Appendix 5
Tables of Laplace Transforms

Last update: February 2, 2008

Many Laplace transforms and their inverses have been derived and compiled. Extensive
compilations of Laplace transforms are available from many sources, including entire
books (see for example, Oberhettinger and Badii, 1973). In this appendix we reproduce
the Laplace transforms compiled in Churchill’ s excellent textbook Operational

M athematics (3" edition, 1972). These transforms are supplemented with transforms
compiled by Carslaw and Jaeger (1959) and Hantush (1964). The transforms compiled in
Carslaw and Jaeger (1959) [Conduction of Heat in Solids, 2™ edition, 1959] arise
frequently in solute transport applications. M.S. Hantush included a short table of
Laplace transforms in his landmark publication Hydraulics of Wells (1964). These
transforms are also reproduced here because the transforms are of immediate application
to solutions for aquifer tests.
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1. Laplace Transform Operations (adapted from Churchill, 1972)

f(p) (Re p>a) F(t) (t>0)
1 ]:e‘ptF(t)dt:L{F} F(t)
2 | f(p) %Iﬂiﬂﬂwézf_(z)dz
y-ip
3 | pf(p)-F(0) F.(t)E%_T
4 | p"f(p)-p"'F(0)-p"*F'(0)—..—F"P(0) | F"(t)= aa”t'n:
5| = T(p) JF(0)de
6 | e*T(p) (a>0) g(t‘a) I.:ZZ

e”F (t) a=constant sHIFT THEOREM

j-F(T)G(t—z')dT:j-F(t—T)G(T)dT

9| f'(p) ~tF (t)
10| T (p) (-1)"t"F (1)
11| [F(x)x tF (1)

f

12

13 le_ptF(t)dt F(t) if F(t+a)=F(t)
o (a>0)

14 le_m':(t)dt (a5 F(t) if F(t+a)=—F(t)
1+e®

15 gpﬁk (k>0) gr(r?lk)tmk_l
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2. Laplace Transforms (adapted from Churchill, 1972)

f(p) F(t) (t>0)
1
1 B 1
1
2 F t
1 tn—l
3 F (n=12,..) a1 Hantush (1964; #2)
3 L (v>-1) v Carslaw and Jaeger (1959; #2)
- arslaw an er ;
2 I'(v+1)
4 | L 1
Jp N
5 i 2 i3
p\/B /4
1 ny"%
6 | ™) _ 21
P (n=12...) 1.3:5..-(2n-1)Vx
Ir'(k
7 F()k) (k>0) k1
5 | L -
-a
9 : 2 te®
(P-2)
1 1
n=12,. n-1gat
10| ooy ( ) (-1
I'(k
11 ( )k (k>0) fhlgi
(P-2)
1
12 eat_ebt
(p-a)(p-b) b %)
P 1 at bt
13 ——(ae™ —be
(p-a)(p-b) 5% %)
" 1 _(b-c)e" +(c-a)e”" +(a-b)e”

