
Á. Î. Âîëêîâ

volkovbo@bmstu.ru

ÈÍÒÅÃÐÀËÛ È ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß

ËÅÊÖÈß 5

Îïðåäåëåíèå 1. Ôóíêöèÿ íàçûâàåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé íà îòðåçêå,

åñëè ó íåå ñóùåñòâóåò íåïðåðûâíàÿ ïðîèçâîäíàÿ íà ýòîì îòðåçêå.

Òåîðåìà 1. (Ýêç 9. Òåîðåìà îá èíòåãðèðîâàíèè ïîäñòàíîâêîé.) Ïóñòü ôóíêöèÿ f
íåïðåðûâíà íà [x1, x2]. Ïóñòü ôóíêöèÿ ϕ íåïðåðûâíî äèôôåðåíöèðóåìà íà [t1, t2].
Ïóñòü ϕ(t1) = x1, ϕ(t2) = x2 è ϕ(t) ∈ [x1, x2] ∀t ∈ [t1, t2]. Òîãäà∫ x2

x1

f(x)dx =

∫ t2

t1

f(ϕ(t))ϕ′(t)dt

Äîêàçàòåëüñòâî. T.ê. ôóíêöèÿ f íåïðåðûâíà íà îòðåçêå [x1, x2], òî ó íåå ñóùåñòâóåò
ïåðâîîáðàçíàÿ F íà ýòîì îòðåçêå. Ïî òåîðåìå î ïðîèçâîäíîé ñëîæíîé ôóíêöèè äëÿ

∀t ∈ [t1, t2] âûïîëíÿåòñÿ

(F (ϕ(t)))′ = f(ϕ(t))ϕ′(t)

Òîãäà ñëîæíàÿ ôóíêöèÿ F (ϕ(t)) áóäåò ïåðâîîáðàçíîé íåïðåðûâíîé ôóíêöèè f(ϕ(t))ϕ′(t)
íà [t1, t2]. Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà:∫ x2

x1

f(x)dx = F (x2)− F (x1)

è ∫ t2

t1

f(ϕ(t))ϕ′(t)dt = F (ϕ(t2))− F (ϕ(t1)) = F (x2)− F (x1).

Èç ýòèõ äâóõ ðàâåíñòâ ñëåäóåò óòâåðæäåíèå òåîðåìû.

Çàìå÷àíèå 1. Ïðè çàìåíå ïåðåìåííîé â îïðåäåëåííîì èíòåãðàëå ìåíÿþòñÿ ïðåäåëû

èíòåãðèðîâàíèÿ.

Ïðèìåð 1.

∫ 1

0

√
1− x2dx =

∣∣∣∣∣ x=sin t
dx=cos tdt

t2=arcsin 1=π
2

t1=arcsin 0=0

∣∣∣∣∣ =

∫ π/2

0
cos2 tdt =

∫ π/2

0

(1 + cos(2t))

2
dt =

=
t

2

∣∣∣∣π2
0

+
1

2

∫ π
2

0
cos (2t)dt =

∣∣∣∣∣
y=2t

dt= dy
2

y2=π
y1=0

∣∣∣∣∣ =
π

4
+

1

4

∫ π

0
cos ydy =

π

4
− sin y

4

∣∣∣∣π
0

=
π

4

Òåîðåìà 2. (Ýêç. 11) Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà [−a, a] è ïåðèîäè÷íà ñ ïåðè-

îäîì T . Òîãäà ∀a ∈ R âûïîëíÿåòñÿ∫ a+T

a
f(x)dx =

∫ T

0
f(x)dx.

Äîêàçàòåëüñòâî. Ïî ñâîéñòâó àääèòèâíîñòè îïðåäåëåííîãî èíòåãðàëà:∫ T

0
f(x)dx =

∫ a

0
f(x)dx+

∫ a+T

a
f(x)dx+

∫ T

a+T
f(x)dx. (1)
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Ðàññìîòðèì ïîñëåäíèé èíòåãðàë â ïðàâîé ÷àñòè ðàâåíñòâà:

∫ T

a+T
f(x)dx = −

∫ a+T

T
f(x)dx = {f(x) = f(x− T ) èç-çà ïåðèîäè÷íîñòè f} =

= −
∫ a+T

T
f(x− T )dx = |çàìåíà ïåðåìåííîé: t = x− T | = −

∫ a

0
f(t)dt =

= |çàìåíà ïåðåìåííîé:x = t| = −
∫ a

0
f(x)dx (2)

Ïîäñòàâèâ (2) â ïðàâóþ ÷àñòü (1), ìû ïîëó÷àåì óòâåðæäåíèå òåîðåìû.

Òåîðåìà 3. (Ýêç. 11) Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà [−a, a]. Òîãäà

1.
∫ a
−a f(x)dx = 0, åñëè f � íå÷åòíàÿ ôóíêöèÿ

2.
∫ a
−a f(x)dx = 2

∫ a
0 f(x)dx, åñëè f � ÷åòíàÿ ôóíêöèÿ

Äîêàçàòåëüñòâî. Ïî ñâîéñòâó àääèòèâíîñòè îïðåäåëåííîãî èíòåãðàëà:∫ a

−a
f(x)dx =

∫ 0

−a
f(x)dx+

∫ a

0
f(x)dx. (3)

Ðàññìîòðèì ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè ðàâåíñòâà:∫ 0

−a
f(x)dx = |çàìåíà ïåðåìåííîé:x = −t, dx = −dt| = −

∫ 0

a
f(−t)dt =

=

∫ a

0
f(−t)dt = |çàìåíà ïåðåìåííîé:x = t| =

∫ a

0
f(−x)dx (4)

Ïîäñòàâèâ (4) â (3), ìû ïîëó÷àåì∫ a

−a
f(x)dx =

∫ a

0
(f(x) + f(−x))dx =

{
0, åñëè f � íå÷åòíàÿ

2
∫ a

0 f(x)dx, åñëè f � ÷åòíàÿ

1 Íåñîáñòâåííûé èíòåãðàë

Íà ïðåäûäóùèõ ëåêöèÿõ ìû îïðåäåëèëè èíòåãðèðóåìîñòü (ïî Ðèìàíó) ôóíêöèè íà

îòðåçêå. Íàïîìíèì, ôóíêöèÿ íàçûâàåòñÿ èíòåãðèðóåìîé íà îòðåçêå, åñëè ó íåå íà

ýòîì îòðåçêå ñóùåñòâóåò îïðåäåëåííûé èíòåãðàë, êîòîðûé ïî-äðóãîìó íàçûâàåòñÿ

ñîáñòâåííûì èíòåãðàëîì èëè èíòåãðàëîì Ðèìàíà. Íåñîáñòâåííûé èíòåãðàë I ðîäà

ïîçâîëÿåò îïðåäåëèòü èíòåãðàë îò ôóíêöèè íà íåîãðàíè÷åííîì ïðîìåæóòêå, ò.å. îïðå-

äåëèòü òàêèå èíòåãðàëû:∫ +∞

a
f(x)dx,

∫ a

−∞
f(x)dx,

∫ +∞

−∞
f(x)dx

Íàïîìíèì, ÷òî íåîáõîäèìîå óñëîâèå ôóíêöèè èíòåãðèðóåìîñòè íà îòðåçêå � ýòî åå

îãðàíè÷åííîñòü íà ýòîì îòðåçêå. Íåñîáñòâåííûé èíòåãðàë II ðîäà ïîçâîëÿåò îáîáùèòü

ïîíÿòèÿ èíòåãðàëà äëÿ íåîãðàíè÷åííûõ ôóíêöèé íà îãðàíè÷åííîì ïðîìåæóòêå.
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1.1 Íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà

Ïóñòü f èíòåãðèðóåìà íà [a, b] äëÿ ∀b ≥ a. Ôóíêöèÿ Jf (b) =
∫ b
a f(x)dx àðãóìåíòà b �

èíòåãðàë ñ ïåðåìåííûì âåðõíèì ïðåäåëîì.

Îïðåäåëåíèå 2. (ÝÊÇ,ÐÊ) Íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà
∫ +∞
a f(x)dx � ýòî

ïðåäåë

lim
b→+∞

Jf (b) = lim
b→+∞

∫ b

a
f(x)dx.

Îïðåäåëåíèå 3. (ÝÊÇ,ÐÊ) Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë limb→∞
∫ b
a f(x)dx, òî

íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà
∫ +∞
a f(x)dx íàçûâàåòñÿ ñõîäÿùèìñÿ. Åñëè êîíå÷-

íûé ïðåäåë íå ñóùåñòâóåò (ò.å. ïðåäåë ëèáî ðàâåí áåñêîíå÷íîñòè èëè íå ñóùåñòâó-

åò), òî èíòåãðàë íàçûâàåòñÿ ðàñõîäÿùèìñÿ.

Íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà
∫ a
−∞ f(x)dx îïðåäåëÿåòñÿ àíàëîãè÷íî:

∫ a
−∞ f(x)dx =

lim
b→−∞

∫ a
b f(x)dx. Àíàëîãè÷íî æå îïðåäåëÿåòñÿ åãî ñõîäèìîñòü è ðàñõîäèìîñòü.

Ïóñòü c� ïðîèçâîëüíàÿ òî÷êà èç R. Òîãäà
∫ +∞
−∞ f(x)dx :=

∫ c
−∞ f(x)dx+

∫ +∞
c f(x)dx.

Òàêîé èíòåãðàë íàçûâàåòñÿ ñõîäÿùèìñÿ, åñëè ñõîäÿòñÿ îáà èíòåãðàëà â ïðàâîé ÷àñòè

ðàâåíñòâà.

Ñâîéñòâà íåñîáñòâåííîãî èíòåãðàëà 1-ãî ðîäà:

1. Ëèíåéíîñòü. Åñëè
∫ +∞
a f(x)dx è

∫ +∞
a g(x)dx ñõîäÿòñÿ, òî∫ +∞

a
(αf(x) + βg(x))dx = α

∫ +∞

a
f(x)dx+ β

∫ +∞

a
g(x)dx

2. Àääèòèâíîñòü. Ïóñòü c ∈ [a,+∞). Èíòåãðàëû
∫ +∞
a f(x)dx è

∫ +∞
c f(x)dx ñõî-

äÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî. Åñëè ñõîäÿòñÿ, òî∫ +∞

a
f(x)dx =

∫ c

a
f(x)dx+

∫ +∞

c
f(x)dx.

3. Ôîðìóëà Íüþòîíà-Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàë 1-ãî ðîäà.

Ïóñòü f íåïðåðûâíà íà [a; +∞). Ïóñòü F � ïåðâîîáðàçíàÿ f è ïóñòü F (+∞) :=
lim

x→+∞
F (x). Òîãäà

∫ +∞

a
f(x)dx = F (+∞)− F (a) =: F (x)|+∞a .

Àíàëîãè÷íî, ïóñòü F (−∞) := lim
x→−∞

F (x). Òîãäà∫ a

−∞
f(x)dx = F (a)− F (−∞) =: F (x)|a−∞

∫ +∞

−∞
f(x)dx = F (+∞)− F (−∞) =: F (x)|+∞−∞

Èíòåãðàë Äèðèõëå � íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà âèäà∫ +∞

1

dx

xα
,

ãäå α ∈ R. Èññëåäóåì åãî íà ñõîäèìîñòü. Ðàññìîòðèì ñëó÷àè.
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1. Ïóñòü α = 1. Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà äëÿ íåñîáñòâåííûõ èíòåãðàëîâ

1-ãî ðîäà: ∫ +∞

1

dx

x
= lnx|+∞1 = lim

x→+∞
lnx− ln 1 = +∞

Èíòåãðàë ðàñõîäèòñÿ.

2. Ïóñòü α 6= 1. Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà äëÿ íåñîáñòâåííûõ èíòåãðàëîâ

1-ãî ðîäà: ∫ +∞

1

dx

xα
=

∫ +∞

1
x−αdx =

x1−α

1− α

∣∣∣∣+∞
1

= lim
x→+∞

x1−α

1− α
− 1

1− α

Ïðè α > 1 âûïîëíÿåòñÿ lim
x→+∞

x1−α

1−α = 0 è ïðè α < 1 âûïîëíÿåòñÿ lim
x→+∞

x1−α

1−α = +∞.

Òàêèì îáðàçîì, èíòåãðàë Äèðèõëå
∫ +∞

1
dx
xα ñõîäèòñÿ, åñëè α > 1; ðàñõîäèòñÿ,

åñëè α ≤ 1.

1.2 Íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà

Ïóñòü f èíòåãðèðóåìà íà [a′, b] äëÿ ∀a′ ∈ (a, b]. Ôóíêöèÿ Jf (a′) =
∫ b
a′ f(x)dx àðãóìåíòà

a′ � èíòåãðàë ñ ïåðåìåííûì íèæíèì ïðåäåëîì.

Îïðåäåëåíèå 4. (ÝÊÇ,ÐÊ) Íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà
∫ b
a f(x)dx � ýòî ïðå-

äåë

lim
a′→a+0

Jf (a) = lim
a′→a+0

∫ b

a′
f(x)dx.

Îïðåäåëåíèå 5. (ÝÊÇ,ÐÊ) Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë lim
a′→a+0

∫ b
a′ f(x)dx, òî

íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà
∫ b
a f(x)dx íàçûâàåòñÿ ñõîäÿùèìñÿ. Åñëè êîíå÷íûé

ïðåäåë íå ñóùåñòâóåò (ò.å. ïðåäåë ëèáî ðàâåí áåñêîíå÷íîñòè èëè íå ñóùåñòâóåò),

òî èíòåãðàë íàçûâàåòñÿ ðàñõîäÿùèìñÿ.

Çàìå÷àíèå 2. Íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà îáîçíà÷àåòñÿ òàêæå, êàê è îïðå-

äåëåííûé èíòåãðàë. Åñëè ôóíêöèÿ f èíòåãðèðóåìà íà [a, b], òî ïî òåîðåìå î íåïðå-
ðûâíîñòè èíòåãðàëà ñ ïåðåìåííûì âåðõíèì ïðåäåëîì îïðåäåëåííûé èíòåãðàë è íåñîá-

ñòâåííûé èíòåãðàë 2-ãî ðîäà äëÿ ôóíêöèè f ñîâïàäàþò. Åñëè æå ôóíêöèÿ f íå ÿâëÿ-
åòñÿ îãðàíè÷åííîé â íåêîòîðîé ïðàâîé ïðîêîëîòîé îêðåñòíîñòè a, òî f íå ìîæåò

áûòü èíòåãðèðóåìîé íà îòðåçêå [a, b], íî ïðè ýòîì íåñîáñòâåííûé èíòåãðàë 2-ãî

ðîäà
∫ b
a f(x)dx ìîæåò ñõîäèòüñÿ.

Ñâîéñòâà íåñîáñòâåííîãî èíòåãðàëà 2-ãî ðîäà:

1. Ëèíåéíîñòü. Åñëè
∫ b
a f(x)dx è

∫ b
a g(x)dx ñõîäÿòñÿ, òî∫ b

a
(αf(x) + βg(x))dx = α

∫ b

a
f(x)dx+ β

∫ b

a
g(x)dx

2. Àääèòèâíîñòü. Ïóñòü c ∈ (a, b). Èíòåãðàëû
∫ b
a f(x)dx è

∫ c
a f(x)dx ñõîäÿòñÿ èëè

ðàñõîäÿòñÿ îäíîâðåìåííî. Åñëè ñõîäÿòñÿ, òî∫ b

a
f(x)dx =

∫ c

a
f(x)dx+

∫ b

c
f(x)dx.

