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Appendix 5 

Tables of Laplace Transforms 
 
Last update: February 2, 2008 
 
Many Laplace transforms and their inverses have been derived and compiled.  Extensive 
compilations of Laplace transforms are available from many sources, including entire 
books (see for example, Oberhettinger and Badii, 1973).  In this appendix we reproduce 
the Laplace transforms compiled in Churchill’s excellent textbook Operational 
Mathematics (3rd edition, 1972).  These transforms are supplemented with transforms 
compiled by Carslaw and Jaeger (1959) and Hantush (1964).  The transforms compiled in 
Carslaw and Jaeger (1959) [Conduction of Heat in Solids, 2nd edition, 1959] arise 
frequently in solute transport applications.  M.S. Hantush included a short table of 
Laplace transforms in his landmark publication Hydraulics of Wells (1964).  These 
transforms are also reproduced here because the transforms are of immediate application 
to solutions for aquifer tests. 
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1. Laplace Transform Operations (adapted from Churchill, 1972) 
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2. Laplace Transforms (adapted from Churchill, 1972) 
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3. Laplace Transforms from Carslaw and Jaeger (1959) 
 

Carslaw and Jaeger (1959) write pq
κ

= . 

κ  and x are always real and positive. α and h are unrestricted. 
 

 f(p) F(t)  ( )0t >  

6 qxe−  
2

4
32

x
tx e

t
κ

πκ

−
 

7 
qxe

q

−

 
21/ 2

4
x

te
t

κκ
π

−⎛ ⎞
⎜ ⎟
⎝ ⎠

 

8 
qxe

p

−

 
2

xerfc
tκ

 

9 
qxe

pq

−

 
21

2
42

2

x
tt xe x erfc

t
κκ

π κ
−⎛ ⎞ −⎜ ⎟

⎝ ⎠
 

10 2

qxe
p

−

 
21

2 2
4

2 2

x
tx x tt erfc x e

t
κ

κ πκκ
−⎛ ⎞ ⎛ ⎞+ −⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
 

11 11
2

qx

n

e

p

−

+
   0,1, 2,...n =  

( )
1
24

2
n n xt i erfc

tκ
 

{ } { }1n n

u

i erfc u i erfc dβ β
∞

−= ∫ ,  

the nth repeated integral of the complementary error function with 

{ } { }0i erfc u erfc u=  

12 
qxe

q h

−

+
 

2
2

1
2

4

2

x
hx tht xe h e erfc h t

t t
κκκ κ κ

π κ
− + ⎧ ⎫⎛ ⎞ − +⎨ ⎬⎜ ⎟

⎝ ⎠ ⎩ ⎭
 

13 ( )
qxe

q q h

−

+
 

2

2
hx th xe erfc h t

t
κκ κ

κ
+ ⎧ ⎫+⎨ ⎬

⎩ ⎭
 

14 ( )
qxe

p q h

−

+
 

21 1
2 2

hx thx xerfc e erfc h t
h ht t

κ κ
κ κ

+ ⎧ ⎫− +⎨ ⎬
⎩ ⎭

 

15 ( )
qxe

pq q h

−

+
 

( )2
2

1
2

4
2 2

12 1
2

*
2

x
hx tht

hxt xe erfc e
h h ht

xerfc h t
t

κκκ
π κ

κ
κ

− ++⎛ ⎞ − +⎜ ⎟
⎝ ⎠

⎧ ⎫+⎨ ⎬
⎩ ⎭

 



 
Laplace transforms.doc  Page 13 of 15 
 

 f(p) F(t)  ( )0t >  

16 ( )1

qx

n

e
q q h

−

+ +
 ( ) ( )

2
1

0
2

2

*
2

n rhx th
n n

r

r

xe erfc h t h t
th h

xi erfc
t

κκ κκ κ
κ

κ

−
+

=

⎧ ⎫ ⎡ ⎤+ − −⎨ ⎬ ⎣ ⎦− −⎩ ⎭
∑

 

17 ( )2

qxe
q h

−

+
 

( )
2

2

1
3 2

242 1 2

*
2

x
hx thtth e hx h t e

xerfc h t
t

κκκ κ κ
π

κ
κ

− +⎛ ⎞
− + + +⎜ ⎟

⎝ ⎠
⎧ ⎫+⎨ ⎬
⎩ ⎭

 

18 ( )2

qxe
p q h

−

+
 

( )
2

2

1
2 24

2 2

1 2 1 1 2
2

*
2

x
hx thtx terfc e hx h t e

h h ht
xerfc h t

t

κκκ κ
πκ

κ
κ

− +⎛ ⎞− − − −⎜ ⎟
⎝ ⎠

⎧ ⎫+⎨ ⎬
⎩ ⎭

 

19 
qxe

p α

−

−
 

1
2 2 2

a ax xt x xe e erfc t e erfc t
t t

α κ κα α
κ κ

−⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪− + +⎨ ⎬⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭
 