(a-b)(b-c)(c-a)
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f(p) F(t) (t>0)
15 2 in at
p®+a’ sha
16 2p ) cosat
p°+a
1
17 TR lsinhat
p’-a a
18 2p : coshat
p°-a
19 21 2 1 (1-cosat)
p(p®+a?) al
20 - i(at—sinat)
pz(p2+a2) 2
21 - 2 i(sinat—atcosat)
(p2+az) 2a’
P t .
22 Y —sinat
(p +a ) 2a
p2
23 > 2 i(sinat+atc:osat)
(p +a ) 2a
24 p-a t cosat
(p°+a7)
p 2 12 cosat — cosbt
a“#b =
25 (p2+a2)(p2+b2) ( ) b2_a2
26 : 1 sinnt
(p-a)’ +b? b
p-a
27 2 2 e cosbt
(p—a) +b
2 o
28 fa . e —e? cos—at\/é—\/ésin—at\/§
p’+a 2 2
3
29 44a 2 sinat coshat —cosat sinh at
p*+4a
P 1 . .
30 0"+ 42" gsmatsmhat
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f(p) F(t) (t>0)
1 1 . .
31 R —(sinhat—sinat)
32 p“?a“ iz(coshat—cosat)
8a’p’ o
33 (pt+a) (1+a%?)sinat —at cosat
A L= e
P P Lq(t) isthe Laguerre polynomial of degree n
p 1
35 (p-a)Jp-a ﬁe ' (1+2at)
36 p_a_/ -b 2\/]7-1-?(ebt_eat)
1 1 Pt
37 Tp+a N a€ erfc(a\/f)
p 1
38 p\Cf \/E+ae erf( \/f)
Jp I Py N
39 e NN J;exp(l)d/’t
; 1 2%t
40 \/E(p—az) ae erf(a\/f)
1 _ztaﬁeﬂz
41 \/E(p+az) .([ d
b® —a?
42 (p—az)(b+ p) [b aef a\/_} erfc(b\/f)
1
- 2%t
43 \/E(\/EJra) € erfc(a\/f)
1 1 .
44 (p+a)\/m b_ae erf(\/b—a\/f)
45 b2:a2 F (a\/_) }ebzterfc(b\/f)
\/E(p—a)(\/ﬁ+b) a
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f(p) F(t) (t>0)
n!
————H,, (\t
(1- p)" (2n.)!x/H' ( )
46 el Hn(X) is the Hermite polynomial
p o dT ) e
H — -
(9=e [dxnj(e )
(1-p) B n! Ho (i
47 p””\/B \/;(2n+1)! 2n+1( )
ae ™|, (at)+1,(at
| VT2 I()[ I(j (|°§ )]
- X)= X
\/6 n n
where Jn isBessel’s function of the first kind
1 Lawy (a—b
e———————aa————— 2
49 \/m\/m e |0(—2 t]
F(k) k—1 1
k>0 t 2 —(ath)t a-b
0 | (pvay (proy O o) L
1 Liasbpt a-b a-b
2 -
51 \/m\/m(p+b) te |:|0( 2 tj+|1( > tj}
52 —\‘p+2a_\/6 1‘ l (at)
Jp+2a+.p t 7
a—b)* Lo _
53 ( ) x (k>0) ke b)tlk(a—btj
(«/p+a+«/p+b) t
-2v 1
o | (Ypra+{p) (v 14 'v[lat)
Jp/p+a a 2
1
55 W J, (at)
\/p2+a2—pV .
56 | ) (v>-1) a'J, (at)
\/p2+a2
1 kL
57 — (k>0) Nz (1) (at)
(p*+&) r(k)\2a) "«
k k
58 (\/p2+a2—p) (k> 0) k%\]k(at)
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f(p) F(t) (t>0)
_ [ 2 q2 Y
59 (p P a) (v>-1) a'l, (at)
\/pz_az
1 k-2
60 m (k>0) ﬂ(L) I (at)
F(k) 2a k=5
kP 0 whenO<t<k
61 € H(t—k)z whenti<t= Heaviside step function
p 1 whent>k
) gte =0 when O<t <k
° ? =t—k whent>k
=0 when O<t<k
63 | & (1>0) (t—k)"
p“ = whent >k
I'(4)
- 1-e™® =1 when O<t<k
P =0 whent>Kk
1
1+coth >
65 1 _ 2kp 1+[£}:n when (n-1)k<t<nk (n=12,..)
p(1-e™) 2p k
1 =0 when O<t<k
66 p(e”-a) =1+a+a’+..+a " whennk<t<(n+1)k (n=12,..)
1 -
67 Btanhkp M (2k,t)=(-1)"" when 2k(n-1)<t<2kn (n=12,..)
1 n
1 1_1-(-1)
68 p(1+e™) EM(k,t)+§— 5~ When (n-)k<t<nk
69 étanhkp H(2k,t)
70 psi:hkp F(t)=2(n-1) when (2n-3)k <t <(2n-1)k (t>0)
- 1 M (2K,t+3k)+1=1+(-1)"
pcoshkp when (2n-3)k <t<(2n-1)k (t>0)
72 %cothkp F(t)=2n-1when 2k(n—-1) <t < 2kn
k zp .
coth— kt
73 I i |sinkt|
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f(p) F(t) (t>0)
1
74 (p +1)(1 e,,p) (smt+|smt|)
75 | Lew (2k)
P
_k
76 | —Lev 1 cosoit
p Jrt
k
77 | Ler L coshadk
p Jrt
1 - 1 .
78 e’ ———sin2Jkt
PV P Jrk
1 = 1 .
79 eP ——snh2Vkt
pJp Jrk
1 )
P t
80 | —e” (u>0) (ﬂ o(24K)
k )
81 ieip (u>0) t) 2
A . a2V
k k?
82 | e (k>0) exp(——}
2t 4t
o 5%
83 | —€ k=0 erfc| —=
p (k=0) 2t
1 —k\p 1 o 3 K kva k
= 0 = — AN
83A p—ae (a>0) 2e [e erfc i Jat b +e“Yerfc 2\/E+\/§