4



3. Ôîðìóëà Íüþòîíà-Ëåéáíèöà äëÿ íåñîáñòâåííîãî èíòåãðàë 2-ãî ðîäà.

Ïóñòü f íåïðåðûâíà íà (a; b]. Ïóñòü F � ïåðâîîáðàçíàÿ f è ïóñòü F (a + 0) :=
lim

x→a+0
F (x). Òîãäà

∫ b

a
f(x)dx = F (b)− F (a+ 0) = F (x)|ba+ .

Çàìå÷àíèå 3. Åñëè æå f èíòåãðèðóåìà íà [a, b′] äëÿ ∀b′ ∈ [a, b), íåñîáñòâåííûé
èíòåãðàë 2-ãî ðîäà îïðåäåëÿåòñÿ ïî ôîðìóëå∫ b

a
f(x)dx = lim

b′→b−0

∫ b′

a
f(x)dx.

Èíòåãðàë Äèðèõëå � íåñîáñòâåííûé èíòåãðàë 2-ãî ðîäà âèäà∫ 1

0

dx

xα
,

ãäå α ∈ R. Èññëåäóåì åãî íà ñõîäèìîñòü. Ðàññìîòðèì ñëó÷àè.

1. Ïóñòü α = 1. Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà äëÿ íåñîáñòâåííûõ èíòåãðàëîâ

2-ãî ðîäà: ∫ 1

0

dx

x
= lnx|10+ = ln 1− lim

x→0+
lnx = +∞

Èíòåãðàë ðàñõîäèòñÿ.

2. Ïóñòü α 6= 1. Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà äëÿ íåñîáñòâåííûõ èíòåãðàëîâ

2-ãî ðîäà: ∫ 1

0

dx

xα
=

∫ 1

0
x−αdx =

x1−α

1− α

∣∣∣∣1
0+

=
1

1− α
− lim
x→0+

x1−α

1− α

Ïðè α > 1 âûïîëíÿåòñÿ lim
x→0+

x1−α

1−α = −∞ è ïðè α < 1 âûïîëíÿåòñÿ lim
x→0+

x1−α

1−α = 0.

Òàêèì îáðàçîì, èíòåãðàë Äèðèõëå
∫ 1

0
dx
xα ñõîäèòñÿ, åñëè α < 1; ðàñõîäèòñÿ,

åñëè α ≥ 1. Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî èíòåãðàëû
∫ b
a

dx
(x−a)α è

∫ b
a

dx
(b−x)α

ñõîäÿòñÿ, åñëè α < 1; ðàñõîäÿòñÿ, åñëè α ≥ 1.
Â çàäà÷àõ íà èññëåäîâàíèè íà ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ èíòåãðàëû

Äèðèõëå 1-ãî è 2-ãî ðîäà áóäóò èñïîëüçîâàòüñÿ êàê ýòàëîí.

ËÅÊÖÈß 6

2 Ïðèçíàêè ñõîäèìîñòè

Òåîðåìà 4. Ïóñòü f ìîíîòîííà íà [a, b) (b ∈ R ∪ {+∞}). Ñóùåñòâóåò êîíå÷íûé

ïðåäåë lim
x→b−0

f(x) òîãäà è òîëüêî òîãäà, êîãäà f îãðàíè÷åíà íà [a, b).

Äîêàçàòåëüñòâî. Áåç äîêàçàòåëüñòâà.

Òåîðåìà 5. (Ýêç 12. Ïðèçíàê ñõîäèìîñòè ïî íåðàâåíñòâó) Ïóñòü f è g èíòåãðèðó-
åìû íà [a, b] äëÿ ∀b ≥ a. Ïóñòü âûïîëíÿåòñÿ 0 ≤ f(x) ≤ g(x) äëÿ ∀x ≥ a. Òîãäà

1. åñëè
∫ +∞
a g(x)dx ñõîäèòñÿ, òî

∫ +∞
a f(x)dx ñõîäèòñÿ;
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2. åñëè
∫ +∞
a f(x)dx ðàñõîäèòñÿ, òî

∫ +∞
a g(x)dx ðàñõîäèòñÿ.

Äîêàçàòåëüñòâî. 1. Ïóñòü Jf (x) =
∫ x
a f(t)dt è Jg(x) =

∫ x
a g(t)dt � èíòåãðàëû ñ ïå-

ðåìåííûì âåðõíèì ïðåäåëîì. Ïóñòü íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà
∫ +∞
a g(x)dx

ñõîäèòñÿ. Ïî îïðåäåëåíèþ ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò êîíå÷íûé ïðåäåë

lim
b→+∞

∫ b

a
g(x)dx = M.

Ïîêàæåì, ÷òî ôóíêöèè Jf è Jg íå óáûâàþò íà [a,+∞). Ïóñòü x′ > x > a. Òîãäà
ïî ñâîéñòâó àääèòèâíîñòè îïðåäåëåííîãî èíòåãðàëà

Jf (x′) =

∫ x′

a
f(t)dt =

∫ x

a
f(t)dt+

∫ x′

x
f(t)dt = Jf (x) +

∫ x′

x
f(t)dt ≥ Jf (x)

ò.ê.
∫ x′
x f(t)dt ≥ 0 êàê èíòåãðàë îò íåîòðèöàòåëüíîé ôóíêöèè. Çíà÷èò ôóíêöèÿ

Jf äåéñòâèòåëüíî íå óáûâàåò. Àíàëîãè÷íî äîêàçûâàåòñÿ, ôóíêöèÿ Jg íå óáûâàåò.

Ôóíêöèÿ Jg íå óáûâàåò íà [a,+∞) è ∃ êîíå÷íûé ïðåäåë M = lim
x→+∞

Jg(x). Çíà-

÷èò, Jg(x) ≤ M äëÿ ∀x ∈ [a,+∞). Ïî òåîðåìå î íåðàâåíñòâå â îïðåäåëåííîì

èíòåãðàëå äëÿ ∀x ∈ [a,+∞) âûïîëíÿåòñÿ

Jf (x) =

∫ x

a
f(t)dt ≤

∫ x

a
g(t)dt = Jg(x) ≤M.

Òàêèì îáðàçîì, Jf (x) ≤M äëÿ ∀x ∈ [a,+∞).

Ôóíêöèÿ Jf îãðàíè÷åíà è íå óáûâàåò íà [a,+∞). Ñëåäîâàòåëüíî, ñóùåñòâóåò

êîíå÷íûé ïðåäåë lim
x→+∞

Jf (x) =
∫ +∞
a f(t)dt. Ýòîò èíòåãðàë ñõîäèòñÿ.

2. Ïóñòü íåñîáñòâåííûé èíòåãðàë 1-ãî ðîäà
∫ +∞
a f(x)dx ðàñõîäèòñÿ. Äîêàæåì îò

ïðîòèâíîãî, ÷òî
∫ +∞
a g(x)dx ðàñõîäèòñÿ. Ïóñòü ýòî íå òàê è

∫ +∞
a g(x)dx ñõîäèò-

ñÿ. Òîãäà, êàê ìû âûøå äîêàçàëè, èíòåãðàë
∫ +∞
a f(x)dx òîæå áû ñõîäèëñÿ. Ìû

ïîëó÷èëè ïðîòèâîðå÷èå.

Ïðèìåð 2. Èññëåäóåì íà ñõîäèìîñòü èíòåãðàë∫ +∞

1

arctg x

x2 + 1
dx (5)

Âûïîëíÿåòñÿ äâîéíîå íåðàâåíñòâî

0 ≤ arctg x

x2 + 1
≤ π

2x2

Èíòåãðàë
∫ +∞

1
π

2x2
dx ñõîäèòñÿ. Çíà÷èò è èíòåãðàë (5) ñõîäèòñÿ.

Ïðèìåð 3. Èññëåäóåì íà ñõîäèìîñòü èíòåãðàë∫ +∞

1

2 + sinx√
x

dx (6)

Âûïîëíÿåòñÿ íåðàâåíñòâî
2 + sinx√

x
≥ 1√

x

Èíòåãðàë
∫ +∞

1
1√
x
dx ðàñõîäèòñÿ. Çíà÷èò è èíòåãðàë (6) ðàñõîäèòñÿ.
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Òåîðåìà 6. (Ýêç. 11. Ïðåäåëüíûé ïðèçíàê ñõîäèìîñòè) Ïóñòü f è g èíòåãðèðóåìà
íà [a, b] äëÿ ∀b > a. Ïóñòü 0 < f(x) è 0 < g(x) äëÿ ∀x ≥ a. Ïóñòü ∃ êîíå÷íûé

ïðåäåë lim
x→+∞

f(x)
g(x) = λ > 0. Òîãäà èíòåãðàëû

∫ +∞
a f(x)dx è

∫ +∞
a g(x)dx ñõîäÿòñÿ èëè

ðàñõîäÿòñÿ îäíîâðåìåííî.

Äîêàçàòåëüñòâî. Åñëè lim
x→+∞

f(x)
g(x) = λ > 0, òî ïî îïðåäåëåíèþ ïðåäåëà äëÿ ∀ε > 0

∃δ = δ(ε) > 0: |f(x)
g(x)−λ| < ε äëÿ ∀x ∈ ( 1

δ(ε) ,+∞). Âîçüìåì ε = λ/2. Ïðè x ∈ ( 1
δ(λ/2) ,+∞)

âûïîëíÿåòñÿ ∣∣∣∣f(x)

g(x)
− λ
∣∣∣∣ < λ

2
⇔ −λ

2
<
f(x)

g(x)
− λ < λ

2
⇔ λ

2
<
f(x)

g(x)
<

3λ

2
(7)

Ïóñòü c = max{a, 1
δ(λ/2)}. Èíòåãðàëû

∫ +∞
a f(x)dx è

∫ +∞
c f(x)dx ñõîäÿòñÿ èëè ðàñõî-

äÿòñÿ îäíîâðåìåííî. Èíòåãðàëû
∫ +∞
a g(x)dx è

∫ +∞
c g(x)dx ñõîäÿòñÿ èëè ðàñõîäÿòñÿ

îäíîâðåìåííî. Â ñèëó (7) ïðè x ≥ c âûïîëíÿåòñÿ

0 <
λ

2
g(x) < f(x) <

3λ

2
g(x) (8)

Åñëè èíòåãðàë
∫ +∞
c g(x)dx ñõîäèòñÿ, òî è èíòåãðàë

∫ +∞
c (3λ

2 g(x))dx ñõîäèòñÿ. Â ñèëó (8)

èíòåãðàë
∫ +∞
c f(x)dx ñõîäèòñÿ ïî ïðèçíàêó ñðàâíåíèÿ. Åñëè èíòåãðàë

∫ +∞
c g(x)dx ðàñ-

õîäèòñÿ, òî è
∫ +∞
c (λ2g(x))dx ðàñõîäèòñÿ. Â ñèëó (8) èíòåãðàë

∫ +∞
c f(x)dx ðàñõîäèòñÿ

ïî ïðèçíàêó ñðàâíåíèÿ.

Ïðèìåð 4. Èññëåäóåì ïðè êàêèõ α ñõîäèòñÿ èíòåãðàë

+∞∫
1

sinα
(

1

x

)
dx. (9)

Âûïîëíÿåòñÿ

sinα
(

1

x

)
∼ 1

xα
, x→ +∞.

Èíòåãðàë Äèðèõëå
+∞∫
1

dx
xα ñõîäèòñÿ ïðè α > 1, ðàñõîäèòñÿ ïðè α ≤ 1. Çíà÷èò, èí-

òåãðàë (9) ñõîäèòñÿ ïðè α > 1, ðàñõîäèòñÿ ïðè α ≤ 1.

Îïðåäåëåíèå 6. (ÝÊÇ,ÐÊ) Èíòåãðàë
+∞∫
a
f(x)dx ñõîäèòñÿ àáñîëþòíî, åñëè èíòå-

ãðàëû
+∞∫
a
f(x)dx è

+∞∫
a
|f(x)|dx ñõîäÿòñÿ.

Îïðåäåëåíèå 7. (ÝÊÇ,ÐÊ) Èíòåãðàë
+∞∫
a
f(x)dx ñõîäèòñÿ óñëîâíî, åñëè èíòåãðàë

+∞∫
a
f(x)dx ñõîäèòñÿ, à èíòåãðàë

+∞∫
a
|f(x)|dx ðàñõîäèòñÿ.

Òåîðåìà 7. (Ýêç. 11. Êðèòåðèé àáñîëþòíîé ñõîäèìîñòè) Èíòåãðàë
∫ +∞
a f(x)dx ñõî-

äèòñÿ àáñîëþòíî òîãäà è òîëüêî, êîãäà èíòåãðàë
∫ +∞
a |f(x)|dx ñõîäèòñÿ.
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Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü, ÷òî åñëè
∫ +∞
a |f(x)|dx ñõîäèòñÿ, òî è

∫ +∞
a f(x)dx

ñõîäèòñÿ. Ïóñòü
∫ +∞
a |f(x)|dx ñõîäèòñÿ. Èç äâîéíîãî íåðàâåíñòâà

−|f(x)| ≤ f(x) ≤ |f(x)|

ñëåäóåò äâîéíîå íåðàâåíñòâî

0 ≤ f(x) + |f(x)| ≤ 2|f(x)|

Â ñèëó ëèíåéíîñòè
∫ +∞
a 2|f(x)|dx ñõîäèòñÿ. Ïî ïðèçíàêó ñðàâíåíèÿ ñõîäèòñÿ èíòåãðàë∫ +∞

a (f(x) + |f(x)|)dx. À çíà÷èò
∫ +∞
a f(x)dx ñõîäèòñÿ êàê ðàçíîñòü äâóõ ñõîäÿùèõñÿ

èíòåãðàëîâ
∫ +∞
a (f(x) + |f(x)|)dx è

∫ +∞
a |f(x)|dx.

Ïðèìåð 5. Èíòåãðàë
∫ +∞

1
sinx
x2
dx � ñõîäèòñÿ àáñîëþòíî, ò.ê. | sinx|

x2
≤ 1

x2
. Ïî ïðè-

çíàêó ñðàâíåíèÿ
∫ +∞

1
| sinx|
x2

dx ñõîäèòñÿ.

Ïðèìåð 6. Èíòåãðàë
∫ +∞

1
sinx
x dx � ñõîäèòcÿ óñëîâíî. Â íà÷àëå ïîêàæåì, ÷òî

∫ +∞
1

sinx
x dx

ñõîäèòñÿ. ∫ +∞

1

sinx

x
dx = lim

R→+∞

∫ R

1

sinx

x
dx

Èíòåãðèðóÿ ïî ÷àñòÿì, ìû ïîëó÷àåì∫ R

1

sinx

x
dx = − cosx

x

∣∣∣R
1
−
∫ R

1

cosx

x2
dx

Çíà÷èò∫ +∞

1

sinx

x
dx = lim

R→+∞

(
− cosx

x

∣∣∣R
1

)
−
∫ +∞

1

cosx

x2
dx = cos 1−

∫ +∞

1

cosx

x2
dx.

Èíòåãðàë
∫ +∞

1
cosx
x2

dx ñõîäèòñÿ. Ñëåäîâàòåëüíî, èíòåãðàë
∫ +∞

1
sinx
x dx ñõîäèòñÿ.

