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An approximate mathematical model of the heat transfer processes in the laminar and turbulent bound-
ary layers, which occur near the surface of an aircraft moving at the hypersonic speed in the Earth’s atmo-
sphere, is derived. This mathematical model makes it possible to calculate the convective heat transfer on
the surface of typical structural elements of modern perspective aircrafts. 2D versions of the calculations
of convective heat fluxes for bodies of simple geometric shapes are performed.
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1. Introduction

The study of the gas dynamics of the high-velocity (M > 6) flow
around bodies with simple geometric shapes is determined by the
fact that, firstly, these structural elements are the key elements of
aircrafts, and secondly, the known construction materials used to
manufacture typical elements (basic geometric bodies) of modern
aircrafts at the speeds of M � 6 reach the limit of their thermo-
strength capabilities.

We also note that many physical problems arise when design-
ing the advanced aircrafts, e.g. the effect of the friction coefficient
on the motion with the hypersonic speed, and also the determina-
tion of viscous tangential stresses on the streamlined surface of a
body under various flow regimes; the effect of the convective flow
on the thermophysical characteristics of the flow around the body,
and the determination of the external thermal loads on the con-
struction of an aircraft.

Both problems are associated with the appearance of thermal
and dynamic boundary layers on the outer surface of an aircraft
moving in a continuous medium. Moreover, in the case of a vehicle
moving with the high speed (M > 6), the velocity gradients across
the boundary layer (and also the frictional forces) increase appre-
ciably if they are compared with the case of an aircraft with the
supersonic speed. In a narrow (in comparison with the characteris-
tic size of a streamlined body) hypersonic boundary layer, the work
of friction forces leads to the intense energy release, i.e. the bound-
ary layer can be considered as a narrow spatial region adjacent to
the surface of the streamlined body, in which there is an intense
heat release due to the energy dissipation processes. These dissipa-
tion processes are accompanied by the strong change in the ther-
mophysical (density, pressure, temperature, viscosity, thermal
conductivity, etc.) and dynamic properties of the gas, as well as
heat flows directed to the surface of the aircraft. These processes,
in turn, should be analyzed analytically and numerically.

The approach in the computational hydro- and gas dynamics
based on the numerical integration of the complete system of
Navier-Stokes equations is the most promising for studying these
processes. However, the solution of such problems, as a rule,
requires large computer time costs (a very detailed computational
grid is required in the boundary layer because its thickness is about
1 mm). The results of calculations can depend strongly on the
structure of the computational grid, the size of the calculated area,
the input parameters, and the features of the calculation algorithm.
In view of the above reasons, the use of the Navier-Stokes equa-
tions for the rapid evaluation of heat fluxes is quite problematic.
Therefore, in this physically complicated case, an analogy with
the body of the simplest form, e.g. a plate or a cone, is used to esti-
mate the heat fluxes on the surface of a simple-shape body. At the
same time, the geometric parameters of simple-shape bodies are
selected for each section of such a surface, the regularities of the
development of the boundary layer on which are known [1–8].
To determine the heat flux in this way, it is necessary to know
the distribution of the gas-dynamic parameters at the outer
boundary of the boundary layer (by solving the Euler equations).
We note that this approach is applicable only where the thin
boundary layer model works. In the tear-off zones, this method
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can give a qualitatively incorrect result, because the flow separa-
tion has a viscous nature [4–8].

In this case, the experimental studies are very expensive. At the
same time, in terrestrial conditions, the simulation of the physico-
chemical processes accompanying the flights of prospective air-
craft in the Earth’s atmosphere is technically difficult. For this
reason, it is necessary to determine the aerodynamic characteris-
tics by calculations and theoretical methods.
2. Numerical simulation of convective heat fluxes near bodies of
simple geometric shapes

The mathematical model of the thermophysical processes,
which arise when bodies with simple geometric shapes are stream-
lined, is based on the equations of gas dynamics (the height range
from the Earth’s surface, where the calculation are to be performed,
is H = 25 � 40 km). The coordinate transformation of the form
r ¼ r n;g; fð Þ, z ¼ z n;g; fð Þ, u ¼ u n;g; fð Þ is introduced using the
finite-difference method in order to solve the system of equations
of gas dynamics. In dimensionless variables, this system of equa-
tions takes the following form [2]:

@q
@t

þ Div qV
!� �

¼ �aqu
r
;

@qu
@t

þ Div quV
!� �

¼ �nr
@P
@n

� gr
@P
@g

� a
qu2

r
;
@qv
@t

þ Div qvV
!� �

¼ �nz
@P
@n

� gz
@P
@g

� a
quv
r

;

@qe
@t

þ Div qeV
!þ

X
q!i

� �
¼ � P

J
Div V

!� �
� a

Pu
r
� a

qeu
r

;

Se ¼ lRDþ c
Pr

div kRgradTð Þ;

where u r; z; tð Þ; v r; z; tð Þ are projections of the velocity vector

V
!

r; z; tð Þ on R and Z axes, e is the specific internal plasma energy,
J ¼ @ r; zð Þ=@ n;gð Þ is the Jacobian transition the cylindrical coordi-
nate system r, z to the curvilinear coordinates n;g, Vn ¼ nruþ nzv,
Vg ¼ gruþ gzv are the contravariant components of the velocity

vector V
!

in the curvilinear coordinates n, g, q, P are the plasma
density and pressure, respectively, a = 0 corresponds to the plane
flow, and a = 1 corresponds to axisymmetric flow.

The computational region included the flow field in the undis-
turbed flow, those behind the front of the shock wave and in the
wake of the streamlined body, and it was a curvilinear rectangle
in the coordinate system r; z (it was a rectangle in the coordinate
system n;g).

In the lower part of the rectangle, either the axis of symmetry or
the solid surface is perpendicular to the surface. From the top, it
was bounded by a straight line on which the ‘‘non-perturbing” con-
ditions are set on the flow leaving the computational region:

@2 f
!
=@x2n ¼ 0 where f

!¼ q;u; v; ef g and xn is the coordinate normal
to the boundary surface. On the right-hand side, the integration
region is limited by a straight line, on which the parameters of
the air flow incoming onto the body with simple geometric shape
are specified. On the left-hand side, a surface is located, which is
sufficiently far from the right-hand boundary and corresponds to
the conditions at infinity.

The numerical method used for the calculation is based on the
nonlinear quasi-monotonic compact-polynomial difference
scheme of high-order accuracy and spatial splitting of the Euler
equations [9] written in the arbitrary curvilinear coordinate sys-
tem. The procedure for calculating the breakdown of a discontinu-
ity developed by S.K. Godunov, Full member of the Russian
Academy of Sciences, was used to determine the mass and energy
flux vectors at the boundaries of the computational cell. The com-
putational grid (and the adapted curvilinear coordinate system)
was created using the technique described in [10–11]. The applied
computational codes use the multi-block calculation technology on
non-orthogonal structured grids.

We note that the calculation of heat fluxes in the considered
case is always preceded by the determination of the external invis-
cid flow near the surface of the streamlined body. The method of
calculating the heat flux, which occurs on the surface of bodies
with simple geometric shapes, is described in Refs. [4–7,12–15,
18–20].

In the laminar case, the heat flux near the critical point can be
estimated using the formula [16–20]:

qw ¼ 1;93� 10�4V1;08
1 H0 � Hwð Þ

ffiffiffiffiffiffiffi
q1
R

r
:

In the turbulent case, it can be estimated using the formula [16,17]:

qw ¼ 4;69� 10�4V1;25
1 H0 � Hwð Þ 1þ Tw
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� ��2
3 q0;8

1
R0;2 ;

where Hw; J=kg; Tw;K are the enthalpy and temperature on the sur-
face of a streamlined body, respectively, H0; J=kg; T0;K are the
enthalpy and temperature, respectively, taken on the outer bound-
ary of the boundary layer, q1; kg=m3;V1;m=s are the density and
velocity of the undisturbed flow incoming onto the body, R, m, qw,
W/m2 are the radius of curvature of the body, and heat flux at the
front critical point, respectively.