20 3/ 4

1 qxe
p

−  
2

1
2 2

8
11
42

1
82

x
tx xe K

tt

κ

π κκ

−⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠
 

21 ( )21/ 2

1
vK qx

p
 

2 2
81

82

x
t

v
xe K

tt
κ

κπ
− ⎛ ⎞

⎜ ⎟
⎝ ⎠

 

22 
( ) ( )
( ) ( )

'

'
v v

v v

I qx K qx

I qx K qx
 
( )
( )

'

'

x x

x x

>

<
 

2 ' 2

41 '
2 2

x x
t

v
xxe I

t t
κ

κ

⎛ ⎞+−⎜ ⎟⎜ ⎟
⎝ ⎠ ⎛ ⎞

⎜ ⎟
⎝ ⎠

   ( )0v ≥  

23 ( )0K qx  
2

41
2

x
te

t
κ

−
 

24 /1 x pe
p

 0 2I xt⎡ ⎤
⎣ ⎦  

25 
( )( )

( )( )

1
2

1
2

exp xp x p a p b

p a p b

⎧ ⎫− + +⎡ ⎤⎨ ⎬⎣ ⎦
⎩ ⎭

+ +⎡ ⎤⎣ ⎦

 
( )( ) ( ) ( )

1 1
2 2

0
1 2
2

a b t x
e I a b t t x

− + + ⎧ ⎫− +⎡ ⎤⎨ ⎬⎣ ⎦
⎩ ⎭

 

26 ( )
1 1
2

v

vp K x p
−

 2

1 1

4

2v v u v

x
t

x e u du
∞

− − − −∫  



 
Laplace transforms.doc  Page 14 of 15 
 

 f(p) F(t)  ( )0t >  

27 2 2
v

p p x⎡ ⎤− −⎣ ⎦    ( )0v >  ( )v
vvx I xt
t

 

28 

( ) ( )

( ) ( ) ( ) ( )

21 1
2 2

21 1 1 1
2 2 2 2

exp

v

x p a p b

p a p b p a p b

⎧ ⎫⎪ ⎪⎡ ⎤+ − +⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
⎡ ⎤+ + + + +⎢ ⎥⎣ ⎦

( )0v >

( ) ( ) ( )

( ) ( )

1 1 1 1
2 2 2 2

1
2

1 4
2

4

v a b t

v

v v

t e I a b t t x

a b t x

− + ⎧ ⎫
− +⎨ ⎬

⎩ ⎭

− +
 

29 ( )2

qxe
p α

−

−
 

1
2 2 2

2 2

xt

x

x xe t e erfc t
t

x xt e erfc t
t

α
α κ

α
κ

α
κα κ

α
κα κ

−⎧⎛ ⎞ ⎡ ⎤⎪ − −⎨⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎪⎩
⎫⎛ ⎞ ⎡ ⎤⎪+ + + ⎬⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎪⎭

 

30 ( )
qxe

q p α

−

−
 

1
21

2 2

2

xt

x

xe e erfc t
t

xe erfc t
t

α
α κ

α
κ

κ α
α κ

α
κ

−⎧ ⎡ ⎤⎪⎛ ⎞ −⎨⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎪⎩
⎫⎡ ⎤⎪− + ⎬⎢ ⎥⎣ ⎦⎪⎭

 

31 ( )( )
qxe

p q hα

−

− +
   ( )2a hκ≠  

2

1
2

1 1
2 2

1
2

1 1
2 2

2

1
2 2

2

2

xt

x

hx h t

xe e erfc t
th

xe erfc t
th

h xe erfc h t
h t

α
α κ

α
κ

κ

κ α
κκ α

κ α
κκ α

κ κ
κ α κ

−

+

⎧
⎡ ⎤⎪ −⎨ ⎢ ⎥⎣ ⎦⎪ +⎩

⎫⎡ ⎤⎪+ ⋅ + ⎬⎢ ⎥⎣ ⎦⎪⎭−
⎡ ⎤− +⎢ ⎥− ⎣ ⎦

 

32 
1 ln p
p

 ( )ln Ct−    ln 0.5772...C γ= =  

33 ( )
1
2

v

vp K x p  ( )

2

4
12

xv
t

v
x e
t

−

+  

 



 
Laplace transforms.doc  Page 15 of 15 
 

4. Laplace Transforms for well hydraulics (Hantush, 1964) 
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inerfc is nth repeated integral of erfc 
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W is the Theis well function 
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W is the well function for leaky aquifers (Hantush, 1964; p. 321) 
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H is a well function defined by Hantush (164; p. 312) 
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A is the flowing well function for leaky aquifers 
(Hantush, 1964; p. 309) 
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S is the function defined by Hantush (1964; p. 318) 
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Z is the function defined by Hantush (1964; p. 325) 

 