Ïîêàæåì,
∫ +∞

1

∣∣ sinx
x

∣∣ dx ðàñõîäèòñÿ. Âûïîëíÿåòñÿ

| sinx|
x

≥ sin2 x

x
=

1− cos 2x

2x

Èíòåãðàë
∫ +∞

1
1

2xdx ðàñõîäèòñÿ. Èíòåãðàë
∫ +∞

1
cos 2x

2x dx = 1
2

∫ +∞
2

cos t
t dt ñõîäèòñÿ (äî-

êàçûâàåòñÿ àíàëîãè÷íî
∫ +∞

1
sinx
x dx). Çíà÷èò, èíòåãðàë

∫ +∞
1

1−cos 2x
2x dx ðàñõîäèòñÿ.

Ïî ïðèçíàêó ñðàâíåíèÿ
∫ +∞

1

∣∣ sinx
x

∣∣ dx ðàñõîäèòñÿ.

3 Ïðèçíàêè ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ 2-ãî ðî-

äà

(ÝÊÇ 15)

Òåîðåìà 8. (ïðèçíàê ñõîäèìîñòè ïî íåðàâåíñòâó) Ïóñòü f è g èíòåãðèðóåìû íà

[a′, b] äëÿ ∀a′ ∈ (a, b]. Ïóñòü âûïîëíÿåòñÿ 0 ≤ f(x) ≤ g(x) äëÿ ∀x ∈ (a, b]. Òîãäà

1. åñëè
∫ b
a g(x)dx ñõîäèòñÿ, òî

∫ b
a f(x)dx ñõîäèòñÿ;

2. åñëè
∫ b
a f(x)dx ðàñõîäèòñÿ, òî

∫ b
a g(x)dx ðàñõîäèòñÿ.
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Òåîðåìà 9. (ïðåäåëüíûé ïðèçíàê ñõîäèìîñòè) Ïóñòü f è g èíòåãðèðóåìà íà [a′, b]
äëÿ ∀a′ ∈ (a, b]. Ïóñòü 0 < f(x) è 0 < g(x) äëÿ ∀x ∈ (a, b]. Ïóñòü ∃ êîíå÷íûé ïðåäåë

lim
x→a+

f(x)
g(x) = λ > 0. Òîãäà èíòåãðàëû

∫ b
a f(x)dx è

∫ b
a g(x)dx ñõîäÿòñÿ èëè ðàñõîäÿòñÿ

îäíîâðåìåííî.

Îïðåäåëåíèå 8. Ïóñòü f èíòåãðèðóåìà íà [a′, b] äëÿ ∀a′ ∈ (a, b]. Íåñîáñòâåííûé èí-

òåãðàë 2-ãî ðîäà
∫ b
a f(x)dx ñõîäèòñÿ àáñîëþòíî, åñëè èíòåãðàëû

∫ b
a f(x)dx è

∫ b
a |f(x)|dx

ñõîäÿòñÿ.

Îïðåäåëåíèå 9. Ïóñòü f èíòåãðèðóåìà íà [a′, b] äëÿ ∀a′ ∈ (a, b]. Èíòåãðàë
∫ b
a f(x)dx

ñõîäèòñÿ óñëîâíî, åñëè èíòåãðàë
∫ b
a f(x)dx ñõîäèòñÿ, à èíòåãðàë

∫ b
a |f(x)|dx ðàñõî-

äèòñÿ.

Òåîðåìà 10. (Êðèòåðèé àáñîëþòíîé ñõîäèìîñòè) Íåñîáñòâåííûé èíòåãðàë 2-ãî ðî-

äà
∫ b
a f(x)dx ñõîäèòñÿ àáñîëþòíî òîãäà è òîëüêî òîãäà, êîãäà

∫ b
a |f(x)|dx ñõîäèòñÿ.

ËÅÊÖÈß 7

4 Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè

Ðèñ. 1: Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè

Êðèâîëèíåéíàÿ òðàïåöèÿ � ïëîñêàÿ ôèãóðà, îãðàíè÷åííàÿ ïðÿìûìè x = a, x = b,
y = 0 è ãðàôèêîì ôóíêöèè y = f(x), ãäå f íåïðåðûâíà íà [a, b] è f(x) ≥ 0 äëÿ

∀x ∈ [a, b].

Òåîðåìà 11. (ÝÊÇ 16) Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè ìîæíî íàéòè ïî ôîðìóëå

S =

∫ b

a
f(x)dx.

Äîêàçàòåëüñòâî. Ïóñòü a = x0 < x1 < . . . < xn = b � ðàçáèåíèå T îòðåçêà [a, b].
Ïóñòü íà êàæäîì îòðåçêå [xi−1, xi] ðàçáèåíèÿ âûáðàíà òî÷êà ci òàêàÿ, ÷òî

f(ci) = min
x∈[xi−1,xi]

f(x).
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Ðàññìîòðèì ðàçìå÷åííîå ðàçáèåíèå (T, c), ãäå c = {c1, c2, . . . , cn}. Ïóñòü íà êàæäîì

îòðåçêå [xi−1, xi] ðàçáèåíèÿ âûáðàíà òî÷êà Ci òàêàÿ, ÷òî

f(Ci) = max
x∈[xi−1,xi]

f(x).

Ðàññìîòðèì ðàçìå÷åííîå ðàçáèåíèå (T,C), ãäå C = {C1, C2, . . . , Cn}. Ïóñòü Si � ïëî-
ùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé y = 0, x = xi−1, x = xi è y = f(x). Ò.ê.,
ýòà êðèâîëèíåéíàÿ òðàïåöèÿ ñîäåðæèò ïðÿìîóãîëüíèê ñî ñòîðîíàìè f(ci) è ∆xi, òî

f(ci)∆xi ≤ Si.

Êðîìå òîãî, ýòà êðèâîëèíåéíàÿ òðàïåöèÿ ñîäåðæèòñÿ âíóòðè ïðÿìîóãîëüíèêà ñî ñòî-

ðîíàìè f(Ci) è ∆xi. Çíà÷èò,
Si ≤ f(Ci)∆xi.

Òîãäà ïîëó÷àåì

σ(f, T, c) =
n∑
i=1

f(ci)∆xi ≤ S =
n∑
i=1

Si ≤ σ(f, T, C) =
n∑
i=1

f(Ci)∆xi.

Ïåðåõîäèì ê ïðåäåëó ïðè λ(T )→ 0:

lim
λ(T )→0

σ(f, T, c) =

∫ b

a
f(x)dx = S = lim

λ(T )→0
σ(f, T, C).

Ðèñ. 2: Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè

Ïóñòü êðèâîëèíåéíàÿ òðàïåöèÿ îãðàíè÷åíà ïðÿìûìè x = a, x = b, ãðàôèêàìè
ôóíêöèé y = f1(x) è y = f2(x), ãäå f1, f2 íåïðåðûâíû íà [a, b] è f1(x) ≥ f2(x) äëÿ

∀x ∈ [a, b]. Òîãäà ïëîùàäü òðàïåöèè íàõîäèòñÿ ïî ôîðìóëå

S =

b∫
a

(f1(x)− f2(x))dx.
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Åñëè âåðõíÿÿ ãðàíèöà êðèâîëèíåéíîé òðàïåöèè çàäàíà ïàðàìåòðè÷åñêè

{
y = y(t)

x = x(t),

ãäå t ∈ [t1, t2], òî ïëîùàäü ìîæíî íàéòè ïî ôîðìóëå:

S =

t2∫
t1

y(t)x′(t)dt. (10)

Ôîðìóëà âåðíà (10) äëÿ ïëîùàäè ôèãóðû, îãðàíè÷åííîé ïåòëåé (ïðè ýòîì âîçðàñòàíèå

ïàðàìåòðà äîëæíî ñîîòâåòñòâîâàòü îáõîäó ïî ÷àñîâîé ñòðåëêå).

Ïðèìåð 7. Íàéòè ïëîùàäü, îãðàíè÷åííóþ ýëëèïñîì{
x = a cos t

y = b sin t.

Âîñïîëüçóåìñÿ ôîðìóëîé (10):

S =

t2∫
t1

y(t)x′(t)dt =

0∫
2π

b sin t(a cos t)′dt = −ab
0∫

2π

sin2 tdt =

=
ab

2

∫ 2π

0
(1− cos (2t))dt =

ab

2
t

∣∣∣∣2π
0

+
ab

4
sin (2t)

∣∣∣∣2π
0

= πab.

5 Ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà

Ðèñ. 3: Ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà

Ïóñòü α ≤ β ≤ α + 2π. Êðèâîëèíåéíûé ñåêòîð � ïëîñêàÿ ôèãóðà, îãðàíè÷åííàÿ

ëó÷àìè ϕ = α, ϕ = β è êðèâîé r = r(ϕ).

Òåîðåìà 12. (ÝÊÇ 17)Ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà íàõîäèòñÿ ïî ôîðìóëå

S =
1

2

β∫
α

r2(ϕ)dϕ.
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Äîêàçàòåëüñòâî. Ïóñòü α = ϕ0 < ϕ1 < . . . < ϕn = β ðàçáèåíèå T îòðåçêà [α, β].
Ïóñòü íà êàæäîì îòðåçêå [ϕi−1, ϕi] ðàçáèåíèÿ âûáðàíà òî÷êà γi òàêàÿ, ÷òî

r(γi) = min
ϕ∈[ϕi−1,ϕi]

r(ϕ).

Ðàññìîòðèì ðàçìå÷åííîå ðàçáèåíèå (T, γ), ãäå γ = {γ1, γ2, . . . , γn}. Ïóñòü íà êàæäîì

îòðåçêå [ϕi−1, ϕi] ðàçáèåíèÿ âûáðàíà òî÷êà ψi òàêàÿ, ÷òî

r(ψi) = max
ϕ∈[ϕi−1,ϕi]

r(ϕ).

Ðàññìîòðèì ðàçìå÷åííîå ðàçáèåíèå (T, ψ), ãäå ψ = {ψ1, ψ2, . . . , ψn}.
Ïóñòü Si � ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà, îãðàíè÷åííîãî ϕ = ϕi−1, ϕ = ϕi è

r = r(ϕ). Ò.ê., ýòîò êðèâîëèíåéíûé ñåêòîð ñîäåðæèò ñåêòîð ðàäèóñà r(γi), òî

1

2
r2(γi)∆ϕi ≤ Si

Êðîìå òîãî, ýòîò êðèâîëèíåéíûé ñåêòîð ñîäåðæèòñÿ âíóòðè ñåêòîðà ðàäèóñà ñî r(ψi).
Çíà÷èò,

Si ≤
1

2
r2(ψi)∆ϕi

Òîãäà ïîëó÷àåì

σ

(
1

2
r2, T, γ

)
=

n∑
i=1

1

2
r2(γi)∆ϕi ≤ S =

n∑
i=1

Si ≤ σ
(

1

2
r2, T, ψ

)
=

n∑
i=1

1

2
r2(ψi)∆ϕi.

Ïåðåõîäèì ê ïðåäåëó ïðè λ(T )→ 0:

lim
λ(T )→0

σ

(
1

2
r2, T, γ

)
=

1

2

∫ β

α
r2(ϕ)dϕ = S = lim

λ(T )→0
σ

(
r2

2
, T, ψ

)

6 Îáúåì òåëà

(ÝÊÇ 18)

Ïóñòü ïëîùàäü ñå÷åíèÿ òåëà ïëîñêîñòüþ ïåðïåíäèêóëÿðíîé îñè OX ïðîõîäÿùåé

÷åðåç òî÷êó (x, 0, 0), � ýòî S(x). Îáúåì òåëà íàõîäèòñÿ ïî ôîðìóëå V =
b∫
a
S(x)dx.

Ïóñòü a = x0 < x1 < . . . < xn = b � ðàçáèåíèå T îòðåçêà [a, b]. Ïóñòü C =
{c1, c2, . . . , cn} � íàáîð ðàçìå÷åííûõ òî÷åê. Îáúåì Vi ÷àñòè òåëà ìåæäó ïëîñêîñòÿìè

x = xi−1 è x = xi ðàâåí ïðèáëèæåííî

Vi ≈ ∆xiS(ci)

(Îáúåì öèëèíäðà âûñîòû ∆xi è ñ ïëîùàäüþ îñíîâàíèÿ S(ci)). Òîãäà

V =
n∑
i=1

Vi ≈
n∑
i=1

S(ci)∆xi = σ(S, T, C).

Ïåðåéäÿ ê ïðåäåëó ïðè λ(T )→ 0, ïîëó÷àåì

V = lim
λ(T )→0

σ(S, T, C) =

b∫
a

S(x)dx.
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Ðèñ. 4: Âðàùåíèå êðèâîëèíåéíîé òðàïåöèè âîêðóã îñè OX

Ðàññìîòðèì êðèâîëèíåéíóþ òðàïåöèþ îãðàíè÷åííóþ îñüþ OX, ïðÿìûìè x = a,
x = b è ãðàôèêîì ôóíêöèè y = f(x) ≥ 0. Îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì ýòîé

êðèâîëèíåéíîé òðàïåöèè âîêðóã îñè OX (ñì. ðèñ. 4), ðàâåí

VOX = π

b∫
a

f2(x)dx.

Äåéñòâèòåëüíî, ïëîùàäü ñå÷åíèÿ S(x) = πf2(x) (ýòî ïëîùàäü êðóãà ðàäèóñà f(x)).
Òîãäà

VOX =

b∫
a

S(x)dx = π

b∫
a

f2(x)dx.

Åñëè âåðõíÿÿ ãðàíèöà êðèâîëèíåéíîé òðàïåöèè çàäàíà ïàðàìåòðè÷åñêè

{
y = y(t)

x = x(t),

ãäå t ∈ [t1, t2] è x′(t) > 0 ïðè t ∈ [t1, t2], òî

VOX = π

t2∫
t1

y2(t)x′(t)dt.

Ðàññìîòðèì òåëî, ïîëó÷åííîå âðàùåíèå êðèâîëèíåéíîé òðàïåöèè âîêðóã îñè OY
(ñì. ðèñ. 5).

Òîãäà îáúåì ìîæíî íàéòè ïî ôîðìóëå:

VOY = 2π

b∫
a

|f(x)|xdx.
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Ðèñ. 5: Âðàùåíèå êðèâîëèíåéíîé òðàïåöèè âîêðóã îñè OY

Åñëè âåðõíÿÿ ãðàíèöà êðèâîëèíåéíîé òðàïåöèè çàäàíà ïàðàìåòðè÷åñêè

{
y = y(t)

x = x(t),

ãäå t ∈ [t1, t2] è x′(t) > 0 ïðè t ∈ [t1, t2], òî VOY = 2π
t2∫
t1

|y(t)|x(t)x′(t)dt.

Ïóñòü êðèâîëèíåéíûé ñåêòîð îãðàíè÷åí ëó÷àìè ϕ = α, ϕ = β, ãäå 0 ≤ α < β ≤ π è
êðèâîé r = r(ϕ). Îáúåì òåëà, ïîëó÷åííîãî âðàùåíèåì êðèâîëèíåéíîãî ñåêòîðà âîêðóã

ïîëÿðíîé îñè, ìîæíî íàéòè ïî ôîðìóëå

V =
2

3
π

β∫
α

r3(ϕ) sinϕdϕ.