It follows from the above formulas that the heat transfer coeffi-
cient in the critical point is inversely proportional to the square
root

ffiffiffi
R

p
(in the turbulent case, it is proportional to R0;2) of the

blunting radius R. Therefore, at high flight speeds and, correspond-
ingly, large deceleration temperatures, the values of the convective
and radiative fluxes increase sharply in the critical point when the
blunting radius decreases. We consider the application of the effec-
tive length method in the point with the Cartesian coordinate x⁄
for the case of the rotation body with the radius R(x⁄). Here l⁄ is
the length of the arc formed from the beginning of the body to
the considered point. We assume that a thermal boundary layer
with the thickness d is formed on the body at the point (x⁄, R).
The effective length xeff is the length of a flat plate, on which the
same boundary layer grows as on the length of considered body,
when the external flow has the same parameters as that at the con-
sidered point of the body. For an axially symmetrical case, the
effective length xeff is the length of a cylinder with the radius R.

To reduce to a dimensionless form, we introduce the following
notation for dimensionless variables:

R ¼ R
R�

;l ¼ l0

l1
;q ¼ q0

q1
;lw ¼ lw

l1
;qw ¼ qw

q1
;

U ¼ U0

U1
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T1
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T1
; T0 ¼ T0

T1
;

Cp ¼ Cp;0

Cp;1
; qw ¼ qw

q1U1 Cp
� ��

cpT1
;

where R� is the body curvature radius at flow deceleration point,
l1;q1;U1; T1, Cp;1 are the viscosity, density, velocity, temperature
and heat capacity at p = const in the flow of body, l0;q0;U0, Cp;0 are
the viscosity, density, velocity, and heat capacity taken at the outer
boundary of the boundary layer in the considered cross-section
with the Cartesian coordinate x along the streamlined body,
lw;qw are the viscosity and density at wall temperature, Tw; Te

are the surface temperature of the streamlined body and the



Table 1
Parameters of the air atmosphere.

Parameter Value Value Dimension

Flight Height 22 37 km
Downstream pressure 0.405 105 0433 104 erg/cm3 (Tor)
The temperature of the

oncoming stream
219 242 K

Density 0.645 10�4 0.624 10�5 g/cm3

Sound speed 0.296 105 0.312 105 cm/s
Frequency of collisions 0.317 109 0.323 108 1/s
The mean free path 0.126 10�3 0.13 10�2 cm

Table 2
Initial data for calculations of flow around a spherically blunted cylinder.

Parameter Case 1 Case 2 Dimension

P1 0.23 104 0.23 105 erg/cm3(Tor)
q1 0.178 10�5 0.433 10�4 g/cm3

V1 4.167 105 4.167 105 cm/c
T1 450 450 K
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temperature of the heat-insulated wall, Tr is the ambient recovery

temperature, Tr ¼ T0 1þ r c�1
2 M2

0

� �
.

The effective length method is used in Ref. [17] to calculate the
heat exchange of bodies with classical shapes (plate, cylinder, cone,
sphere, etc.) with the gas flow, in which the main parameters vary
along their lengths. According to this method (for the laminar
flow), the effective length xeff is determined by the relation
[14–17]:
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The quantities varying from the beginning of the formation of
the boundary layer (the critical point) to the considered cross-
section using the Cartesian coordinate x are under the integral. R
(x) is the rotation radius of the axisymmetric body, M0; Pr0 are
the local Mach and Prandtl numbers taken at the outer boundary
of the boundary layer in the considered cross-section with the
Cartesian coordinate x ,r ¼ ffiffiffiffiffiffiffi

Pr0
p

, where r is the temperature recov-
ery factor (it shows what fraction of the kinetic energy of the exter-
nal flow goes to increase the heat content of the gas near the
surface of the streamlined body).

For accelerated and slowly retarded flows, the coefficient K1 in
the expression for the effective length xeff. It takes into account the
effect of the longitudinal velocity gradient. This parameter is close
to unity and mainly depends on the velocity gradient parameter

and the temperature factor: K1 ¼ 1þ 0;16 1þ Tw
T�0

� �
2m
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.