84 %ekﬁ (k>0)
P

=l

1

85 pf e (k=0) 2\/;exp(—i—2j kafc(zJ_]
86 (Zij/—_) >0) —e™ erfc(a\/_ +%j+erfc(—\/_j
o

87 m (k>0

2 k
e*e?terfc| aWt +—j
{ 24t
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f(p) F(t) (t>0)
e_km =0 when O<t<Kk
_1
% p(p+a) :ezmlo(%a\/tz—kzj whent >k
v [pira? = when O<t<k
89 p2+a2 =J (a\/t —kz) whent >k
ol = when O<t<Kk
20 p? —a’ :Io(a\/tz—kz) when't >k
—k( p2+az—p)
o1 | & (k>0) J, a\/t2+2kt)
p2_i_a2
=0 when O<t<k
92 e kp e—kxlpz-f-az _ ak Jl(a ,tz—kz) Whent> k
t? —k?
=0 when O<t<k
93 e—k p’-a’ _e—kp _ ak 2 2
—mll(a\/t —K ) when t > k
=0 when O<t <k
ave p?+a? !
94 > > > > v (V>_ )
Jp*+a (\/p +a +p) :( ] k2) whent >k
t+k
9%5 %Inp r'(1)-Int [I'(1)=-05772]
9 iklnp (k>0) t F(k)z— Int
P [r(o] Tk
97 Inp (a>0) e [Ina+E (at)]
p—a Ei(t) isthe exponential-integral function
Inp costSit—sintCit
98 2 Si isthe sine-integral function
p +1 Ci isthe cosine-integral function
99 pinp . . .
> sintSit—costCit
p-+1
t
100 | Lin(1+kp) (k>0) E{E]
101 | InP=2 Het—er)
P- t
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F(t) (t>0)

102 | =In(1+k?*p?) —2Ci(8
103 | =In(p*+a’) (a>0) 2Ina-2Ci(at)
104 | S In(p*+a*) (a>0) g[atlna+sinat—atCi(at)]
2 2
105 | In2 +2a E(1—cosat)
p t
2 2
106 | In2=2 %(1—coshat)
p
k
107 | arctan— Leinkt
p t
108 L arctan ® Si(kt)
p P
109 | € erfc(kp) (k>0) iexp _ v
kvm 4k
1 e t
—e Pefc k>0 erf| —
10 | (ko) (k>0) (ij
Jk
111 | €¥erfc k>0 _—
o ) -t (t+K)

1 =0 when O<t<k
112 | ——erfe(kp )
Jp (\/_) =(at)™* whent >k
1 4 1
—e%erfc k>0 ——
13| (Vo) (k>0) T
114 | erf| 2 ign(zkﬁ)
Jp t
K
115 ieperfc K ie‘z"ﬁ
Jp D Jrt
-1/2
=|t(2k-t when O<t < 2k
116 | 7e 1, (kp) [t )]
=0 when t > 2k
—L when O<t < 2k
117 | €1, (kp) zkyJt(2k—t)
=0 whent > 2k
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f(p) F(t) (t>0)
1
118 | €*E, (a —— (a>0
B (ap) t+a (a>0)
i_ ap ! a>0
119 e E (ap) (t+a) ( )
T .. 1
120 | | =—Sip |cosp+Ci psin
(2 IOJ p psinp 2.1
121 (E—Sipjsinp—Ci pcosp t
2 t?+1
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3. Laplace Transforms from Carslaw and Jaeger (1959)

Cardaw and Jaeger (1959) write g = \/E :
K

x and x are alwaysreal and positive. oo and h are unrestricted.

f(p) F@ (t>0)
X X
6 e_qx e 4kt
2N it®
_OX 1/2 X2
71 & i (ﬁj g Mt
q 7t
e X
8 erfc
p 2kt
9 e‘qx 2 Kt % 7% f X
— e — X €enc
" ) o
1
e 2 2 X
10 2 t+ |erfc—2 —X(LJZG axt
p 2K 2kt K
(41)2" i"erfo—X
2 "erfc
. 2kt
e ¥ -
11 L n=012,.. i"erfc{u}zji”’lerfc{ﬂ}dﬂ,
p u
the n"" repeated integral of the complementary error function with
i’erfc{u} = erfc{u}
12 e * ( K j; 7% h o xth? f X h\/ﬁ
— | e —Nnke eric +
g+h at NI
13 e’ Ke““"‘“zerfc{ X rh/xt }
q(g+h) 2kt
14 e’ 1er1‘cL 1 et e fe {L +h/xt }
p(g+h) h 2Jxkt h 2kt
1 2
2 - (1+hx 2
o E(Ejz g 4t | . )erfc X +i2ehx*"th
15 e h = h 2Jxkt h
pa(q+h)