7 Äëèíà êðèâîé

Ãëàäêàÿ êðèâàÿ çàäàåòñÿ âåêòîð-ôóíêöèåé{
x = x(t)

y = y(t),

ãäå x, y ∈ C1([a, b],R) (íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè). Ðàññìîòðèì ëîìà-

íóþ, âïèñàííóþ â êðèâóþ (ñì. ðèñ. 6). Ïóñòü T : a = t0 < t1 < . . . tn = b � ðàçáèåíèå

îòðåçêà [a, b]. Âåðøèíû ëîìàíîé � ýòî òî÷êè Ai = (x(ti), y(ti)). Ëîìàííàÿ � ýòî îáú-

åäèíåíèå îòðåçêîâ ∪ni=1[Ai−1, Ai]. Ïóñòü ∆li � äëèíà çâåíà ëîìàíîé [Ai−1Ai]. Äëèíà
âñåé ëîìàííîé � ýòî l(T ) =

∑n
i=1 ∆li. Äëèíó ãëàäêîé êðèâîé ìîæíî îïðåäåëèòü ïî

ôîðìóëå

l = lim
λ(T )→0

l(T ).
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Ðèñ. 6: Êðèâàÿ è âïèñàííàÿ â íåå ëîìàíàÿ

Òåîðåìà 13. (ÝÊÇ 19) Ïóñòü êðèâàÿ çàäàíà â äåêàðòîâûõ êîîðäèíàòàõ óðàâíåíèåì

y = f(x), ãäå x ∈ [a, b], ò.å ãëàäêàÿ êðèâàÿ çàäàíà{
x = x

y = f(x),

ãäå f ∈ C1([a, b],R). Òîãäà âåðíà ñëåäóþùàÿ ôîðìà äëÿ âû÷èñëåíèÿ äóãè ýòîé êðèâîé

l =

∫ b

a

√
1 + (f ′(x))2dx.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíîå T : a = x0 < x1 < . . . xn = b � ðàçáèåíèå

îòðåçêà [a, b].
Ïî òåîðåìå Ïèôàãîðà äëèíà çâåíà ëîìàíîé [Ai−1Ai] � ýòî

∆li =
√

∆x2
i + (f(xi)− f(xi−1))2.

Ïî òåîðåìå Ëàãðàíæà ∃ci ∈ [xi−1, xi] : f(xi)−f(xi−1) = f ′(ci)∆xi. Îòñþäà ñëåäóåò, ÷òî

∆li = ∆xi
√

1 + (f ′(ci))2.

Ðàññìîòðèì ðàçìå÷åííîå ðàçáèåíèå îòðåçêà (T,C), ãäå C = {c1, c2, . . . , cn}. Òîãäà

l(T ) =

n∑
i=1

∆li = σ(
√

1 + (f ′(x))2, T, C).

Òîãäà

l = lim
λ(T )→0

l(T ) = lim
λ(T )→0

σ(
√

1 + (f ′(x))2, T, C) =

∫ b

a

√
1 + (f ′(x))2dx

Åñëè êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè

{
y = y(t)

x = x(t),
ãäå t ∈ [t1, t2] è x′(t) > 0 ïðè

t ∈ [t1, t2], òî äëèíà êðèâîé

l =

∫ b

a

√
1 + (f ′(x))2dx =

∫ t2

t1

√
1 +

(
y′(t)

x′(t)

)2

x′(t)dt =

∫ t2

t1

√
(y′(t))2 + (x′(t))2dt (11)
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Òåîðåìà 14. (Ýêç. 20) Ïóñòü ãëàäêàÿ êðèâàÿ çàäàíà â ïîëÿðíûõ êîîðäèíàòàõ: r =
r(ϕ), ϕ ∈ [α, β], ãäå r � ãëàäêàÿ ôóíêöèÿ. Òîãäà äëèíà êðèâîé íàõîäèòñÿ ïî ôîðìóëå:

l =

∫ β

α

√
(r(ϕ))2 + (r′(ϕ))2dϕ

Äîêàçàòåëüñòâî. Ïóñòü êðèâàÿ â ïîëÿðíûõ êîîðäèíàòàõ çàäàíà r = r(ϕ), ϕ ∈ [α, β].
Òîãäà {

x(ϕ) = r(ϕ) cosϕ

y(ϕ) = r(ϕ) sinϕ.

Íàéäåì ïðîèçâîäíûå: {
x′(ϕ) = r′(ϕ) cosϕ− r(ϕ) sinϕ

y′(ϕ) = r′(ϕ) sinϕ+ r(ϕ) cosϕ.

Âûïîëíÿåòñÿ òîæäåñòâà:

(x′(ϕ))2 + (y′(ϕ))2 = (r′(ϕ) cosϕ− r(ϕ) sinϕ)2 + (r′(ϕ) sinϕ+ r(ϕ) cosϕ)2 =

= (r′(ϕ))2 cos2 ϕ− 2r(ϕ)r′(ϕ) cosϕ sinϕ+ r2(ϕ) sin2 ϕ+

+ (r′(ϕ))2 sin2 ϕ+ 2r(ϕ)r′(ϕ) cosϕ sinϕ+ r2(ϕ) cos2 ϕ =

= (r′(ϕ))2 + r2(ϕ) (12)

Òîãäà â ñèëó (11):

l =

∫ β

α

√
(y′(ϕ))2 + (x′(ϕ))2dϕ =

∫ β

α

√
(r(ϕ))2 + (r′(ϕ))2dϕ

8 Ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ

Ïðè âðàùåíèè êðèâîëèíåéíîé òðàïåöèè âîêðóã îñè OX (ñì. ðèñ. 4) ïëîùàäü áîêîâîé

ïîâåðõíîñòè íàõîäèòñÿ ïî ôîðìóëå.

S = 2π

∫ x2

x1

y(x)
√

1 + (y′(x))2dx.

Ïðè ïàðàìåòðè÷åñêîì çàäàíèè âåðõíåé ãðàíèöû êðèâîëèíåéíîé òðàïåöèè

{
x = x(t)

y = y(t),

ãäå t ∈ [t1, t2], ïëîùàäü ïîâåðõíîñòè íàõîäèòñÿ ïî ôîðìóëå

S = 2π

∫ t2

t1

y(t)
√

(x′(t))2 + (y′(t))2dt.

ËÅÊÖÈß 8
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9 Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

Îïðåäåëåíèå 10. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ (ÎÄÓ) ïîðÿäêà n íà-
çûâàåòñÿ óðàâíåíèå íà íåèçâåñòíóþ ôóíêöèþ y = y(x) âèäà

F (x, y, y′, . . . , y(n)) = 0, (13)

ãäå F � ôóíêöèÿ (n+ 2) ïåðåìåííîé

Ôóíêöèÿ ϕ íà èíòåðâàëå I ÿâëÿåòñÿ ðåøåíèåì ÎÄÓ (13), åñëè ïðè ïîäñòàíîâêè

ϕ(x) âìåñòî y âûðàæåíèå (13) ñòàíåò âåðíûì òîæäåñòâîì äëÿ ∀x ∈ I.

Îïðåäåëåíèå 11. ÎÄÓ âèäà

y(n) = f(x, y, y′, . . . , y(n−1)), (14)

ãäå f � ôóíêöèÿ (n+ 1) ïåðåìåííûõ íàçûâàåòñÿ ðàçðåøåííûì îòíîñèòåëüíî ñòàð-

øåé ïðîèçâîäíîé.

Ïðîöåññ ðåøåíèÿ ÎÄÓ íàçûâàåòñÿ åãî èíòåãðèðîâàíèåì. Ãðàôèê ÷àñòíîãî ðåøå-

íèÿ íàçûâàåòñÿ èíòåãðàëüíîé êðèâîé.

ÎÄÓ 1-ãî ïîðÿäêà èìååò âèä:

F (x, y, y′) = 0

ÎÄÓ 1-ãî ïîðÿäêà, ðàçðåøåííîå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé, èìååò âèä:

y′ = f(x, y)

Îïðåäåëåíèå 12. Ïóñòü x = (x1, x2) ∈ R2, íîðìà x îïðåäåëÿåòñÿ ôîðìóëîé |x| =√
x2

1 + x2
2.

Îïðåäåëåíèå 13. Uε(x
0) � ε-îêðåñòíîñòü òî÷êè x0 = (x0

1, x
0
2) ∈ R2 � ýòî ìíîæå-

ñòâî Uε(x
0) = {x ∈ R2 : |x− x0| < ε}.

Îïðåäåëåíèå 14. Ôóíêöèÿ f íåïðåðûâíà â òî÷êå x0 ∈ R2, åñëè ∀ε > 0∃δ > 0: |f(x)−
f(x0)| < ε ïðè x ∈ Uδ(x0).

Îïðåäåëåíèå 15. Ìíîæåñòâî M ⊂ R2 íàçûâàåòñÿ îòêðûòûì, åñëè äëÿ ∀x ∈ M
∃ε > 0: Uε(x) ⊂M .

Îïðåäåëåíèå 16. Ìíîæåñòâî M ⊂ R2 íàçûâàåòñÿ ñâÿçíûì, åñëè äëÿ ∀x, y ∈ M
ñóùåñòâóåò êðèâàÿ ñ êîíöàìè x è y, êîòîðàÿ ïîëíîñòüþ ëåæèò â M .

Îïðåäåëåíèå 17. Ìíîæåñòâî M ⊂ R2 íàçûâàåòñÿ îáëàñòüþ, åñëè îíî îòêðûòî è

ñâÿçíî.

Çàäà÷à Êîøè � ýòî çàäà÷à íàéòè ðåøåíèå ÎÄÓ y′ = f(x, y) òàêîå, ÷òî ýòî ðåøåíèå
áóäåò óäîâëåòâîðÿòü ãðàíè÷íûì óñëîâèþ

y(x0) = y0

Òåîðåìà 15. (Òåîðåìà Êîøè) Ïóñòü ôóíêöèÿ f(x, y) íåïðåðûâíà â îáëàñòè D ⊂ R2.

Ïóñòü åå ÷àñòíàÿ ïðîèçâîäíàÿ ∂f(x,y)
∂y íåïðåðûâíà â D. Òîãäà äëÿ ∀(x0, y0) ∈ D çàäà÷à

Êîøè {
y′ = f(x, y)

y(x0) = y0

(15)

èìååò åäèíñòâåííîå ðåøåíèå.
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Çàìå÷àíèå 4. ×àñòíàÿ ïðîèçâîäíàÿ ∂f(x,y)
∂y = f ′y(x, y) := lim

∆y→0

f(x,y+∆y)−f(x,y)
∆y .

Ïóñòü D � îáëàñòü â R2. Îáùåå ðåøåíèå ÎÄÓ

y′ = f(x, y), (16)

ãäå f : D → R, � ýòî ôóíêöèÿ äâóõ àðãóìåíòîâ ϕ(x, c) òàêàÿ, ÷òî

1. ϕ(x, c) � ÷àñòíîå ðåøåíèå (16) äëÿ ∀c;

2. äëÿ ∀(x0, y0) ∈ D ∃c òàêîå, ÷òî ϕ(x0, c) = y0 (îíî óäîâëåòâîðÿåò íà÷àëüíûì

óñëîâèÿì y(x0) = y0).

Îáùåå ðåøåíèå, íàéäåííîå â íåÿâíîì âèäå

Φ(x, y, C) = 0

íàçûâàåòñÿ îáùèì èíòåãðàëîì. Ðåøåíèå âèäà

Φ(x, y, C0) = 0,

ãäå C0 = const, íàçûâàåòñÿ ÷àñòíûì èíòåãðàëîì.

Çàïèñü ÎÄÓ 1-ãî ïîðÿäêà â äèôôåðåíöèàëàõ:

P (x, y)dx = Q(x, y)dy

Ýòà çàïèñü îçíà÷àåò, ÷òî ìû ìîæåì èñêàòü ðåøåíèå â âèäå ôóíêöèè y(x) èëè â âèäå

ôóíêöèè x(y): [
x′P (x, y) +Q(x, y) = 0

P (x, y) +Q(x, y)y′ = 0

10 Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè èìåþò âèä: y′ = f(x)g(y) èëè, èñïîëüçóÿ
çàïèñü y′ = dy

dx , èìåþò âèä:
dy

dx
= f(x)g(y). (17)

Åñëè g(y0) = 0, òî y ≡ y0 � îñîáîå ðåøåíèå óðàâíåíèÿ. Ïîäåëèì îáå ÷àñòè (17) íà

g(y) è äîìíîæèì íà dx.
dy

g(y)
= f(x)dx. (18)

Ëåâàÿ ÷àñòü (18) çàâèñèò òîëüêî îò y, ïðàâàÿ ÷àñòü òîëüêî îò x � ïåðåìåííûå ðàçäå-

ëèëèñü. Ïðîèíòåãðèðóåì îáå ÷àñòè (18). Ïîëó÷àåì îáùèé èíòåãðàë:∫
dy

g(y)
=

∫
f(x)dx+ C.

Óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè â äèôôåðåíöèàëàõ èìååò âèä:

P1(x)Q1(y)dx+ P2(x)Q2(y)dy = 0. (19)

Ïåðåíåñåì âòîðîå ñëàãàåìîå â ïðàâóþ ÷àñòü:

P1(x)Q1(y)dx = −P2(x)Q2(y)dy. (20)
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Åñëè P2(x0) = 0 èëè Q1(y0) = 0, òî x ≡ x0 è y ≡ y0 � îñîáûå ðåøåíèÿ. Ïîäåëèì îáå

÷àñòè (20) íà P2(x)Q1(y). Ïîëó÷àåì

P1(x)

P2(x)
dx = −Q2(y)

Q1(y)
dy. (21)

Ïðîèíòåãðèðîâàâ îáå ÷àñòè, ïîëó÷àåì îáùèé èíòåãðàë:∫
P1(x)

P2(x)
dx = −

∫
Q2(y)

Q1(y)
dy + C.

Ïðèìåð 8. Ðåøèì çàäà÷ó Êîøè{
(y + xy)dx+ (x− xy)dy

y(1) = 1

Ýòî ÎÄÓ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Óðàâíåíèå ìîæíî ïåðåïèñàòü â ñëåäóþ-

ùèì âèäå:

y(1 + x)dx = x(y − 1)dy.

Ðàçäåëÿåì ïåðåìåííûå
1 + x

x
dx =

y − 1

y
dy.

Îñîáûå ðåøåíèÿ x ≡ 0 è y ≡ 0 íå óäîâëåòâîðÿþò íà÷àëüíûì óñëîâèÿì y(1) = 1.
Èíòåãðèðóÿ ∫

1 + x

x
dx =

∫
y − 1

y
dy,

ïîëó÷àåì îáùèé èíòåãðàë:

x+ ln |x| = y − ln |y|+ C. (22)

Ïîäñòàâëÿåì â (22) íà÷àëüíûå óñëîâèÿ x = 1,y = 1, ïîëó÷àåì

0 = C.

Îòâåò: x− y + ln |xy| = 0 � ÷àñòíûé èíòåãðàë.

11 Îäíîðîäíîå ÎÄÓ

Óðàâíåíèå, ðàçðåøåííîå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé, âèäà

y′ = f
(y
x

)
, (23)

íàçûâàåòñÿ îäíîðîäíûì ÎÄÓ. Ðåøàåòñÿ çàìåíîé y(x) = u(x)x, ãäå u � íîâàÿ íåèç-

âåñòíàÿ ôóíêöèÿ. Ïðè ýòîì óðàâíåíèå ñâåäåòñÿ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïå-

ðåìåííûìè. Äåéñòâèòåëüíî, ò.ê.

y′ = u′x+ u,

òî (23) ìîæíî ïåðåïèñàòü â âèäå

u′x = f(u)− u.

