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1. INTRODUCTION
An experimental study of fusion plasma involves the construction of multilevel radiation-gas-dynamic

computational models that adequately describe the processes in the core of a pulsed fusion reactor. Thus,
computational and theoretical methods are an important element in the process of developing the concept
of magnetic confinement fusion (MCF) [1–3]. It should be recalled that an MCF system is a pulsed ther-
monuclear facility, in which a cylindrically or spherically symmetric fusion target placed in a seed (exter-
nal) magnetic field is compressed (along with the seed’s magnetic f low) by powerful laser beams or all
kinds of shells, including gas, liquid, and metal drums, the plasma liners formed by the fusion of high-
speed plasma jets, etc. It should be noted here that in [3] the authors present the initial estimates of the
thermophysical plasma parameters, energy consumption for the electromagnetic field compression, and
the work of vortical currents. Obviously, in this case, the developed mathematical models and methods of
computational plasmodynamics of the MCF targets necessarily require verification based on a compari-
son with the reliable calculation data and the data of the physical experiments.

2. PROBLEM STATEMENT
In the general case, the object of MCF research is the spatial f lows of the emitting target plasma in the

presence of heat and mass transfer, electromagnetic fields, and nuclear reactions. The solution of these
problems involves the use of complex plasmodynamic mathematical models that describe the processes
taking place in fusion plasma, as well as the creation of highly precise numerical methods for their solution
that enable adequate numerical simulation. At the same time, the initial study of the basic physical laws
inherent in MCF should preferably be based on a system of simplified one-dimensional mathematical
models.

2.1. Mathematical Model
We will describe the mathematical model simulating the compression process of MCF thermonuclear

targets for a centrally symmetric coordinate system. The mathematical model of MCF targets presented
in this work is based on the one-dimensional equations of radiation plasmodynamics, i.e., the system of
Euler equations (1), the transfer equation of the broadband self-radiation (2), magnetic induction equa-
tion (3), laser radiation transfer equation, methods for calculating the equations of the state of matter, and
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256 KUZENOV, RYZHKOV
the absorption coefficients of laser radiation; and it determines the conditions for the occurrence and flow
of a self-sustained thermonuclear fusion reaction:

(1)

where t is the time,  stands for the radial coordinate, ρ is the density,  denotes the velocity along the
coordinate ,  is the static pressure, ε is the specific internal energy,  denotes the
total energy of gas f low,  designates the sources vector in the orthogonal coordinate sys-
tem,  stands for the mass f low density,  is the momentum flux density,  is the energy f lux density,

 are the total and spectral radiation f lux,  and  are the temperatures of the plasma electrons
and ions ,  is the spectral absorption coefficient,  is the electromagnetic force,  is the
energy inflow from the electromagnetic field, , , qlas is the laser radiation
flux,  and  are the thermal conductivity coefficients of the electrons and ions,  is the current density,

 is the magnetic induction vector, Pe denotes the electron pressure, Pi is the ion pressure, and the
index ν = (1, 2) corresponds to cases of plane and axial symmetry.

The contribution of the local (thermonuclear) energy release  to the electronic component of the
plasma due to the energy transfer to electrons from thermonuclear α-particles can be determined by the
approximate formula [4], i.e.,

[Erg/(cm3 s)],

where the temperature is set in keV and the density is set in g/cm3.
The transfer of the broadband radiation can be considered using a multigroup diffusion approximation,

the equations of which have the following form [5]:

(2)

where  are the spectral f lux and volume density of the broadband radiation, с is the velocity of
light,  denotes the frequency group number,  stands for the spectral absorption coefficient, n = 0 is a
plane layer, and n = 1 is an infinite one-dimensional cylinder. Here, the quantity  is understood as the
radiation f lux in the direction of the axis r.

