce the transformed wave potentials ¢® and (¥ by

o @ gyl o 009 gy
u)((‘)‘)= ?X — ;;3 ué)z (gi)a:s + jX . (4.7)
On inserting the latter into equations (4.5) and (4.6), we obtain
6@ 2@ 1 §2¢@
ai? * ai? a2 aq; =0,
i RVACO R ERVACH 1 9%yl (48)
e T 022 & o
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232¢(a)+32¢(a) RRVAC e Pl Py
— — C —
1 %0z~ o2 a2 || \oxorr T amer?
93 (a) 93 (a)
—4(1 — k%) o7 _2v
ax? 0302

2 4 (@) 2 (@) 2., (c) (4.9)
BRI BRI ERVAC

2_9 2 2
M|:(K )6x2 +« 5.2 + }

and

Ox 03

Pl Py
= pohcy, — P,
Hofta (axgatz +

d0x0t2
We begin with the scaling

X — cpt
£= 7

_Jig—h

CRé€
and T=—I,

(4.10)
where e = h/L <« 1, L is a typical wavelength and cgr denotes a surface wave speed,

which is not supposed yet to be the classical Rayleigh one. The parameter ¢ here

states a small deviation of the phase velocities of interest from the wave speed cp.
The wave equations (4.8) are expressed in variables (4.10) as

92¢p(@) 92 92¢p(@)

92
11— 2% _—o
sgar U TR 5
RRVAC) 02y VA 02y (4.11)
d 20V 9e(1— k2 _21 - o
an 5z tha T2 - k)G -l - k)5 =0,
where

The two-term asymptotic solution of equation (4.11) is given by Kaplunov
et al. (2006)

PyL?
0 == @V E ) + e )
yo — Pl

(4.12)
e WO v, 1)+ eV (E,y, 7))

and

arguments and

where P, is the maximal amplitude of the normal force P, ¢(¥) = ¢ (£ kv, 7)
and y(©) = Y O(£, kyy,T) are arbitrary plane harmonic functions in the first two

¢V =g 4yt and YW =y 4y, (4.13)
Proc. R. Soc. A
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where ¢0) = ¢ (£, by, 7) and Y10 = ¢(LO)(£ kyy, 7) are again plane harmonic

functions and

(L _ 1— kf 9o
kl or

with bar denoting a harmonic conjugate.

On substituting the two-term asymptotic behaviours (4.12) into the boundary
conditions (4.9), we have at the leading order

1 — k2 oy
k01

and Y =

¢ (4.14)

290 92y §2y(0)
_ =0
950 082 dv?
£dy 02¢(0)E . (Z(()) g0 (4.15)
and (K* —2) 2 =0.
0g? dv? 9dy

Next we exploit the Cauchy—Riemann identities for a plane harmonic function

f(z, ky)

af of of 19f =
DA il — = =— 4.16
having from equations (4.15)
926 920/
2/@%2 +(1+ 1) aléz _
, 92¢©) 32y © (4.17)
and (14 k) 52 + 2k, PR 0.

The compatibility of equation (4.17) leads to the classical Rayleigh surface wave
equation presented as
dky — (14 E2)* =0. (4.18)

Thus, the wave speed cp introduced in equations (4.10) is precisely the
conventional Rayleigh wave speed. The boundary conditions (4.17) also result

in the relation
- 2k

0) — _ 0 gt v=0 4.19
Y T k22¢ at v (4.19)
between the transformed potentials at the surface.
At the next order, the boundary conditions (4.9) become
62¢(1’0) 62¢(1’O) 62¢(1’0) 2(1 _ k12) 6255(0) 2(1 _ k22) a?@(O)
oy o oyl dtar T & oyor
ARSI CRVAC)
2 ) _
a2¢(1,0) 62¢<1=0) 62¢(1=0) 2/<2(1 k2) 32(5(0) r (4:20)
and (k* —2) + &2 +2 1
0&2 dy? 00y k oyor
2(1 — k2) 9?9 R A ERVAC) P
- ( 2 - m<1 - k220) 9 - 3 = )
ko déor 0820y 0¢ PyL
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where
2

k%ozl—c—f and m="2,

€0 M
After a fairly straightforward algebra making use of the Cauchy—Riemann
identities and the formula (4.19) we obtain from equations (4.20) the following:

a2¢(1,0 2¢ 11—k 21— k)k ] 020
P?3p©
+ ﬁ(kgo +3—4k2)(1 - kg)algg =
3210 92(10) ) ok 520 + o (4.21)
and (L4 k) + 2 + 21— k) [1 1+ k%)kg] ozor
1— k09  p
— mkl( kQO) 1 + ]{2 053 POL