Ýòî óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

du

f(u)− u
=
dx

x
.
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Ïðèìåð 9. Ðåøèì óðàâíåíèå

y′ =
x

y
+
y

x

Çàìåíà y = ux. Òîãäà

u+ u′x =
1

u
+ u.

Ðàçäåëÿåì ïåðåìåííûå

udu =
dx

x

Èíòåãðèðóåì ∫
udu =

∫
dx

x

Ïîëó÷àåì îáùèé èíòåãðàë:

u2

2
− ln |x| = C

Ïîäñòàâëÿÿ u = y
x , ïîëó÷àåì îáùèé èíòåãðàë

y2

2x2
− ln |x| = C

Ôóíêöèÿ P (x, y) � îäíîðîäíàÿ ñ ïîðÿäêîì îäíîðîäíîñòè k, åñëè P (λx, λy) =
λkP (x, y).

Ïðèìåð 10. P (x, y) = x2 + 2xy− 3y2 � îäíîðîäíàÿ ôóíêöèÿ ñ êîýôôèöèåíòîì îäíî-

ðîäíîñòè 2, ò.ê. P (λx, λy) = λ2(x2 + 2xy − 3y2).

Óðàâíåíèå â äèôôåðåíöèàëàõ

P (x, y)dx = Q(x, y)dy

ÿâëÿåòñÿ îäíîðîäíûì, åñëè P (x, y) è Q(x, y) � îäíîðîäíûå ôóíêöèè ñ îäèíàêîâûì

êîýôôèöèåíòîì îäíîðîäíîñòè. Ðåøàåòñÿ çàìåíîé y = u(x)x èëè çàìåíîé x = v(y)y.

12 Ëèíåéíîå ÎÄÓ 1-ãî ïîðÿäêà è óðàâíåíèå Áåðíóëëè

(ÝÊÇ. 21)

Ëèíåéíîå ÎÄÓ 1 ïîðÿäêà èìååò âèä

y′(x) + p(x)y(x) = f(x),

ãäå p,f � íåïðåðûâíûå ôóíêöèè. Îíî íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì äèôôåðåí-

öèàëüíûì óðàâíåíèåì ËÎÄÓ, åñëè f ≡ 0, èíà÷å îíî íàçûâàåòñÿ ëèíåéíûì íåîäíî-

ðîäíûì.

Óðàâíåíèå Áåðíóëëè èìååò âèä

y′(x) + p(x)y(x) = f(x)yα(x),

ãäå α 6= 0,α 6= 1.
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12.1 Ìåòîä Ëàãðàíæà (âàðèàöèè ïîñòîÿííîé) èíòåãðèðîâàíèÿ ëè-
íåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Íàéäåì îáùåå ðåøåíèå íåîäíîðîäíîãî ËÎÄÓ 1-ãî ïîðÿäêà:

y′ + p(x)y = f(x) (24)

Ñíà÷àëà ðåøèì âñïîìîãàòåëüíóþ çàäà÷ó, à èìåííî ðåøèì îäíîðîäíîå ËÎÄÓ 1-ãî

ïîðÿäêà:

y′ + p(x)y = 0. (25)

Ó ýòîãî óðàâíåíèÿ ìîæíî ðàçäåëèòü ïåðåìåííûå:

dy

y
= −p(x)dx

Èíòåãðèðóÿ îáå ÷àñòè ðàâåíñòâà∫
dy

y
= −

∫
p(x)dx,

ìû ïîëó÷àåì:

ln |y| = −
∫
p(x)dx+D

Ïóñòü C = ±eD. Òîãäà îáùåå ðåøåíèå îäíîðîäíîãî ÎÄÓ 1-ãî ïîðÿäêà (25) èìååò âèä

y = Ce−
∫
p(x)dx. (26)

Áóäåì èñêàòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (24) â âèäå

y = C(x)e−
∫
p(x)dx. (27)

(Ìû çàìåíÿåì êîíñòàíòó C â âûðàæåíèè (26) íà íåèçâåñòíóþ ôóíêöèþ C(x). Ïîýòîìó
ýòî ìåòîä ðåøåíèÿ íàçûâàåòñÿ ìåòîäîì âàðèàöèè ïîñòîÿííîé.) Òîãäà

y′ = C ′(x)e−
∫
p(x)dx − C(x)p(x)e−

∫
p(x)dx (28)

Ïîäñòàâëÿÿ âûðàæåíèÿ (27) è (28) â óðàâíåíèå (24), ìû ïîëó÷àåì:

y′ + p(x)y = C ′(x)e−
∫
p(x)dx − C(x)p(x)e−

∫
p(x)dx + C(x)p(x)e−

∫
p(x)dx =

= C ′(x)e−
∫
p(x)dx = f(x). (29)

Óìíîæàÿ îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà e
∫
p(x)dx, ìû ïîëó÷àåì

C ′(x) = f(x)e
∫
p(x)dx

Èíòåãðèðóÿ, ïîëó÷àåì

C(x) =

∫
f(x)e

∫
p(x)dxdx+ C1

Òàêèì îáðàçîì, îáùåå ðåøåíèå íåîäíîðîäíîãî ËÎÄÓ 1-ãî ïîðÿäêà (24) èìååò âèä:

y(x) = e−
∫
p(x)dx

(∫
f(x)e

∫
p(x)dxdx+ C1

)
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Ïðèìåð 11. Ðåøèì çàäà÷ó Êîøè{
y′ + y = e−x

y(0) = 2

Ðåøèì îäíîðîäíîå óðàâíåíèå

y′ + y = 0

Ðàçäåëÿåì ïåðåìåííûå
dy

y
= −dx

Ïðîèíòåãðèðîâàâ, ìû ïîëó÷àåì

ln |y| = −x+D

Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ èìååò âèä:

y = Ce−x

Èùåì ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ â âèäå y = C(x)e−x. Ïîäñòàâëÿåì

C ′(x)e−x − C(x)e−x + C(x)e−x = e−x

C ′(x)e−x = e−x

C ′(x) = 1

C(x) = x+ C1

Îáùåå ðåøåíèå íåîäíîðîäíîãî èìååò âèä:

y = (x+ C1)e−x.

Ïîäñòàâèì íà÷àëüíûå óñëîâèÿ y(0) = 2, ïîëó÷àåì

2 = C1

Îòâåò: y = (x+ 2)e−x.

12.2 Ìåòîä Áåðíóëëè (ìåòîä "uv") èíòåãðèðîâàíèÿ ëèíåéíîãî íåîä-
íîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

(ÝÊÇ. 21)

Èùåì ðåøåíèå

y′ + p(x)y = f(x) (30)

â âèäå y = u(x)v(x). Òîãäà y′ = u′v + v′u. Ïîäñòàâèâ â óðàâíåíèå (30), ïîëó÷àåì

u′v + v′u+ p(x)uv − f = 0.

Ïåðåãðóïïèðóåì ñëàãàåìûå â ëåâîé ÷àñòè

v(x)(u′(x) + p(x)u(x)) + (v′(x)u(x)− f(x)) = 0.

Òîãäà, åñëè u è v ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû{
u′(x) + p(x)u(x) = 0

v′(x)u(x)− f(x) = 0,
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òî y = u(x)v(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (30).

Äëÿ ïåðâîãî óðàâíåíèÿ ñèñòåìû íàõîäèì ÷àñòíîå íåíóëåâîå ðåøåíèå:

u = e−
∫
p(x)dx

Ïîäñòàâèì åãî âî âòîðîå óðàâíåíèå, ïîëó÷àåì

v′(x)e−
∫
p(x)dx = f(x)

Òîãäà

v(x) =

∫
e
∫
p(x)dxf(x)dx+ C1

Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ 1 ïîðÿä-

êà èìååò âèä:

y(x) = u(x)v(x) = e−
∫
p(x)dx

(∫
f(x)e

∫
p(x)dxdx+ C1

)
Óðàâíåíèÿ Áåðíóëëè òîæå ðåøàþòñÿ ìåòîäîì Ëàãðàíæà èëè ìåòîäîì Áåðíóëëè.

Ìîæíî ðåøàòü óðàâíåíèå Áåðíóëëè ïî-äðóãîìó, ñâîäÿ ê ëèíåéíîìó:

y′ + p(x)y = f(x)yα.

Ïîäåëèì îáå ÷àñòè íà yα (åñëè α > 0, òî y ≡ 0 � îñîáîå ðåøåíèå):

y′y−α + p(x)y1−α = f(x)

Ñäåëàåì çàìåíó: z = y1−α. Òîãäà z′ = (1− α)y−αy′, à óðàâíåíèå ïðèìåò âèä:

z′

1− α
+ p(x)z = f(x)

Ýòî ËÎÄÓ 1 ïîðÿäêà.

13 ÎÄÓ n-ãî ïîðÿäêà

Îïðåäåëåíèå 18. Ïóñòü x = (x1, x2, . . . , xn) ∈ Rn, íîðìà x îïðåäåëÿåòñÿ ôîðìóëîé

|x| =
√
x2

1 + x2
2 + . . .+ x2

n.

Îïðåäåëåíèå 19. Uε(x
0) � ε-îêðåñòíîñòü òî÷êè x0 = (x0

1, x
0
2, . . . , x

0
n) ∈ Rn � ýòî

ìíîæåñòâî Uε(x
0) = {x ∈ Rn : |x− x0| < ε}.

Îïðåäåëåíèå 20. Ôóíêöèÿ f íåïðåðûâíà â òî÷êå x0 ∈ Rn, åñëè ∀ε > 0∃δ > 0: |f(x)−
f(x0)| < ε ïðè x ∈ Uδ(x0).

Îïðåäåëåíèå 21. Ìíîæåñòâî M ⊂ Rn íàçûâàåòñÿ îòêðûòûì, åñëè äëÿ ∀x ∈ M
∃ε > 0: Uε(x) ⊂M .

Îïðåäåëåíèå 22. Ìíîæåñòâî M ⊂ Rn íàçûâàåòñÿ ñâÿçíûì, åñëè äëÿ ∀x, y ∈ M
ñóùåñòâóåò êðèâàÿ ñ êîíöàìè x è y, êîòîðàÿ ïîëíîñòüþ ëåæèò â M .

Îïðåäåëåíèå 23. Ìíîæåñòâî M ⊂ Rn íàçûâàåòñÿ îáëàñòüþ, åñëè îíî îòêðûòî è

ñâÿçíî.
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Ðàññìîòðèì ÎÄÓ n-ãî ïîðÿäêà, ðàçðåøåííîå îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé:

y(n) = f(x, y, y′, . . . , y(n−1)). (31)

Çàäà÷à Êîøè � çàäà÷à íàéòè ðåøåíèå óðàâíåíèÿ (31), óäîâëåòâîðÿþùåå íà÷àëü-

íûì óñëîâèÿì: 
y(x0) = y0

y′(x0) = y′0
. . .

y(n−1)(x0) = y
(n−1)
0

(32)

Òåîðåìà 16. (ÝÊÇ 22) Ïóñòü â îáëàñòè D ⊂ Rn+1 ôóíêöèÿ f è åå ÷àñòíûå ïðîèçâîä-

íûå ∂f
∂y ,

∂f
∂y′ ,. . .,

∂f
∂y(n−1) íåïðåðûâíû. Ïóñòü (x0, y0, y

′
0, . . . , y

(n−1)
0 ) ∈ D. Òîãäà ó çàäà÷è

Êîøè äëÿ óðàâíåíèÿ (31) ñ íà÷àëüíûìè óñëîâèÿìè (32) ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå.

Îïðåäåëåíèå 24. (ÐÊ) Ïóñòü D � îáëàñòü â Rn+1. Îáùåå ðåøåíèå ÎÄÓ n-ãî ïî-
ðÿäêà

y(n) = f(x, y, y′, . . . , y(n−1)), (33)

ãäå f : D → R, � ýòî ôóíêöèÿ (n+ 1) àðãóìåíòîâ ϕ(x,C1, C2, . . . , Cn) òàêàÿ, ÷òî

1. ϕ(x,C1, C2, . . . , Cn) � ÷àñòíîå ðåøåíèå (33) äëÿ ∀C1, . . . , Cn;

2. äëÿ ∀(x0, y0, y
′
0, . . . , y

(n−1)
0 ) ∈ D ∃C1, . . . Cn òàêèå, ÷òî ϕ(x,C1, . . . , Cn) óäîâëå-

òâîðÿåò íà÷àëüíûì óñëîâèÿì:
ϕ(x0, C1, . . . , Cn) = y0

ϕ′(x0, C1, . . . , Cn) = y′0
. . .

ϕ(n−1)(x0, C1, . . . , Cn) = y
(n−1)
0

Îáùåå ðåøåíèå, íàéäåííîå â íåÿâíîì âèäå

Φ(x, y, C1, . . . , Cn) = 0

íàçûâàåòñÿ îáùèì èíòåãðàëîì. ×àñòíîå ðåøåíèå, íàéäåííîå â íåÿâíîì âèäå, íàçûâà-

åòñÿ ÷àñòíûì èíòåãðàëîì.

14 Èíòåãðèðîâàíèå äèôôåðåíöèàëüíûõ óðàâíåíèé n-ãî ïî-
ðÿäêà, äîïóñêàþùèõ ïîíèæåíèå ïîðÿäêà

(ÝÊÇ. 22)

1. Ðàññìîòðèì óðàâíåíèå âèäà

y(n) = f(x).

Ðåøàåòñÿ ïîñëåäîâàòåëüíûì èíòåãðèðîâàíèåì:

y(n−1) =

∫
f(x)dx+ Cn−1

y(n−2) =

∫
(

∫
f(x)dx)dx+ Cn−1x+ Cn−2

y =

∫ ∫
. . . (

∫
f(x)dx) . . . dx+ C0 + C1x+ . . .+ Cn−1

xn−1

(n− 1)!
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2. Óðàâíåíèå âèäà

F (x, y′, y′′) = 0

ðåøàåòñÿ çàìåíîé y′ = z(x). Òîãäà y′′ = z′(x). Ïîñëå çàìåíû ïîëó÷àåì ÎÄÓ 1-ãî

ïîðÿäêà

F (x, z, z′) = 0.

Ïóñòü åãî îáùåå ðåøåíèå

z = ϕ(x,C1).

Ïîëó÷àåì ÎÄÓ 1-ãî ïîðÿäêà

y′ = ϕ(x,C1).

Ðåøàÿ åãî, ïîëó÷àåì îáùèé èíòåãðàë:

Φ(x, y, C1, C2) = 0.

3. Óðàâíåíèå âèäà

F (y, y′, y′′) = 0

ðåøàåòñÿ çàìåíîé y′ = p(y). Òîãäà ïî òåîðåìå î ïðîèçâîäíîé ñëîæíîé ôóíêöèè

y′′ = p′(y)y′ = p′p. Ïîñëå çàìåíû ïîëó÷àåì ÎÄÓ 1-ãî ïîðÿäêà

F (y, p, pp′) = 0.

Ïóñòü åãî îáùåå ðåøåíèå

p = ψ(y, C1).

Ïîëó÷àåì ÎÄÓ 1-ãî ïîðÿäêà

y′ = ψ(y, C1).

Ðåøàÿ åãî, ïîëó÷àåì îáùèé èíòåãðàë:

Ψ(x, y, C1, C2) = 0.