The magnetic induction equation, which takes into account the continuity equation for the density ρ
and the conservation law of the form , are written as follows [6]:

(3)

Electroconductivity is determined by Spitzer’s formula [7] with allowance for the possible plasma
magnetization, i.e.,

[1/s]

where  are the concentrations of electrons and ions (cm–3),  is the average ion charge,  =
 denotes the electron gyrofrequency, and  and Mi are the electron and ion masses, respectively.
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NUMERICAL MODELING OF LASER TARGET COMPRESSION 257
The coefficients of electronic and ionic thermal conductivity λ e,i in the case of a magnetized plasma
can be calculated using formulas [8].

The parameters of the laser radiation along the axis r are obtained based on the solution of the laser
radiation transfer equation

(4)

In this case, the absorption coefficient χω of the laser radiation is determined using the mechanism of con-
tinual absorption inverse to the mechanism of bremsstrahlung of electrons in conditions of local thermo-
dynamic equilibrium (LTE):

where λ is the wavelength of laser radiation (μm),  is the electron temperature (keV), and  is the
Gaunt factor [8, 9].

The equations of the thermodynamic  and optical χi(T, ρ) parameters of the working
media are calculated within the LTE approximation using the computer system ASTEROID developed by
S.T. Surzhikov, a corresponding member of the Russian Academy of Sciences [10, 11], the Thomas–
Fermi model with quantum and exchange corrections [12, 13], and the mean charge model [14, 15].

2.2. Initial Conditions

The MCF computational domain and target consist of a central part of one and the same coaxial layer.
They have a cylindrical shape and the initial parameters of the target and the surrounding medium are
within the following range of values:

• The central part of the target (the radius of the nucleus Rnucl = 0.05 cm) is filled with a D-T mixture
with the density ρ = 5 × 10–2 g/cm3 and initial temperature T = 297 K. It is surrounded by a coaxial layer
(the outer radius Rc = 0.1 cm) made of metal (Al) with the density ρ = 2.7 g/cm3, and initial temperature

 K.
• The outer radius of the computational domain is r = l = 0.2 cm. At the same time, the thermodynamic

parameters of the external rarefied environment (consisting of Ar) are given by the following values: T =
297 K and ρ = 2.7 × 10–3 g/cm3.

The initial value of the seed magnetic field intensity  in a rarefied environment is a fraction of a
tesla. The spectral f lux and volume density of broadband radiation , and the laser radiation f lux
qlas for  at the initial time instant  are zero.

2.3. Boundary Conditions

The symmetry condition (on the symmetry axis) is imposed as the boundary condition for the system
of Euler equations (1), and nondisturbing conditions are set on the outgoing f low from the computational

domain on the external boundary:  where 

The boundary conditions for solving the magnetic induction equation (3) can be described as follows:
on the symmetry axis, the symmetry condition is imposed, and at the outer boundary, 

The boundary conditions for the system of equations of the diffusion approximation (2) can be formu-
lated as follows: on the outer boundary, the absence of radiation incident from the outside is specified and
on the symmetry axis the symmetry condition is imposed. The calculation of the laser radiation (4) along
the axis r must involve the corresponding boundary conditions, i.e., , ,
where τ is the half-width of the laser pulse at the half-height.
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258 KUZENOV, RYZHKOV
3. COMPUTATIONAL ALGORITHM

The method for the numerical solution of one-dimensional equations of the plasma dynamics of MCF
targets is based on the method of fractional steps, which in this case is the two-step technique [16]. At the
first fractional step, the gas-dynamic processes are taken into account (these processes correspond to the
hyperbolic part of the considered system of equations). The processes of radiation transfer and electro-
magnetic processes occurring in the MCF system’s devices are considered at the second fractional step.

It should be noted that the above-mentioned systems of differential equations in variable time t are sys-
tems of first-order ordinary differential equations that can be resolved using a vector variant of the multi-
step Runge–Kutta method (in this paper we use the four-step version of the method [17], which has the
4th order of time approximation).