*erfc{zja + h\/ﬁ}
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f(p) F() (t>0)
X n-1 ;
o] it - S oni]
16 e‘qx (_h) 2\/E (_h) r=0
qn+l(q+h) *i' erfe X
2kt
1
2 X ,
o —Zh[ﬂJ e4’“+1c(1+ hx+2h2/d)ehx+"Th
17 5 4
(a+h) erfc{ X h\/E}
* +
2kt
1 x  2(xt) X 1 .
_ox —eafc———-=| = | e #t ——(1- hx—2h*kt) ™"
18 e’ e 2Jxt h(ﬂj h2< )
p(g+h)’ X
*erfc +h\/ﬁ
{ZJE }

e 1] {x }x\/g {x }
19 —e*le Vrerfc —Jaot |+e Vrerfc +Jat
p-o 2 { N 2kt

1 2 2 2
20 | —7€" 1 X1 eB’“Kl(X—}

p T Ot 12 2 8kt

j— NG

21 KV X — e 8KTK -

1/2 "2 (q ) 2\/% v[&dj

I, (ax) K, (gx) (x>x') 1 ,[X?;'z] o'
22 : —e I,|=—| (v=0)

l, (o) K, (ax") (x<x 2t 2kt
23| Ko (o) Lo

2t

1.,

24 Be’p lo| 2Vt |
1

exp{xp—x (p+a)(p+b) 2} ST !

o5 I: :I ez( b)(t )lo{%(a—b)[t(t'l_zx):lz}
1
[(p+a)(p+b)}2

EV— —V 2V—1oo —u, V-1

2| p2 1KV(X\/E) X ;[e u’du

4t
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f(p)

F(t) (t>0)

27

[p—«/pz—xz}v (v>0)

wl, (xt)

exp{x{( p+ a)% —-(p+ b);}z}

) {;(a b)t2 (t+4x)1}

28 1 b; o 17
+a)z(p+b)z|(p+a)z+(p+ 1
(p+a): (p+b) (p+a)>+(pb) P
(v>0)
{( erfc{ —M}
e
29
v ( J e )
+ ot
erfc —Jat
30| S JH }
q(p-a) JE f{ X \/E}
—e Vrerfc +
N
1
le”’t %e_x\/;erfc{ j_-ﬁ}
hx? + o2 2t
e 1
31 a# kh? 2 e
(p—a)(g+h) ( ) +%-e\/;erfc{ \77+\/a}}
hx? — o2 At
_hzlehx-;-hzmerfc|:2\;(z+h\/a:|
K—o
32 %lnp —|I’l(Ct) INC=y=0.5772...
1 X —Z—Z
33 p2 KV(X p) (21:)v+1e t
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4. Laplace Transforms for well hydraulics (Hantush, 1964)

f(p) F(t) (t>0)
1 1
3 —|1-exp(—at
p(p+a) a[ P(-at)]
1 1 k?
6 | —ep{-kp ——ep{-—
7o PP =0 )
1 k
7 | —expi—k erfc| ——
peel %)
iexp{—k\/B} (4t)2i"erfc L
8| ur J&
P i"erfc is n" repeated integral of erfc
1 k?
9 | Ky(kyp) Pl
1 LXK
10 EKO(k\/B) 2W(4tj
Wisthe Theis well function
1 k?
11 K0<k p+a) Eexp _at_4_t
1 LS
12| ~Ko(kpra) EW[E’k‘E]
W isthe well function for leaky aguifers (Hantush, 1964; p. 321)
1 1H k2 ka
13 EKO(k,/p+a\/E) 2 a4
H isawell function defined by Hantush (164; p. 312)
(k) ALk
14| ——= ki K
pKo (kl\/B) Aistheflowing well function for leaky aquifers
(Hantush, 1964; p. 309)
| KolkiP) 15[%,5]
2 (ki Kk
p(kl\/a) Kl (kl\/B) Sisthe function defined by Hantush (1964; p. 318)
K,k p+a t k
SETR

PK, (k/p+2)

Z is the function defined by Hantush (1964; p. 325)
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