ËÅÊÖÈß 10

15 Ëèíåéíûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíå-

íèÿ n-îãî ïîðÿäêà

Îïðåäåëåíèå 25. (ÐÊ) Ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå n-îãî ïîðÿäêà � ýòî

óðàâíåíèå âèäà:

y(n)(x) + pn−1(x)y(n−1) + . . .+ p0(x)y(x) = f(x), (34)

ãäå ôóíêöèè f ,p0,. . .,pn−1 íåïðåðûâíû íà èíòåðâàëå I. Åñëè f ≡ 0, òî óðàâíåíèå

íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì (ËÎÄÓ), èíà÷å

îíî íàçûâàåòñÿ ëèíåéíûì íåîäíîðîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì (ËÍÄÓ).

Çàäà÷à Êîøè � çàäà÷à íàéòè ðåøåíèå óðàâíåíèÿ (34), óäîâëåòâîðÿþùåå íà÷àëü-

íûì óñëîâèÿì: 
y(x0) = y0

y′(x0) = y′0
. . .

y(n−1)(x0) = y
(n−1)
0 ,

(35)

ãäå x0 ∈ I.
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Òåîðåìà 17. (òåîðåìà Êîøè) Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (34) ñ íà÷àëüíûìè óñëî-

âèÿìè (35) èìååò åäèíñòâåííîå ðåøåíèå íà âñåì I.

Îïðåäåëåíèå 26. Ïóñòü V1 è V2 � ëèíåéíûå ïðîñòðàíñòâà. Îòîáðàæåíèå A : V1 →
V2 íàçûâàåòñÿ ëèíåéíûì îïåðàòîðîì, åñëè A(λ1x1 + λ2x2) = λ1A(x1) + λ2A(x2) äëÿ
ëþáûõ x1, x2 ∈ V1 è λ1, λ2 ∈ R.

C(I) � ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé íà èíòåðâàëå I. Cn(I)� ïðîñòðàíñòâî

Cn-ãëàäêèõ ôóíêöèé, ò.å. f ∈ Cn(I), åñëè f (n) ∈ C(I).

Îïðåäåëåíèå 27. Îòîáðàæåíèå L : Cn(I)→ C(I), îïðåäåëåííîå ôîðìóëîé:

L[y](x) = y(n)(x) + pn−1(x)y(n−1)(x) + . . .+ p0(x)y(x)

íàçûâàåòñÿ äèôôåðåíöèàëüíûì îïåðàòîðîì ïîðÿäêà n.

Òåîðåìà 18. Îïåðàòîð L ÿâëÿåòñÿ ëèíåéíûì.

Äîêàçàòåëüñòâî. Ïóñòü y1, y2 ∈ Cn(I) è λ1, λ2 ∈ R. Òîãäà

L[λ1y1 + λ2y2](x) = (λ1y1 + λ2y2)(n)(x) + pn−1(x)(λ1y1 + λ2y2)(n−1)(x) + . . .+

+ p0(x)(λ1y1 + λ2y2)(x) =

= λ1y
(n)
1 (x) + λ1pn−1(x)y

(n−1)
1 (x) + . . .+ λ1p0(t)y1(x)+

+ λ2y
(n)
2 (x) + λ2pn−1(x)y

(n−1)
2 (x) + . . .+ λ2p0(x)y2(x) = λ1L[y1](x) + λ2L[y2](x) (36)

ËÎÄÓ ìîæíî çàïèñàòü â âèäå:

L[y] = 0.

ËÍÄÓ ìîæíî çàïèñàòü â âèäå:

L[y] = f.

Òåîðåìà 19. (Ñâ-âà ÷àñòíûõ ðåøåíèé ËÎÄÓ. Ýêç. 23, ÐÊ) Ìíîæåñòâî ÷àñòíûõ

ðåøåíèé ËÎÄÓ L[y] ≡ 0 îáðàçóåò ëèíåéíîå ïðîñòðàíñòâî.

Äîêàçàòåëüñòâî. Ïóñòü y1 è y2 � ÷àñòíûå ðåøåíèÿ L[y] = 0. Ïóñòü λ1, λ2 ∈ R. Òîãäà
â ñèëó ëèíåéíîñòè îïåðàòîðà L

L[λ1y1 + λ2y2] = λ1L[y1] + λ2L[y2] = 0.

Òåîðåìà 20. (Òåîðåìà î ñóïåðïîçèöèè ÷àñòíûõ ðåøåíèé. ÝÊÇ. 33, ÐÊ) Ïóñòü y1 �

÷àñòíîå ðåøåíèå L[y] = f1 è y2 � ÷àñòíîå ðåøåíèå óðàâíåíèÿ L[y] = f2, òî (y1 + y2)
� ÷àñòíîå ðåøåíèå óðàâíåíèÿ: L[y] = f1 + f2

Äîêàçàòåëüñòâî. Â ñèëó ëèíåéíîñòè îïåðàòîðà L:

L[y1 + y2] = L[y1] + L[y2] = f1 + f2.
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Îïðåäåëåíèå 28. (ÐÊ) Ñèñòåìà íåïðåðûâíûõ ôóíêöèé {y1, y2, . . . , yn} íàçûâàåòñÿ
ëèíåéíî çàâèñèìîé íà èíòåðâàëå I, åñëè ∃ íàáîð ÷èñåë {C1, . . . , Cn} òàêèõ, ÷òî

C2
1 + C2

2 + . . .+ C2
n > 0

è C1y1 + C2y2 + . . .+ Cnyn ≡ 0 íà èíòåðâàëå I.

Îïðåäåëåíèå 29. (ÐÊ) Ñèñòåìà íåïðåðûâíûõ ôóíêöèé {y1, y2, . . . , yn} íàçûâàåòñÿ
ëèíåéíî íåçàâèñèìîé íà èíòåðâàëå I, åñëè îíà íå ÿâëÿåòñÿ ëèíåéíî çàâèñèìîé.

Îïðåäåëåíèå 30. Ïóñòü y1, y2, . . . , yn � (n − 1) ðàç äèôôåðåíöèðóåìûå ôóíêöèè

íà èíòåðâàëå I. Îïðåäåëèòåëü Âðîíñêîãî (Âðîíñêèàíîì) íàçûâàåòñÿ ôóíêöèÿ íà I,
îïðåäåëåííàÿ ôîðìóëîé:

W (x) =

∣∣∣∣∣∣∣∣
y1(x) y2(x) . . . yn(x)
y′1(x) y′2(x) . . . y′n(x)
. . . . . . . . . . . .

y
(n−1)
1 (x) y

(n−1)
2 (x) . . . y

(n−1)
n (x)

∣∣∣∣∣∣∣∣ (37)

Òåîðåìà 21. (Òåîðåìà î âðîíñêèàíå ñèñòåìû ëèíåéíî çàâèñèìûõ ôóíêöèé. Ýêç. 24,

ÐÊ) Åñëè ñèñòåìà ôóíêöèé {y1, . . . , yn} ÿâëÿåòñÿ ëèíåéíî çàâèñèìîé íà èíòåðâàëå

I, òî îïðåäåëèòåëü Âðîíñêîãî W (x) ≡ 0 íà èíòåðâàëå I.

Äîêàçàòåëüñòâî. Ïóñòü ñóùåñòâóåò òàêîé íàáîð ÷èñåë {C1, . . . , Cn}, ÷òî

C2
1 + C2

2 + . . .+ C2
n > 0

è

C1y1 + C2y2 + . . .+ Cnyn ≡ 0

íà èíòåðâàëå I. Ïðîäèôôåðåíöèðóåì ýòî òîæäåñòâî (n − 1) ðàç. Ïîëó÷àåì C1y
′
1 +

C2y
′
2 + . . .+ cny

′
n ≡ 0, . . ., C1y

(n−1)
1 +C2y

(n−1)
2 + . . .+ cny

(n−1)
n ≡ 0. À çíà÷èò äëÿ ∀x ∈ I

ìû ïîëó÷àåì ìàòðè÷íîå ðàâåíñòâî

C1


y1(x)
y′1(x)
. . .

y
(n−1)
1 (x)

+ C2


y2(x)
y′2(x)
. . .

y
(n−1)
2 (x)

+ . . .+ Cn


yn(x)
y′n(x)
. . .

y
(n−1)
n (x)

 =


0
0
. . .
0


Ñòîëáöû (y1(x), . . . , y

(n−1)
1 (x))T ,(y2(x), . . . , y

(n−1)
2 (x))T ,. . ., (yn(x), . . . , y

(n−1)
n (x))T ÿâëÿ-

þòñÿ ëèíåéíî çàâèñèìûìè äëÿ ∀x ∈ I. Òîãäà îïðåäåëèòåëü Âðîíñêîãî òîæäåñòâåííî
ðàâåí 0 íà I.

Åñëè ∃x0 ∈ I : W (x0) 6= 0, òî ñèñòåìà ôóíêöèé ëèíåéíî íåçàâèñèìàÿ.

Çàìå÷àíèå 5. Ïóñòü y1 = x2 è y2 = x|x|. Ñèñòåìà {y1, y2} ëèíåéíî íåçàâèñèìàÿ íà
R, íî åå îïðåäåëèòåëü Âðîíñêîãî ðàâåí 0 íà R.

Òåîðåìà 22. (Òåîðåìà î âðîíñêèàíå ñèñòåìû ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøå-

íèé ËÎÄÓ n-ãî ïîðÿäêà. Ýêç. 25, ÐÊ) Ïóñòü {y1, . . . , yn} ëèíåéíî íåçàâèñèìàÿ íà

èíòåðâàëå I ñèñòåìà ðåøåíèé ËÎÄÓ n-ãî ïîðÿäêà L[y] = 0. Òîãäà Âðîíñêèàí ýòîé

ñèñòåìû íå îáðàùàåòñÿ â 0 âñþäó íà I.
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Äîêàçàòåëüñòâî. Áóäåì äîêàçûâàòü îò ïðîòèâíîãî. Ïóñòü ∃x0 ∈ I òàêàÿ, ÷òîW (x0) =
0, ò.å.

W (x0) =

∣∣∣∣∣∣∣∣
y1(x0) y2(x0) . . . yn(x0)
y′1(x0) y′2(x0) . . . y′n(x0)
. . . . . . . . . . . .

y
(n−1)
1 (x0) y

(n−1)
2 (x0) . . . y

(n−1)
n (x0)

∣∣∣∣∣∣∣∣ = 0. (38)

Òîãäà ñòîëáöû ýòîé ìàòðèöû ëèíåéíî çàâèñèìû. Ñëåäîâàòåëüíî, ñóùåñòâóåò íàáîð

÷èñåë {C1, . . . , Cn}, ÷òî
C2

1 + C2
2 + . . .+ C2

n > 0

è

C1


y1(x0)
y′1(x0)
. . .

y
(n−1)
1 (x0)

+ C2


y2(x0)
y′2(x0)
. . .

y
(n−1)
2 (x0)

+ . . .+ Cn


yn(x0)
y′n(x0)
. . .

y
(n−1)
n (x0)

 =


0
0
. . .
0

 (39)

Ðàññìîòðè ôóíêöèþ ỹ = C1y1+C2y2+. . .+Cnyn. Ôóíêöèÿ ỹ ÿâëÿåòñÿ ðåøåíèåì ËÎÄÓ

L[y] = 0 êàê ëèíåéíàÿ êîìáèíàöèÿ ðåøåíèé ýòîãî ËÎÄÓ. Â ñèëó (39) âûïîëíÿåòñÿ ỹ(x0)
. . .

ỹ(n−1)(x0)

 =

 0
. . .
0


Íóëåâîå ðåøåíèå ËÎÄÓ òàêæå óäîâëåòâîðÿåò ýòèì íà÷àëüíûì óñëîâèÿì. Çíà÷èò, ïî

òåîðåìå Êîøè î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ

ỹ ≡ 0.

T.å. íà èíòåðâàëå I âûïîëíÿåòñÿ òîæäåñòâî:

C1y1 + C2y2 + . . .+ Cnyn ≡ 0.

Çíà÷èò, ñèñòåìà ôóíêöèé {y1, . . . , yn} ëèíåéíî çàâèñèìàÿ íà èíòåðâàëå I. Ìû ïîëó-

÷èëè ïðîòèâîðå÷èå.

Îïðåäåëåíèå 31. (ÐÊ) Ñèñòåìà èç n ëèíåéíî íåçàâèñèìûõ ðåøåíèé ËÎÄÓ n-ãî
ïîðÿäêà íàçûâàåòñÿ ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé (ÔÑÐ) ýòîãî óðàâíåíèÿ.

Òåîðåìà 23. (Òåîðåìà î ñóùåñòâîâàíèÿ ÔÑÐ ËÎÄÓ n-ãî ïîðÿäêà. Ýêç. 26, ÐÊ) Ó
ËÎÄÓ L[y] = 0 ïîðÿäêà n ñóùåñòâóåò ÔÑÐ.

Äîêàçàòåëüñòâî. Âûáåðåì ïðîèçâîëüíóþ òî÷êó x0 ∈ I. Ïóñòü y1, y2, . . . , yn � ðåøå-

íèÿ n çàäà÷ Êîøè äëÿ óðàâíåíèÿ L[y] = 0 ñ íà÷àëüíûìè óñëîâèÿìè:
y1(x0) = y1

y′1(x0) = y′1
. . .

y
(n−1)
1 (x0) = y

(n−1)
1 ,


y2(x0) = y2

y′2(x0) = y′2
. . .

y
(n−1)
2 (x0) = y

(n−1)
2 ,

. . .


yn(x0) = yn

yn(x0) = y′n
. . .

y
(n−1)
n (x0) = y

(n−1)
n .

Ìû íàëîæèì íà íà÷àëüíûå óñëîâèÿ äîïîëíèòåëüíîå óñëîâèå:

W (x0) =

∣∣∣∣∣∣∣∣
y1 y2 . . . yn
y′1 y′2 . . . y′n
. . . . . . . . . . . .

y
(n−1)
1 y

(n−1)
2 . . . y

(n−1)
n

∣∣∣∣∣∣∣∣ 6= 0. (40)

Ñèñòåìà ðåøåíèé {y1, y2, . . . , yn} ËÎÄÓ ëèíåéíî íåçàâèñèìàÿ, ò.ê. âðîíñêèàí ýòîé

ñèñòåìû â òî÷êå x0 íå ðàâåí 0.
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Òåîðåìà 24. (Òåîðåìà î ñòðóêòóðå îáùåãî ðåøåíèÿ ËÎÄÓ. Ýêç. 27, ÐÊ) Îáùåå

ðåøåíèå ËÎÄÓ L[y] = 0 ïîðÿäêà n èìååò âèä

y = C1y1 + C2y2 + . . .+ Cnyn,

ãäå {y1, y2, . . . , yn} îáðàçóþò ÔÑÐ ýòîãî óðàâíåíèÿ.

Äîêàçàòåëüñòâî. 1. Åñëè {y1, . . . , yn} � ÔÑÐ óðàâíåíèÿ, òî L[yk] = 0 äëÿ âñåõ

k ∈ {1, . . . , n} Â ñèëó ëèíåéíîñòè îïåðàòîðà L âûïîëíÿåòñÿ

L[C1y1 + C2y2 + . . .+ Cnyn] = 0.

Òîãäà C1y1 + C2y2 + . . .+ Cnyn � ðåøåíèå ËÎÄÓ L[y] = 0.

2. Ïóñòü y � íåêîòîðîå ðåøåíèå ËÎÄÓ. Ïîêàæåì, ÷òî òîãäà y = C1y1 + . . .+Cnyn.
Âûáåðåì ïðîèçâîëüíóþ x0 ∈ I. Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ

óðàâíåíèé (ÑËÀÓ) íà ÷èñëåííûå ïåðåìåííûå (C1, C2, . . . , Cn):
C1y1(x0) + C2y2(x0) + . . .+ Cnyn(x0) = y(x0)

C1y
′
1(x0) + C2y

′
2(x0) + . . .+ Cny

′
n(x0) = y′(x0)

. . .