Finally, we eliminate 92y /922 from these equations and perform algebraic
manipulations involving the Rayleigh equation (4.18). The result is

3240 b 930 1 2\ p(a)
N oV _(1+K)

— = ty=0 4.22
9cor | B oyeer . 2BP, L YT (4.22)
where b L
B=(1—#k 1— k)= — (1 -k
-R)Z+1- )T - (1-K)
and
b= 51— k) [(1 = ) (k + k) = 4ha(1 = 3], (4.23)
Now we suppose that in equations (4.12)
3 3
9 =L 50 ana g = DTy, (4.24)
ue ue

Then, equation (4.22) may be re-cast in terms of the dimensional variables
(x,x3,1) as
020 1 029 bh 3PP
N & ok 9x%0m
with A= (1 + k2)/2uB.

Similarly, at the leading order, the transformed potentials over the interior
satisfy the elliptic equations obtained from equations (4.11), that is,

R 2 92

=APY at ;3=h, (4.25)

=0
0z Loox?
(4.26)
VA RRVASY
and 5 ; =0,
0z, dx?2
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and the potential Y% at the surface is determined from the relation (4.19) in
the form

a¢(a)_ 2 9@
ax 14k dm

at a3 = h. (4.27)

In what follows it is convenient to operate with a pair of the potentials nga) =

Y@ cosa and ng"‘) =y Wsina along with the potential ¢. By inverting Radon
transform in (4.25)—(4.27), we arrive at the long-wave model given by the elliptic
equations over the interior (a3 > h)

02
—(’25 + K dy¢p=0 (4.28)
dz;
and
%y,
ﬁ—%@Aﬂq:O, (4.29)
dz;

with the boundary conditions at a3 =5

10% bh 9
C% 02 ]ﬁ (9%'3

429 — (d2¢) = AP (4.30)

and
Wi 2 0¢
oz, 1+ k2 das

(4.31)

where 4, denotes two-dimensional Laplacian in the coordinates (1, 23).
In this case, the displacements are expressed through the potentials ¢ and y;
as (see equations (4.4) and (4.7))
0o dyy 0 Oy dp  dY1 | Iy

I S = = d =— 4+ — 4+ —. 4.32
“ 6x1 6x3 ’ w2 (9352 (9333 ’ an s (9353 axl + 0:172 ( )

5. Discussion of the model

The asymptotic model derived in the previous section is oriented to the surface
wave only, ignoring the effect of the bulk waves. The contribution of the surface
wave is dominant for a number of practically important problems including, in
particular, the resonance phenomena caused by moving loads (e.g. Kaplunov et al.
in press). The model includes the three-dimensional elliptic equations (4.28) and
(4.29) governing the spatial decay over the interior along with the conditions
(4.30) and (4.31) imposed on the surface. The second of them relates the
potentials ¥ and Y5 with the potential ¢, whereas the first one is the only relation
in the model involving the dynamic factor; in doing so, it operates with the
component of the original load P inducing the surface wave. In the absence of a
coating (h =0), this reduces to an inhomogeneous two-dimensional wave equation
generalizing the elliptic-hyperbolic formulation in Kaplunov et al. (2006) for the
plane strain problem.

Proc. R. Soc. A
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The presence of a coating leads to a coupling between the elliptic equation
(4.28) and the singularly perturbed hyperbolic equation (4.30) due to the normal
derivative with respect to x3 entering the latter. To a certain extent, the coupled
problem (4.28) and (4.30) may be interpreted as a membrane resting on an
incompressible fluid.

Although the scaling (4.10) underlying the model assumes that the effect of
coating has to be taken into consideration at the leading order approximation, it
is obvious that the equation on the surface is valid for a weak coupling as well.
In this case, the dynamic response of a coated half-space can be calculated using
a relatively simple regular perturbation scheme.

It is well known that the equation (4.30) can be reduced to the form of an
integro-differential or pseudo-differential equation on the surface. To this end,
we have to express the normal derivative d¢/dxz in terms of the potential at
the surface ¢(z1,1,0,t). In particular, the solution of equation (4.28) can be
rewritten in a symbolic form as

(21, 12, 23, 1) = exp <—k1\/ —42963) ¢(21, 22,0, 1), (5.1)

where +/—45 is understood as a pseudo-differential operator. Then, we have

(9_¢ ——]gl,/—AQq’)(xl,xg,O,t) (5'2)

6x3 23=0

and equation (4.30) becomes

1
dogp — —26—‘7’ bhy/—dyd5¢ = AP. (5.3)
CR

In case of a plane strain problem (say if d¢/dz, = 0), the last equation reduces to
a one-dimensional pseudo-differential equation. It is
62¢> 1 6%¢ ;0%

-~ bhy -2

=AP. 5.4
8:1:1 2 0t? aml (54)

Similar to Kovalev et al. (2002), equation (5.3) can also be presented as an integro-
differential equation. Using the identities

1d¢ b 00
_Rp=—— P 9 _ g% b m=0 5.5
= o T om oy =0 (5:5)

where H(f)(z) denotes the Hilbert transform, given by

H)(2) = ~p.v. J A, (5.6)
T 0 T— 2
we have
62¢ 1 0%¢ P
a2 g MG =AL (5.7)
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Figure 3. Typical long-wave behaviour.