The coefficient K is a factor, which accounts for the effect of the

compressibility: K ¼ ql
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� �1=3
. The value of the dimensionless

velocity gradient m follows from the formula: m ¼ x
V0

@V0
@x . The

determining temperature T� has the form:
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cp is the average value of the heat capacitance,

determined in the temperature range T; T�½ �.
The value of the Stanton number can be found using the

relation:

Stx;eff : ¼ 0;332 mþ 1ð Þ1=2Re1=2x;eff :Pr
�2=3
0 K � K1:

In this relation, the Reynolds number is determined by the fol-
lowing formula:

Rex;eff ¼ qwV0xeff
lw

:

where qw;lw are taken from the surface temperature of the body
Tw.

The heat convective flux qw in the laminar case follows from the
relation:

qw ¼ qV Te � Tw
� �

Stx;eff :

In the turbulent flow regime near the surface of the streamlined
body, the following formula for calculating the effective length xeff
can be used [16,17,19]:
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where the temperature recovery factor is r ¼ ffiffiffiffiffiffiffi
Pr03

p
, and the value of

the heat flux is given by:
qw ¼ qV Te � Tw
� �

Stx;eff ;Rex;eff ¼ qwV0xeff
lw

:

The value of the Stanton number for the turbulent regime can
be found using the relation:

Stx;eff ¼ 0;0296Re�0;2
x;eff Pr
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c� 1
2
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Using the assumptions of [19], the Stanton number Stx;eff for the
transition region of the flow can be determined from the formula:

Stx;eff : ¼ Stx;eff :turb � Stx;eff :turb � Stx;eff :lam
� �

exp
Rex;eff � Rex;Hn

Rex;Hn

	 

;

where Stx;eff :turb; Stx;eff :lam are determined by the formulas given above
in the text; Rex;Hn is the Reynolds number for the onset of the tran-
sition from the laminar to the turbulent flow. This dependence is in
good agreement with the experimental data [19–23] for the flow
conditions Rex;eff ¼ 104 � 106.

3. Calculation results

The calculation of the flow around blunted axisymmetric bodies
is used for the validation and verification of this mathematical
model of the heat transfer near the surface of the characteristic ele-
ments of an aircraft (in this case, the calculated and experimental
data from [23] can be used).

The computational region includes the flow field in the undis-
turbed flow and those behind the front of the shock wave and in
the wake of the streamlined body. The initial data for the calcula-
tions performed in the work are shown in Tables 1 and 2 (see
Table 3).

These calculations are performed for Mach numbers of M = 6–
10 and flight heights of h ¼ 22 km and h ¼ 37 km in the Earth’s
atmosphere.

The calculation results of the density of the convective heat flux
qw according to the one-temperature model of the dissociation
kinetics [23] are shown in Fig. 1a (the height of h ¼ 22 km), and
Fig. 1b shows the densities of the convective heat flux qw obtained
by the developed method.

The initial data for the calculations performed in Ref. [15] are
indicated in Table 1 and Table 2. These calculations were per-
formed for Mach numbers M = 6–10 and altitudes h = 22 km and
h = 37 km in the Earth’s atmosphere.



Table 3
Parameters of the flow.

Pressure in the flowing stream P = 1120 Pa
Speed in the incoming flow V = 945 m/s
Temperature in the flowing stream T = 62.1 K
Mach number in the flowing stream M = 6
Composition that flows into the body of the gas Air
Height from the surface of the Earth H = 25 km

qw, W/cm2

V, m/s
a)

Fig. 1. Density of convective heat fluxes at the critical point blunted over the sphere of t
h = 22 km. (a) The results given in [23]. (b) The results obtained in this paper.

wq , W/cm2

V, m/s
a)

Fig. 2. Convective heat flux density at the critical point of a cylinder blunted on the spher
of h ¼ 37 km. (a) Results given in [23]. (b) Results obtained in this work.
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Fig. 1a (height h = 22 km) shows the results of calculating the
convective heat flux qw density from a single-temperature dissoci-
ation kinetics model [23], and Fig. 1b shows the convective heat
flux qw density by a method developed by the authors.