C1y
(n−1)
1 (x0) + C2y

(n−1)
2 (x0) + . . .+ Cny

(n−1)
n (x0) = y(n−1)(x0)

(41)

Ýòà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, ò.ê. îïðåäåëèòåëü ìàòðèöû åå êî-

ýôôèöèåíòîâ � ýòî îïðåäåëèòåëü Âðîíñêîãî W (x0) 6= 0. Ïóñòü ýòî ðåøåíèå

(C̃1, C̃2, . . . , C̃n). Ïóñòü ỹ =
∑n

k=1 C̃kyk. Òîãäà ỹ � ýòî ðåøåíèå çàäà÷è Êîøè

äëÿ óðàâíåíèÿ L[y] = 0 ñ íà÷àëüíûìè óñëîâèÿìè ỹ(x0) = y(x0), . . ., ỹ(n−1)(x0) =
y(n−1)(x0). Ïî òåîðåìå î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ y ñîâïàäàåò
ñ ỹ. Çíà÷èò, y =

∑n
k=1 C̃kyk.

Òåîðåìà 25. (Òåîðåìà î ñòðóêòóðå îáùåãî ðåøåíèÿ ËÍÄÓ. Ýêç. 30, ÐÊ) Îáùåå

ðåøåíèå ËÍÄÓ n-ãî ïîðÿäêà
L[y] = f

èìååò âèä

y = y0 + C1y1 + C2y2 + . . .+ Cnyn,

ãäå y0 � ÷àñòíîå ðåøåíèå L[y] = f , à {y1, y2, . . . , yn} � ÔÑÐ ËÎÄÓ L[y] = 0.

Äîêàçàòåëüñòâî. L[y] = f ⇔ L[y] = L[y0] ⇔ L[y − y0] = 0 ⇔ y00 = y − y0 � ýòî

ðåøåíèå ËÎÄÓ L[y] = 0 ⇔ y − y0 = y00 =
∑n

k=1Ckyk (ïî òåîðåìå î ñòðóêòóðå îáùåãî
ðåøåíèÿ ËÎÄÓ) ⇔ y = y0 +

∑n
k=1Ckyk.

16 Ôîðìóëà Ëèóâèëëÿ�Îñòðîãðàäñêîãî äëÿ ëèíåéíîãî äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ 2-ãî ïîðÿäêà

Òåîðåìà 26. (Ôîðìóëà Ëèóâèëëÿ�Îñòðîãðàäñêîãî. Ýêç. 28, ÐÊ) Ïóñòü y1 è y2 �

ðåøåíèÿ óðàâíåíèÿ

y′′ + p1(x)y′ + p0(x)y = 0.

Äëÿ îïðåäåëèòåëÿ Âðîíñêîãî ñèñòåìû {y1, y2} âåðíà ôîðìóëà

W (x) = W (x0)e
−

x∫
x0

p1(t)dt

,

ãäå x0 � ïðîèçâîëüíàÿ òî÷êà èíòåðâàëà I.
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Äîêàçàòåëüñòâî. Íàéäåì âûðàæåíèå äëÿ ïðîèçâîäíîé îïðåäåëèòåëÿ Âðîíñêîãî

W ′(x) =

(∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣)′ = (y1y
′
2 − y2y

′
1)′ = (y′1y

′
2 − y′2y′1)+

+ (y1y
′′
2 − y2y

′′
1) = y1y

′′
2 − y2y

′′
1 =

∣∣∣∣y1 y2

y′′1 y′′2

∣∣∣∣ (42)

Ò.ê. y1 è y2 � ðåøåíèÿ ËÎÄÓ:

y′′1 + p1(x)y′1 + p0(x)y1 = 0 (43)

y′′2 + p1(x)y′2 + p0(x)y2 = 0 (44)

Äîìíîæèì ïåðâîå ðàâåíñòâî (43) íà y2 è äîìíîæèì âòîðîå ðàâåíñòâî (44) íà y1, à

ïîñëå ýòîãî âû÷òåì èç âòîðîãî ïåðâîå. Òîãäà ìû ïîëó÷èì

(y′′2+p1(x)y′2+p0(x)y2)y1−(y′′1+p1(x)y′1+p0(x)y1)y2 = (y′′2y1−y′′1y2)+p1(x)(y′2y1−y′1y2) = 0.

Ó÷èòûâàÿ (42), ìû ïîëó÷àåì

W ′(x) +W (x)p1(x) = 0

Òîãäà Âðîíñêèàí W ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

z′ + p1(x)z = 0, (45)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ z(x0) = W (x0).

Ó ýòîãî óðàâíåíèÿ ðàçäåëÿþòñÿ ïåðåìåííûå:

dz

z
= −p1(x)dx

Èíòåãðèðóÿ, ìû ïîëó÷àåì

ln |z| = −
∫
p1(x)dx+D.

Îáùåå ðåøåíèå óðàâíåíèÿ (45) èìååò âèä

z = Ce−
∫
p1(x)dx.

Ò.ê. z(x0) = W (x0), òî

z(x) = W (x0)e
−

x∫
x0

p1(t)dt

.

16.1 Ôîðìóëà äëÿ îáùåãî ðåøåíèÿ ËÎÄÓ 2-ãî ïîðÿäêà ïðè îäíîì
èçâåñòíîì ÷àñòíîì ðåøåíèè

(Ýêç. 29)

Ïóñòü y1 � íåíóëåâîå ÷àñòíîå ðåøåíèå óðàâíåíèÿ

y′′ + p1(x)y′ + p0(x)y = 0
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Äîïîëíèì y1 äî ÔÑÐ, ò.å. íàéäåì òàêîå ðåøåíèå óðàâíåíèÿ y2, ÷òîáû {y1, y2} îáðàçî-
âûâàëè ÔÑÐ. Èñïîëüçóÿ ôîðìóëó Ëèóâèëëÿ-Îñòðîãðàäñêîãî, ìû ïîëó÷àåì(

y2

y1

)′
=
y′2y1 − y2y

′
1

y2
1

=
W (x)

y2
1

=
e−

∫
p1(x)dx

y2
1

(46)

Òîãäà

y2

y1
=

∫
e−

∫
p1(x)dx

y2
1

dx

à çíà÷èò

y2 = y1

∫
e−

∫
p1(x)dx

y2
1

dx

Îáùåå ðåøåíèå ËÎÄÓ 2-ãî ïîðÿäêà èìååò âèä

y = C1y1 + C2y1

∫
e−

∫
p1(x)dx

y2
1

dx.

Ïðèìåð 12. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

xy′′ + y′ − y

x
= 0,

åñëè èçâåñòíî, ÷òî y1 = 1
x ÿâëÿåòñÿ åãî ÷àñòíûì ðåøåíèåì. Ñíà÷àëà ïîäåëèì îáå ÷à-

ñòè óðàâíåíèÿ íà x, ÷òîáû ïîëó÷èëîñü óðàâíåíèå, ðàçðåøåííîå îòíîñèòåëüíî ñòàð-

øåé ïðîèçâîäíîé:

y′′ +
y′

x
− y

x2
= 0.

Äîïîëíèì y1 äî ÔÑÐ c ïîìîùüþ ôîðìóëû:

y2 = y1

∫
e−

∫
p1(x)dx

y2
1

dx.

T.ê. ∫
p1(x)dx =

∫
dx

x
= lnx,

âûïîëíÿåòñÿ

y2 =
1

x

∫
x2e− lnxdx =

1

x

∫
xdx =

x

2
.

Ìîæíî âçÿòü { 1
x , x} � ÔÑÐ. Îáùåå ðåøåíèå y = C1

1
x + C2x.

ËÅÊÖÈß 11

17 ËÎÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Îïðåäåëåíèå 32. (ÐÊ) ËÎÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàì èìååò âèä:

y(n) + an−1y
(n−1) + . . .+ a0y = 0, (47)

ãäå a0, . . . , an−1 ∈ R. Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå � ýòî àëãåáðàè÷åñêîå óðàâ-

íåíèå ñòåïåíè n, êîòîðîå èìååò âèä:

λn + an−1λ
n−1 + . . .+ a0 = 0 (48)
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Ïóñòü λ0 ∈ R � êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Òîãäà y = eλ0x � ÷àñòíîå

ðåøåíèå ËÎÄÓ (47). Äåéñòâèòåëüíî, ïîäñòàâèì y = eλ0x è åå ïðîèçâîäíûå y′(x) =
λ0e

λ0x,. . .,y(n)(x0) = λn0e
λ0x â (47). Ïîëó÷àåì

y(n) + an−1y
n−1 + . . .+ a0y = eλ0x (λ0

n + an−1λ0
n−1 + . . .+ a0)︸ ︷︷ ︸

=0

= 0.

Êîìïëåêñíûå ÷èñëà Êîìïëåêñíîå ÷èñëî èìååò âèä: z = α + βi, ãäå α, β ∈ R,
i2 = −1. ×èñëî z = α− βi � ñîïðÿæåííîå ê z.

z = α+ βi = r(cosϕ+ i sinϕ),

ãäå r =
√
α2 + β2 = |z|. ×èñëî α = Rez � âåùåñòâåííàÿ ÷àñòü ÷èñëà z, ÷èñëî β = Imz

� ìíèìàÿ ÷àñòü ÷èñëà z. Åñëè

z1 = α1 + β1i = r1(cosϕ1 + i sinϕ1)

è

z2 = α2 + β2i = r2(cosϕ2 + i sinϕ2),

òî

z1z2 = ((α1α2 − β1β2) + i(β1α2 + β2α1)) = r1r2((cos (ϕ1 + ϕ2) + i sin (ϕ1 + ϕ2))

Ïóñòü z = α+ βi
ez = eα(cosβ + i sinβ)

Ïóñòü

y = e(α+βi)x = eαx(cosβx+ i sinβx)

Åñëè α+βi� êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (48), òî êîìïëåêñíîçíà÷àÿ ôóíê-

öèÿ y = e(α+βi)x � ðåøåíèå ËÎÄÓ (47).

y′ = (α+ βi)e(α+βi)x

. . .

y(n) = (α+ βi)ne(α+βi)x

Ïîäñòàâëÿåì:

y(n) + an−1y
(n−1) + . . .+ a0y = e(α+βi)x ((α+ βi)n + an−1(α+ βi)n−1 + . . .+ a0)︸ ︷︷ ︸

=0

= 0

Ïóñòü y = u+ iv, ãäå u è v � âåùåñòâåííûå ôóíêöèè. Åñëè y � êîìïëåêñíîçíà÷íîå

ðåøåíèå ËÎÄÓ (47), òî u, v � âåùåñòâåííûå ðåøåíèÿ ËÎÄÓ (47):

(u+ iv)(n) + an−1(u+ iv)(n−1) + . . .+ a0(u+ iv) =

= (u(n) + an−1u
(n−1) + . . .+ a0u)︸ ︷︷ ︸
=0

+i (v(n) + an−1v
(n−1) + . . .+ a0v)︸ ︷︷ ︸
=0

= 0.

Òàêèì îáðàçîì, åñëè α+βi� êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî âåùåñòâåííûå

ôóíêöèè y1 = eαx cosβx è y2 = eαx sinβx � ÷àñòíûå ðåøåíèÿ ËÎÄÓ (47).

Êðàòíîñòü êîðíÿ àëãåáðàè÷åñêîãî óðàâíåíèÿ. Àëãåáðàè÷åñêîå óðàâíåíèå �

óðàâíåíèå âèäà:

Pn(x) = 0, (49)
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ãäå Pn(x) = anx
n + an−1x

n−1 + . . .+ a0 � ìíîãî÷ëåí ñ êîìïëåêñíûìè êîýôôèöèåíòà-

ìè. Ìíîãî÷ëåí ìîæíî ñ òî÷íîñòüþ äî ïîðÿäêà ìíîæèòåëåé åäèíñòâåííûì îáðàçîì (ñ

òî÷íîñòüþ äî ïîðÿäêà ìíîæèòåëåé) ïðåäñòàâèòü â âèäå

Pn(x) = an(x− λ1)k1 . . . (x− λs)ks ,

ãäå λ1, . . . , λs � ðàçëè÷íûå êîìïëåêñíûå ÷èñëà. ×èñëà λ1, . . . , λs � êîðíè óðàâíå-

íèÿ (49), à ÷èñëà k1, . . . , ks � êðàòíîñòè ýòèõ êîðíåé ñîîòâåòñòâåííî. Ïóñòü êîýô-

ôèöèåíòû ìíîãî÷ëåíà Pn(x) âåùåñòâåííû. Òîãäà, åñëè êîìïëåêñíîå ÷èñëî λ = α+ βi
� êîðåíü êðàòíîñòè k, òî åãî ñîïðÿæåííîå ÷èñëî λ = α−βi � òîæå êîðåíü êðàòíîñòè

k. Êîðåíü êðàòíîñòè 1 íàçûâàþò òàêæå ïðîñòûì êîðíåì.

Ïðèìåð 13. Ðàññìîòðèì óðàâíåíèå

x2 + bx+ c = 0, b, c ∈ R

1. Åñëè D = b2− 4c > 0, òî x1 = −b−
√
D

2 è x2 = −b+
√
D

2 � äâà âåùåñòâåííûõ êîðíÿ

êðàòíîñòè 1.

2. Åñëè D = b2 − 4c = 0, òî x1,2 = − b
2 � âåùåñòâåííûé êîðåíü êðàòíîñòè 2.

3. Åñëè D = b2 − 4c < 0, òî x1 =
−b−
√
|D|i

2 è x2 =
−b+
√
|D|i

2 � äâà ñîïðÿæåííûõ

êîìïëåêñíûõ êîðíÿ êðàòíîñòè 1.

Ðàññìîòðèì ËÎÄÓ:

y(n) + an−1y
(n−1) + . . .+ a0y = 0.

Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

λn + an−1λ
n−1 + . . .+ a0 = 0

Ó ËÎÄÓ ñóùåñòâóåò ñëåäóþùåå ÔÑÐ, îïðåäåëÿåìîå êîðíÿìè õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ:

1. Ïóñòü λ0 � âåùåñòâåííûé êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè k.
Òîãäà íàáîð èç k ôóíêöèé y1 = eλ0x, y2 = xeλ0x, . . ., yk = xk−1eλ0x âõîäÿò â ÔÑÐ.

2. Ïóñòü α ± βi (β > 0) � ïàðà ñîïðÿæåííûõ êîðíåé êðàòíîñòè k. Òîãäà íàáîð èç

2k ôóíêöèé: y11 = eαx cosβx, y12 = xeαx cosβx,. . ., y1k = xk−1eαx cosβx, y21 =
eαx sinβx, y22 = xeαx sinβx,. . ., y2k = xk−1eαx sinβx âõîäèò â ÔÑÐ.