At the first fractional step, the divergent form of the Euler equations is employed. Here (for the frac-
tional time step ), a nonlinear quasi-monotonic compact-polynomial difference scheme of
higher order of accuracy is applied, i.e.,

The gasdynamic parameters  refer to the centers of the computational cells, while the

fluxes  must be determined on the surface of these cells. At the same time, in order to increase the
approximation order of the difference scheme, it is necessary to restore the gas dynamic parameters

 to the right (index R) and to the left (index L) of the boundaries of the computational cells.
Then any reconstructed function,    is represented by piecewise polyno-
mial distributions of the following form (in this case, we use a nonlinear quasi-monotonic compact poly-
nomial difference scheme of a higher order of accuracy):

where  is a limiter function [18]

where 

The function  satisfies the conditions of smooth conjugation, i.e.,

and of conservation:

The above-mentioned conditions of smooth conjugation can be formulated as a system of linear alge-
braic equations
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The matrix  here is fixed, which implies that the inverse matrix  is also fixed and can be found
before carrying out the basic calculations.

The spatial derivatives  in the piecewise polynomial distributions  are calculated as fol-
lows: first, for the discrete function , we obtain the approximate value  of the first partial derivative
with respect to the spatial variable ξ with the eighth order of accuracy.

To do this, in each cell with number , for each reconstructed quantity , we calculate the nonmono-
tonicity index , i.e.,

where the quantity θ is a small parameter. 
Next we find the first derivative  with respect to the variable ξ by the usual approximation formula of

the second order of accuracy and impose its monotonic constraint on the grid

where  is the step of the 3D grid in the direction of ξ. Then the approximate monotonized value  of the
first partial derivative with respect to the spatial variables ξ with an approximation error at the level

 can be found by solving a system of equations with a tridiagonal matrix

where , , and  is the unit operator. This formula is a symmetric
finite difference of the sixth order of accuracy [19].

This method for calculating the first derivative  is used to define the boundary conditions on obtain-
ing the approximate monotonized value  of the first partial derivative with respect to the spatial variables
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ξ with the approximation error at the level . In this case, the calculations
should be carried out as follows (based on solving a system of equations with a five-diagonal matrix) [19]:

Spatial derivatives of the second order  are calculated with the eighth order of accuracy [20].

Next, using the reconstructed function  we recover the gasdynamic parameters  to the
right (index R) and to the left (index L) of the boundaries of the computational cells. Then the antifusion
correction of the reconstructed parameters  is carried out  at the edges of the cell  [21].

It is known from the approximation theory of functions  by a truncated Taylor series [22], that
oscillations of the interpolated function can arise in the vicinity of discontinuities of the original function

 (and in the regions of large gradients of the solution). However, the function  can be expanded
in a series of a more general form (in the Bürmann–Lagrange series [23, 24]) in powers of some function

. In this case, it is possible to select a function so as to reduce the amplitude of the parasitic oscil-
lations of the numerical solution in the region 

Let the principal part of the reconstructed function   be an expansion
into a series in powers (such a form of the function  adequately describes the behavior of the function

 near discontinuities of the first kind) of 
 by means of the Bürmann–Lagrange expansions [25, 26]. Then the recon-

structed function  can be written as

where  and  are the first coefficients of the expansion of the function  in the truncated Bürmann–
Lagrange series [23, 24]. It should also be noted [25] that under the condition  the coefficients

 change into the usual Taylor series.
As before, for the reconstructed function , the conditions of smooth conjugation and balance can

be formulated as a system of linear algebraic equations (it should be noted that in this case the matrix 
remains unchanged)

 

It is clear from the above-mentioned relations that in a nonlinear quasi-monotonic compact-polyno-
mial difference scheme, the distribution  of gasdynamic parameters that are recoverable inside the
computational cell  is based on a polynomial of the 7th degree, and its main (nons-
mooth) part near the discontinuities is singled out by a special technique (based on the Bürmann–
Lagrange expansion) and is found using compact differences of the eighth order of accuracy [19, 20] (the
first  and second derivatives ).
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Fig.1. Spatial distribution of temperature: (a) wedge conjugate to plate; (b) cone conjugate to cylinder.
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The diffusion equation for the magnetic field and the heat equation were numerically solved using a
compact difference scheme with increased accuracy [26]. The method for calculating the transfer of
broadband radiation is considered based on the multigroup diffusion approximation [5]. The time step 
necessary for integrating the compact-polynomial difference scheme presented above is chosen based on
the condition for the fulfillment of the Courant–Friedrichs–Lewy stability criterion.