The convective heat flux density distributions qw along the
streamlined non-catalytic surface of a cylinder blunted on the
sphere are shown in Fig. 3 (variant 1). Here in Fig. 3, the dotted
curves correspond to the results given in [23], and the solid lines
qw, W/cm2

V, m/s
b) 

he cylinder (radius of blunting R = 0.66 cm) at zero angle of attack for flight altitude

qw, W/cm2

V, m/s
b) 

e (the blunting radius of R ¼ 0:66 cm) at the zero angle of attack for the flight height



wq , W/cm2 
q
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Fig. 3. Convective heat flux density distribution along the surface of a cylinder
blunted on the sphere. Blunting radii are R ¼ 1:27 cm and R ¼ 5:08 cm (variant 1).
Non-catalytic surface (M ¼ 9:8).

wq , W/cm2

Z, cm

Fig. 4. Convective heat flux dependence on the longitudinal coordinate (the wedge
conjugated to the wedge).

T, K

Z, cm

Fig. 5. Temperature distribution at the flow around a sharp wedge.
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are obtained by the developed approximate engineering method
for calculating the convective heat transfer.

Fig. 2 (the height of h ¼ 37 km) shows the densities of convec-
tive heat fluxes at the critical point of a cylinder blunted around
the sphere for the thermal equilibrium conditions, as well as for
the conditions of accounting for the effect of the vibrational relax-
ation on dissociation (Fig. 2a [23]) and the results of this work are
shown in Fig. 2b. According to the graphical dependences (Figs. 1
and 2), the following estimate of the error in calculating the con-
vective heat flux qw is possible: 37% – h ¼ 22 km and 22% –
h ¼ 37 km.

It follows from the graphical dependences (Fig. 3) that for the
blunting radius R ¼ 1:27 cm (red curve) the convective heat flux
density distribution qw along the surface of a cylinder blunted on
the sphere on average has the error 6 20%. More noticeable dis-
crepancies in the calculations of the convective heat flux density
qw given in Fig. 3 (green curve) are observed for the blunting radius
of R ¼ 5:08 cm.

The results of calculations show that the errors in the deviation
of the inclination angle b of the shock wave are 6 1%, and those in
the gas-dynamic quantities are on the order of 3%. The calculation
is performed for the cone (the opening angle of the cone is 9
degrees) conjugated to the cone (the opening angle of the cone is
4 degrees). The following parameters of the incoming air flow were
used for the calculation of the heat transfer near the surface of bod-
ies of simple geometric shapes:

Some results of calculations of the vector and scalar fields of
aerothermodynamic parameters using the above mathematical
model of the heat transfer near the surface of the characteristic ele-
ments of the aircraft are shown in Figs. 4 and 5: the wedge (the
opening angle of the wedge of 9 degrees) conjugated to the wedge
(the opening angle of the wedge of 4 degrees).

It follows from the graphical dependences (Figs. 4 and 5) that
the flow structure near the wedge conjugated to the wedge con-
sists of a stationary plane shock wave attached to the ‘‘sharp” part
of the wedge (with the gas dynamic parameters: T = 314 K,
P = 0.065 atm, q = 7.06�10�5 kg/m3) and plane rarefaction wave
(directly behind: T = 267 K, P = 0.037 atm, q = 4.8�10�5 kg/m3) aris-
ing in the kink point of the streamlined body.

The maximal intensity of the convective heating predicted by
calculations (Fig. 4) is near the front critical point and its level is
approximately qw ¼ 170 kW/m2. We also note that a sharp (by
40%) drop in the convective heat flow qw (due to the cooling of
the gas flow) is observed behind the rarefaction wave.
4. Conclusion

This work presents a mathematical model derived for a fast
initial estimate of aerothermodynamics of typical key elements
of perspective aircrafts in the region of laminar and turbulent
boundary layers (in the speed and height ranges of M = 6–10 and
H = 22–37 km, respectively). This model is verified and validated
(the accuracy of the results obtained using the approximate model
is close to that of the results obtained using much more complete
computational models) and includes the calculation of gas-
dynamic parameters (based on the Euler equations), and also the
approximate calculation of the convective heat flux near the
surface of simple-shape bodies.
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