Âûâåäåì îáùåå ðåøåíèå ËÎÄó ñ ïîñòîÿííûìè êîýôôèöèåíòàìè 2-ãî

ïîðÿäêà â ñëó÷àå ïðîñòûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (ÐÊ)

y′′ + a1y
′ + a0y = 0

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

λ2 + a1λ+ a0 = 0

Ïóñòü λ1, λ2 ∈ R � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ïðè÷åì λ1 6= λ2. Ïóñòü

y1 = eλ1x è y2 = eλ2x. Îáùåå ðåøåíèå èìååò âèä:

y = C1y1 + C2y2
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Ïðîâåðèì ýòî. Ïîäñòàâèâ y1 â ËÎÄÓ, ìû ïîëó÷àåì âåðíîå òîæäåñòâî:

y′′1 + a1y
′
1 + a0y1 = eλ1xλ2

1 + a1e
λ1xλ1 + a0e

λ1x = eλ1x (λ2
1 + a1λ1 + a0)︸ ︷︷ ︸

=0

= 0.

Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî y2 òîæå ðåøåíèå ËÎÄÓ. Ïðîâåðèì, ÷òî {y1, y2}
� ëèíåéíî íåçàâèñèìûå ôóíêöèè, à çíà÷èò îáðàçóþò ÔÑÐ. Ñîñòàâèì îïðåäåëèòåëü

Âðîíñêîãî:

W (x) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣ =

∣∣∣∣ eλ1x eλ2x

λ1e
λ1x λ2e

λ2x

∣∣∣∣ = (λ2 − λ1)e(λ1+λ2)x 6= 0.

Îïðåäåëèòåëü Âðîíñêîãî íå îáðàùàþòñÿ â íîëü, à çíà÷èò {y1, y2} � ëèíåéíî íåçàâè-

ñèìûå ðåøåíèÿ ËÎÄÓ.

Âûâåäåì îáùåå ðåøåíèå ËÎÄó ñ ïîñòîÿííûìè êîýôôèöèåíòàìè 2-ãî

ïîðÿäêà â ñëó÷àå êðàòíîãî êîðíÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (ÝÊÇ

31,ÐÊ)

y′′ + a1y
′ + a0y = 0

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

λ2 + a1λ+ a0 = 0

Ïóñòü D = a2
1 − 4a0 = 0 è λ0 � êîðåíü êðàòíîñòè 2. Ïóñòü y1 = eλ0x è y2 = xeλ0x.

Îáùåå ðåøåíèå ËÎÄÓ èìååò âèä:

y = C1y1 + C2y2

Ïðîâåðèì ýòî. Ïîäñòàâèâ y1 â ËÎÄÓ, ìû ïîëó÷àåì âåðíîå òîæäåñòâî:

y′′1 + a1y
′
1 + a0y1 = eλ1xλ2

1 + a1e
λ1xλ1 + a0e

λ1x = eλ1x (λ2
1 + a1λ1 + a0)︸ ︷︷ ︸

=0

= 0.

Ïðîâåðèì, ÷òî y2 = xeλ0x � ðåøåíèå ËÎÄÓ. Ïåðâàÿ è âòîðàÿ ïðîèçâîäíàÿ y2 èìåþò

âèä ñîîòâåòñòâåííî

y′2 = eλ0x + λ0xe
λ0x,

y′′2 = 2λ0e
λ0x + λ2

0xe
λ0x.

Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ y2, y
′
2 è y

′′
2 â ïðàâóþ ÷àñòü óðàâíåíèÿ è ó÷èòûâàÿ, ÷òî ïî

òåîðåìå Âèåòà a1 = −2λ0 è a0 = λ2
0, ìû ïîëó÷àåì âåðíîå òîæäåñòâî:

y′′2 + a1y
′
2 + a0y2 = (2λ0e

λ0x + λ2
0xe

λ0x) + a1(eλ0x + λ0xe
λ0x) + a0e

λ0x =

= (2λ0e
λ0x + λ2

0xe
λ0x)− 2λ0(eλ0x + λ0xe

λ0x) + λ2
0e
λ0x = 0.

Òîãäà äåéñòâèòåëüíî y2 � ðåøåíèå. Ïðîâåðèì, ÷òî {y1, y2} � ëèíåéíî íåçàâèñèìûå

ôóíêöèè, à çíà÷èò îáðàçóþò ÔÑÐ. Ñîñòàâèì îïðåäåëèòåëü Âðîíñêîãî:

W (x) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣ =

=

∣∣∣∣ eλ0x xeλ0x

λ0e
λ0x eλ0x + λ0xe

λ0x

∣∣∣∣ = e2λ0x + λ0xe
2λ0x − λ0xe

2λ0x = e2λ0x 6= 0

Îïðåäåëèòåëü Âðîíñêîãî íå îáðàùàþòñÿ â íîëü, à çíà÷èò {y1, y2} � ëèíåéíî íåçàâè-

ñèìûå ðåøåíèÿ ËÎÄÓ.
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Âûâåäåì îáùåå ðåøåíèå ËÎÄó â ïîñòîÿííûìè êîýôôèöèåíòàìè 2-ãî

ïîðÿäêà â ñëó÷àå ïàðû ñîïðÿæåííûõ êîìïëåêñíûõ êîðíåé õàðàêòåðèñòè-

÷åñêîãî óðàâíåíèÿ (ÝÊÇ 32, ÐÊ)

y′′ + a1y
′ + a0y = 0

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

λ2 + a1λ+ a0 = 0

Ïóñòü α± βi � ïàðà ñîïðÿæåííûõ êîìïëåêñíûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíå-

íèÿ. Òîãäà îáùåå ðåøåíèå èìååò âèä y = C1y1 + C2y2, ãäå

y1(x) = eαx cosβx,

y2(x) = eαx sinβx.

Ïðîâåðèì ýòî. Ïóñòü ỹ = e(α+βi)x = y1 +iy2 � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ. Åå ïåðâàÿ

è âòîðàÿ ïðîèçâîäíàÿ èìåþò âèä ñîîòâåòñòâåííî:

ỹ′ = (α+ βi)e(α+βi)x,

ỹ′′ = (α+ βi)2e(α+βi)x.

Ïîäñòàâëÿåì:

ỹ′′ + a1ỹ
′ + a0ỹ = e(α+βi)x ((α+ βi)2 + a1(α+ βi) + a0)︸ ︷︷ ︸

=0

= 0

Ïîëó÷àåì âåðíîå òîæäåñòâî. Åñëè ỹ � êîìïëåêñíîçíà÷íîå ðåøåíèå ËÎÄÓ, òî y1, y2

� âåùåñòâåííûå ðåøåíèÿ ËÎÄÓ:

(y1 + iy2)′′ + a1(y1 + iy2)′ + . . .+ a0(y1 + iy2) =

= (y′′1 + a1y
′
1 + a0y1)︸ ︷︷ ︸

=0

+i (y′′2 + a1y
′
2 + a0y2)︸ ︷︷ ︸

=0

= 0.

Òàêèì îáðàçîì, åñëè α+βi� êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî âåùåñòâåííûå

ôóíêöèè y1 = eαx cosβx è y2 = eαx sinβx � ÷àñòíûå ðåøåíèÿ ËÎÄÓ.

Ïðîâåðèì, ÷òî {y1, y2} � ëèíåéíî íåçàâèñèìûå ôóíêöèè, à çíà÷èò îáðàçóþò ÔÑÐ.

Íàéäåì îïðåäåëèòåëü Âðîíñêîãî äëÿ ñèñòåìû {y1, y2}

W (x) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣ =

∣∣∣∣ eαx cosβx eαx sinβx
(αeαx cosβx− βeαx sinβx) (αeαx sinβx+ βeαx cosβx)

∣∣∣∣ =

= αe2αx sinβx cosβx+ βe2αx cos2 βx− αe2αx sinβx cosβx+ βe2αx sin2 βx = βe2αx 6= 0

Îïðåäåëèòåëü Âðîíñêîãî íå îáðàùàþòñÿ â íîëü, à çíà÷èò {y1, y2} � ëèíåéíî íåçàâè-

ñèìûå ðåøåíèÿ ËÎÄÓ.

ËÅÊÖÈß 12
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18 Ðåøåíèå ËÍÄÓ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è ñïå-

öèàëüíîé ïðàâîé ÷àñòüþ

(ÝÊÇ 33)

Îïðåäåëåíèå 33. Êâàçèìíîãî÷ëåí (êâàçèïîëèíîì) � ýòî ñóììà âûðàæåíèé âèäà

eαx(Pl(x) cos (βx) +Qm(x) sin (βx)),

ãäå

Pl(x) = blx
l + bl−1x

l−1 + . . .+ b0

� ìíîãî÷ëåí ñòåïåíè l,

Qm(x) = cmx
m + bm−1x

m−1 + . . .+ c0

� ìíîãî÷ëåí ñòåïåíè m.

Ðàññìîòðèì ËÍÄÓ:

L[y] = f,

ãäå

L[y](x) = y(n)(x) + an−1y
(n−1)(x) + . . .+ a0y(x),

à

f = eαx(Pl(x) cos (βx) +Qm(x) sin (βx))

� êâàçèìíîãî÷ëåí. Òîãäà ÷àñòíîå ðåøåíèå ËÍÄÓ ìîæíî íàéòè â âèäå êâàçèìíîãî-

÷ëåíà. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ËÎÄÓ:

L[y](x) = y(n)(x) + an−1y
n−1(x) + . . .+ a0y(x) = 0

èìååò âèä:

λn + an−1λ
n−1 + . . .+ a0 = 0 (50)

Ðàññìîòðèì ñëó÷àè

1. Ïóñòü β = 0, ò.å. f(x) = eαxPl(x). Òîãäà ïóñòü k = l.

(a) Åñëè α íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (50), òî ÷àñòíîå

ðåøåíèå ìîæíî íàéòè â âèäå

y0(x) = eαxRk(x),

ãäå Rk(x) = Akx
k +Ak−1x

k + . . .+A0 � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè k.

(b) Åñëè α ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (50) êðàòíîñòè r,
òî ÷àñòíîå ðåøåíèå ìîæíî íàéòè â âèäå

y0(x) = xreαxRk(x),

ãäå Rk(x) = Akx
k +Ak−1x

k + . . .+A0 � íåêîòîðûé ìíîãî÷ëåí ñòåïåíè k.

2. Ïóñòü β > 0, ò.å. f(x) = eαx(Pl(x) cos (βx) + Qm(x) sin (βx)). Òîãäà ïóñòü k =
max{m, l}.
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(a) Åñëè α + βi íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (50),1 òî

÷àñòíîå ðåøåíèå ìîæíî íàéòè â âèäå

y0(x) = eαx(Rk(x) cosβx+ Sk(x) sinβx),

ãäå Rk(x) = Akx
k+Ak−1x

k−1 + . . .+A0 è Sk(x) = Bkx
k+Bk−1x

k−1 + . . .+B0

� íåêîòîðûå ìíîãî÷ëåíû ñòåïåíè k.

(b) Åñëè α+βi ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (50) êðàòíîñòè

r,2 òî ÷àñòíîå ðåøåíèå ìîæíî íàéòè â âèäå

y0(x) = xreαx(Rk(x) cosβx+ Sk(x) sinβx),

ãäå Rk(x) = Akx
k +Ak−1x

k + . . .+A0 è Sk(x) = Bkx
k +Bk−1x

k + . . .+B0 �

íåêîòîðûå ìíîãî÷ëåíû ñòåïåíè k.

ËÅÊÖÈß 13

19 Ìåòîä Ëàãðàíæà äëÿ ËÍÄÓ 2-ãî ïîðÿäêà

(ÝÊÇ 34, ÐÊ)

Ïóñòü {y1, y2} � ÔÑÐ ËÎÄÓ 2-ãî ïîðÿäêà

y′′ + p1(x)y′ + p0(x)y = 0.

Òîãäà îáùåå ðåøåíèå ËÍÄÓ

y′′ + p1(x)y′ + p0(x)y = f(x)

èìååò âèä:

y = C1(x)y1 + C2(x)y2,

ãäå C1(x) è C2(x) íàõîäÿòñÿ èç ñèñòåìû:{
C ′1(x)y1(x) + C ′2(x)y2(x) = 0

C ′1(x)y′1(x) + C ′2(x)y′2(x) = f(x)
(51)

ÑËÀÓ èìååò åäèíñòâåííîå ðåøåíèå {C ′1(x), C ′2(x)}, ò.ê. îïðåäåëèòåëü ìàòðèöû ýòîé

ÑËÀÓ � ýòî îïðåäåëèòåëü Âðîíñêîãî W (x) =

∣∣∣∣y1(x) y2(x)
y′1(x) y′2(x)

∣∣∣∣. Îí íå îáðàùàåòñÿ â 0,

ò.ê. {y1, y2} � ýòî ÔÑÐ.

Çàìå÷àíèå 6. Ïðèìåíèâ ïðàâèëà Êðàìåðà,ìû ïîëó÷àåì, ÷òî

C ′1(x) =

∣∣∣∣ 0 y2(x)
f(x) y′2(x)

∣∣∣∣
W (x)

= −y2(x)f(x)

W (x)

è

C ′2(x) =

∣∣∣∣y1(x) 0
y′1(x) f(x)

∣∣∣∣
W (x)

=
y1(x)f(x)

W (x)
.

1Òîãäà α− βi � òîæå íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.
2Òîãäà α− βi � òîæå êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè r.
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Ïóñòü ϕ1(x) =
∫ y2(x)f(x)

W (x) dx è ϕ2(x) =
∫ y1(x)f(x)

W (x) dx � ïåðâîîáðàçíûå. Òîãäà

C1(x) = −ϕ1(x) +D1

è

C2(x) = ϕ2(x) +D2.

Îáùåå ðåøåíèå ËÍÄÓ èìååò âèä:

y = C1(x)y1 + C2(x)y2 = −ϕ1(x)y1 + ϕ2(x)y2︸ ︷︷ ︸
÷àñòíîå ðåøåíèå ËÍÄÓ

+ D1y1 +D2y2︸ ︷︷ ︸
îáùåå ðåøåíèå ËÎÄÓ

.

Ïóñòü y = C1(x)y1(x) + C2(x)y2(x), ïðè÷åì C1 è C2 óäîâëåòâîðÿþò (51). Ó÷èòû-

âàÿ (51), ìû ïîëó÷àåì, ÷òî ïåðâàÿ ïðîèçâîäíàÿ y èìååò âèä:

y′(x) = C1(x)y′1(x) + C2(x)y′2(x) + C ′1(x)y1(x) + C ′2(x)y2(x)︸ ︷︷ ︸
=0

= C1(x)y′1(x) + C2(x)y′2(x).

Ó÷èòûâàÿ (51), ìû ïîëó÷àåì, ÷òî âòîðàÿ ïðîèçâîäíàÿ y èìååò âèä:

y′′(x) = C1(x)y′′1(x)+C2(x)y′′2(x)+C ′1(x)y′1(x) + C ′2(x)y′2(x)︸ ︷︷ ︸
=f(x)

= C1(x)y′′1(x)+C2(x)y′′2(x)+f(x).

Ïîäñòàâëÿÿ y è åå ïðîèçâîäíûå â óðàâíåíèå, ìû ïîëó÷àåì âåðíîå òîæäåñòâî:

y′′(x) + p1(x)y′(x) + p0(x)y(x) =

= (C1(x)y′′1(x) + C2(x)y′′2(x) + f(x)) + p1(x)(C1(x)y′1(x) + C2(x)y′2(x))+

+ p0(x)(C1(x)y1(x) + C2(x)y2(x)) =

= f(x) + C1(x) (y′′1(x) + p1(x)y′(x) + p0(x)y(x))︸ ︷︷ ︸
=0

+

+ C2(x) (y′′2(x) + p2(x)y′2(x) + p0(x)y2(x))︸ ︷︷ ︸
=0

= f(x)
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