4. RESULTS AND DISCUSSION

The cogent analysis of the physical processes that may occur in the plasma of the MCF target requires
verification of the proposed mathematical model and numerical methods by solving some test (model)
problems.

The convective part of the computer model of MCF targets was tested on a one-dimensional version
of the Riemann problem on the decay of an unstable discontinuity in a given configuration. A comparison
of the exact and approximate solutions showed that the difference did not exceed one percent [27]. As
additional test verification calculations, we considered the air f low around a wedge, which is conjugate to
a plate (Fig. 1a), and around a cone (Fig. 1b) conjugate to a cylinder with the following parameters of the
oncoming f low: pressure P = 2060 Pa, velocity V = 1860 m/s, temperature Т = 223 K, and the Mach num-
ber . From [28] (for  and the angle of the wedge deviation from the symmetry plane

), it follows that the angle of inclination β of the shock wave is  (in the calculation
, see Fig. 1а). Figure 1b shows similar results obtained for an air f low around a cone conjugate

to a cylinder. At the same time, it follows from [28] (at  and ) that the inclination angle of
the shock wave is . This result is also in good agreement with the calculation performed (in cal-
culation of , see Fig. 1b).

The thermal part of the model was tested on some problems that admit exact analytical solutions such
as heating a continuous medium [6] filling a f lat semibounded space r > 0 with the heat f lux through the
fixed left boundary r = 0.

The presented group of calculations was carried out for the case of exposure to pulses of laser (Nd laser)
radiation with the radiation flux density of about  [W/cm2]. Now we briefly describe the
obtained results graphically represented in Figs. 2–5. These results correspond to the following parameters of
the mathematical model: , the density of the laser radiation flux is  [W/cm2], and the
half-width of the laser pulse is  [ns].

It follows from the performed calculations that the process of the laser compression of the MCF target
located in an external magnetic field with respect to time t can be conditionally represented in three stages,
i.e., the initial stage of the MCF target compression, the implosion stage of the MCF target, and the stage
of the spreading of the plasma formation.

tΔ

6M∞ = 6M∞ =
8.7υ = ° 16β = °
15.91β = °

6M∞ = 8.7υ = °
12.9β = °

12.85β = °

12 14
las 1 10 1 10q ≈ × − ×

0e
FusQ = 14

las 2 10q = ×
10τ =
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Fig. 2. Spatial distribution of pressure P and density ρ at time t = 2.14 ns.
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Fig. 3. Spatial distribution of magnetic pressure Pmag and flux of laser radiation qlas at time t = 2.14 ns.
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Figures 2 and 3 show the distributions of the static P and magnetic Pmag pressure, density ρ, and the
flux of the laser radiation qlas, which corresponds to the first initial compression stage (t = 2.14 ns) of the
MCF target located in the external magnetic field. This stage corresponds to the autonomous propagation
in the MCF target material of a system of two shock waves that arise from the release of the Joule energy
MATHEMATICAL MODELS AND COMPUTER SIMULATIONS  Vol. 10  No. 2  2018

Fig. 4. Spatial distribution of pressure P and temperature Т at time t = 5.66 ns.
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Fig. 5. Spatial distribution of magnetic pressure Pmag and total f lux of intrinsic radiation of plasma q at time t = 8.5 ns.
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and the absorption of the laser radiation energy in the plasma of the substance of the outer coaxial layer of
the target (Fig. 3).

The graphs shown in Fig. 4 correspond to the implosion stage of the MCF target. The plasma-dynamic
parameters of this stage are determined by the shock wave reflected from the symmetry axis and moving
toward the outer boundary of the computational domain. At this stage, the bulk of the plasma formation
is located near the origin of the coordinates. In this case, the maximum values of pressure and temperature
of the MCF target plasma are observed near the symmetry axis of the target-chamber system of the reactor
(Fig. 4).

Figure 5 shows the distributions of the magnetic pressure Pmag and the total f lux q of the intrinsic radi-
ation of the plasma formation (t = 8.5 ns).
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