The dispersion relation associated with the homogeneous equations (5.4) and
(5.7) is

b
vph=1—§|k|—|—..., (5.8)

where k is the wave number normalized by h~' and v?" is the phase speed
normalized by cg.

The above expression coincides with the long-wave asymptotic expansion of the
‘exact’ dispersion relation analysed by Shuvalov & Every (2008). In the special
case in which up=u and Ay = A, it reduces to the dispersion relation displayed in
Kovalev et al. (2002) with

o Chloo = D)1= (ki + ) 59)
= Tz ) .
These comparisons provide one more illustration of the asymptotic consistency
of the effective boundary conditions in Tiersten (1969) demonstrated in §3.

It is also worth mentioning that, as it has been shown in Shuvalov & Every
(2008), the parameter b in the proposed model may take both positive and
negative values corresponding to the local minimum and maximum of the phase
velocity equal to the Rayleigh wave speed, (figure 3 and also formula (5.8)). As
might be expected, the sign of b is crucial for the surface dynamic behaviour see
examples in §6.

6. Illustrative examples

In this section, we evaluate the dynamic response of a coated half-space within
the framework of the long-wave model for two particular types of surface loading,
namely for an instantaneous point impulse and also for a distributed moving load.
For the sake of simplicity, we deal with plane strain problems.

(a) Impulse loading

Let us set P=Pyd(z)6(t) in the r.h.s. of equation (5.3) and specify
dimensionless variables by

13
rz% and 7'=C%7 (6.1)
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where L is a chosen linear scale. Then, equation (5.4) becomes

020  9%0 ) 020
32 g2 hr, sign b —O%ﬁ =—0(r)o(7), (6.2)
where 0 = —2¢/AcgrP, and the parameter h; = h|b|/L is assumed to be small,
that is, hy < 1.
Below we develop the scheme in Emri et al. (2001) of the method of matched
asymptotic expansions. We begin with the boundary layer at the characteristic
of the degenerated equation (6.2). The inner co-ordinate is

‘= T—r
=7
indicating that the width of the boundary layer is proportional to h'/2.

On substituting the scaling (6.3) into the homogeneous equation (6.2), we
obtain at leading order

0 0inn h'L 0 Binn
— — sign b,/ —02 =0. 6.4
or 2 TERIV T gy (6.4)

The solution of the latter can be presented in the form of a Fourier integral as

finn — i JOO (C(w) exp |:1(1) <C0 _ M)}) dw, (65)
21 | _ s 2

where {y =7 — r and arbitrary function C'(w) has to follow from matching with
the appropriate outer expansion.

In the outer region, equation (6.2) reduces to the one-dimensional
wave equation

(6.3)

32 aout 32 6out
oz ar2

from which we have 6" = H({,), or, identically,

= —20(r)o(7), (6.6)

o0

1 1
gout — o J_oo (775((1)) + E) expliwly] dw. (6.7)

Matching of the expansions (6.5) and (6.7) yields for the former (see also Cole
1968 for more detail)

- 1 (*® 1 h ign b
0™ = —J mo(w) + — ) exp |iw | {o — LT SI8R0 dw, (6.8)
2T ) _o iw 2

resulting in the uniform asymptotic behaviour

(r—r) signb>’

N (6.9)

1 1,
0=—-— —81gnb1<
2 7
where (Prudnikov et al. 1986)

I(z) = Joo sin(#? + 2tx)

) . dt= g B +sign z[C(z) + S(z)] — C*(z) — 52($):|,

(6.10)
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Figure 4. Receding and advancing fronts.

and C(z) and S(z) are Fresnel integrals

C(x) :J cos (th) dt and S(z) :J sin (th) dt.
0 2 0 2

The obtained solution, due to the restrictions of the surface wave model, does
not take into account the slowly varying component of the overall wave field
corresponding to the bulk waves. The latter becomes negligible in the case of the
derivatives of the function ¢ in equation ((6.9)). For an applied force P, equation
(6.9) provides the analytical expression of the wave profile for given cp, bh and
A (cf. equations (5.4) and (5.7)). On the other hand, if for an applied P one
measures the wave profile and compares it with equation (6.9), cg, bh and A can
then be determined. Thus, the analytical results presented here may be used for
the non-destructive testing of the coating thickness h and the Lamé constants A
and u of the substrate for the known elastic moduli of the coating.

Numerical results are displayed in figure 4 for 7 =1 and h; = 0.01. In case b > 0
corresponding to the local maximum of the phase velocity at the Rayleigh wave
speed (figure 3a, we observe a receding front. Case b <0 (figure 3b) is related to
the minimum of the phase velocity. As a result, we arrive at an advancing front.

We also remark that the receding and advancing fronts of plate extension were
studied in Dai & Cai (1999, 2000) and Kaplunov et al. (2000) for pre-stressed
structures. Although the solution of Kaplunov et al. (2000) is expressed through
the Airy functions, the graphs in the cited paper look pretty similar to those
given in figure 4.

T

(b) Steady-state moving load problem

Now, we consider the effect of a distributed load steadily moving along the
surface with the constant speed c¢. Taking the load in the form

o Pyl
s w2+ (2 — ct)?]

where the parameter [ determines the load distribution, we obtain from

equation (5.4)
1
go — hyy/—0%0 = 5 (6.11)
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with
” APy 0% x — ct 1 c? b bh
= — S = =] - — = —,
wl 052 Y 2 M

where ¢ corresponds to the normal surface stress, s is the dimensionless moving
co-ordinate and ¢g and h; are the key problem parameters characterizing the
thickness of the coating and the proximity of the speed of the load to the Rayleigh
wave speed, respectively.

Next, using the Fourier transform, we have

o —w
0=J e~ cos(ws)

N dw. (6.12)

In this paper, we restrict ourselves to the case (cp — ¢)b <0, in which the
denominator in equation (6.12) has no poles. Then, equation (6.12) becomes

o=——>Y e"Fi(l,q,), (6.13)

where
@ =—gh; (L4 (=1)"s), n=1,2,
and FEi is the integral exponent given by

o0 L —tlr

e
dt.
t

Ei(l,z)= J

1

Now, we investigate two limiting cases. In the limit |g| > |h;| associated with

an uncoated half-space, we have the estimate (for details, see Abramowitz &
Stegun 1982)

1 ci2
g~ = : 6.14
g1+ (cg—c)(1+s?) (O

coinciding with the well-known near-resonant regime of the moving load at ¢ — cp
(e.g. Cole & Huth 1958).
In the other limit |g| < ||, we arrive at

a~—hi [7+ln (—him)} (6.15)

l l

where y~0.577 is the Euler’s constant, (figure 5b). The above formula
demonstrates that the presence of a coating does not remove the resonance at
¢ = cg. The reason is that, despite the dispersion of the surface wave due to the
influence of the coating, the extremal value of the phase speed is still given by
the Rayleigh wave speed. This resonant mechanism is also characteristic of the
famous example of a moving load on a beam supported by a Winkler foundation
(Timoshenko 1927; also see Timoshenko 1953). For the latter, the critical speed
of the load coincides with the minimal phase speed of flexural waves.

The graphs computed by equation (6.13) at s =0 are presented in figure 5. The
limiting curves (6.14) and (6.15) in figure 5a,b are depicted by the solid lines.
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Figure 5. Normal stress ¢ versus parameter g.

7. Concluding remarks

In this paper, we have not achieved a complete separation of the wave problem
on the surface in a differential form as it has been done in Kaplunov et al.
(2006) for an uncoated elastic half-space. At the same time, the scalar boundary
value problem interpreted in §4, as a sort of analogue of a vibrating membrane
supported by an incompressible fluid, is still a major simplification in comparison
with the original three-dimensional vector hyperbolic system for a coated elastic
half-space. In addition, the pseudo-differential equation (5.4) treated as a singular
perturbed hyperbolic equation may be analysed using the method of matched
asymptotic expansions (see the first example in §6). On the application side,
the explicit analytical results obtained for the illustrative examples may be used
for non-destructive testing of the coating thickness and the elastic moduli of
the substrate.

The derived long-wave model may easily be extended to linear surface
waves in case of anisotropic and pre-stressed coatings. The generalizations to
nonlinear coatings are less obvious. Nevertheless, there is a possibility of hybrid
numeric—analytic approaches combining numerical treatment of nonlinear surface
behaviour with analytic formulae for the interior. Moreover, in case of a weak
nonlinear coupling, there is a room for asymptotic considerations.

J.K. and D.A.P. thank the City University of Hong Kong for its support and hospitality. The
authors also gratefully acknowledge E. Nolde and A. Pichugin for fruitful discussions.
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