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1. INTRODUCTION

Consider an evolution equation

∂f

∂t
= Lf.

Example: f : [0, t0]→X = F(Q)| a Banach space of functions on Q,
Q| configuration space of the system

L=
1

2
∆ ⇒ heat equation,

L=
i

2
∆ ⇒ Schr�odinger equation,

we consider L : L= diff. or pseudo-diff. operator.
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Consider an evolution equation

∂f

∂t
= Lf.

If L is a bounded operator onX , then the solution of the Cauchy problem for
this equation with the initial value f(0) = f0 ∈X for all f0 ∈X is given by

f(t,q) = (etLf0)(q),

where

etL : etL =
∞∑

n=0

tn

n!
Ln.

In a general case: etL 7→ Tt.
Def.: One parameter family (Tt)t>0 of bounded operators Tt : X → X
is called C0-semigroup, if T0 = Id, Ts+t = Ts ◦ Tt for all s, t > 0 and
limt→0‖Ttϕ−ϕ‖X = 0 for all ϕ ∈X .
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Def.: If (Tt)t>0 is a C0-semigroup onX then its generator is an operator L:

Lϕ := lim
t→0

Ttϕ−ϕ
t

with the domain

Dom(L) :=

{
ϕ ∈X

∣∣ lim
t→0

Ttϕ−ϕ
t

exists as a strong limit
}
.

If L is the generator of a C0-semigroup (Tt)t>0 on a Banach space X , then
the (mild) solution of the Cauchy problem for the equation

∂f

∂t
= Lf

with the initial value f(0) = f0 ∈X for all f0 ∈X is given by

f(t) = Ttf0.

Probabilistic setting: L is the generator of a Markov process (ξt)t>0 with
transitional probability Pt(q,dy), i.e.

Ttf0(q) =

∫
f0(y)Pt(q,dy) = Eq[f0(ξt)].
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To construct (Tt ≡ etL)t>0 with the given generator L

m

To solve the evolution equation ∂f
∂t = Lf

m

To find the transition probability P (t,x,dy)

If the desired semigroup is not known explicitly it can be approximated.
Our method is to approximate via the Chernoff Theorem.
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This approach has been introduced in the papers

• Smolyanov, O.G., Weizs�acker, H.v., Wittich O.: Brownian Motion on a
Manifold as Limit of Stepwise Conditioned Standard Brownian Motions, in:
Stochastic Proceses, Physics and Geometry: New Interplays. II: A Volume
in Honor of Sergio Albeverio, American Mathematical Society, Providence
(RI) 2000, 589{602.
• Smolyanov, O.G., Tokarev, A.G., Truman A.: Hamiltonian Feynman path
integrals via the Chernoff formula, J. Math. Phys. 43 (2002), 5161{5171.

and is actively developing now for various types of evolution equations on
different geometric objects.

Rem.: Note, that a Schr�odinger group eitL is also a semigroup with the
generator iL.
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L(X)| the space of all continuous linear operators onX equipped with the
strong topology, Dom(L) the domain of L.

The Chernoff theorem: Let the mapping F : [0,∞)→L(X) be

• strongly continuous,
• F (0) = Id,
• ‖F (t)‖6 eat for some a ∈ R and all t> 0,
• the operator F ′(0) �D for some vector subspace D of Dom(F ′(0)) admits
the closure L.
If L is a generator of a C0-semigroup Tt ≡ etL then for any t0 > 0

etL = lim
n→∞

[
F (t/n)

]n
where the limit is taken in the strong topology, and this convergence is
uniform with respect to t ∈ [0, t0] for any t0 > 0.
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Def.: A family of operators (F (t))t>0 is called Chernoff equivalent to
the semigroup (Tt)t>0 if this family satisfies the assertions of the Chernoff
theorem w.r.t. (Tt)t>0, i.e.

F (t)∼ Tt ⇒ Tt = lim
n→∞

[
F (t/n)

]n
Example [Trotter formula]. Let L1, L2, L1 + L2 be generators of C0-
semigroups etL1, etL2 and et(L1+L2) on a Banach spaceX respectively, let L1
and L2 do not commute. Then

etL1 ◦ etL2 6= et(L1+L2) 6= etL2 ◦ etL1.

But
etL1 ◦ etL2 ∼ et(L1+L2), etL2 ◦ etL1 ∼ et(L1+L2),

and due to the Chernoff Theorem

et(L1+L2) = lim
n→∞

[
e

t
nL1 ◦ e

t
nL2
]n

= lim
n→∞

[
e

t
nL2 ◦ e

t
nL1
]n
.
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Rem.: The Post{Widder Inversion formula also follows from the Chernoff
theorem:

etL = lim
n→∞

(
Id− t

n
L

)−n

≡ lim
n→∞

[
n

t
R

(
n/t,L

)]n

.

In many cases the operators F (t) are integral operators, i.e.

Tt = lim
n→∞

[
F (t/n)

]n
= lim

N(n)→∞

∫
. . .

∫
︸ ︷︷ ︸
N(n) times

........

Def.: A Feynman formula is a representation of a solution of an initial (or
initial-boundary) value problem for an evolution equation (or, equivalently,
a representation of the semigroup solving the problem) by a limit of N -fold
iterated integrals as N →∞.

In all cases the identity Tt = lim
n→∞

[
F (t/n)

]n is called Feynman formula.
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Lagrangian Feynman formula:
I F (t) are integral operators with elementary kernels.
I Such Feynman formula corresponds to a functional integral over a set

of paths in the configuration space.

Hamiltonian Feynman formula:
I F (t) are ΨDOs.
I Such Feynman formula corresponds to a functional integral over a set

of paths in the phase space.

There are other kinds of Feynman formulae.
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Advantages of Feynman formulae:

I Possible to consider evolutionary equations with wide variety of operators
L in the r.h.s. (e.g., with L= A+B+C, with non-local operators); initial-
boundary value problems; evolutionary equations on different geometric
structures (Riemannian manifolds, graphs, infinite dimensional spaces, p-
adic spaces e.t.c.).
I In many cases it is possible to get the representation of the semigroup by the
limit of iterated integrals of ELEMENTARY FUNCTIONS ONLY!!! This
is useful for direct computations and computer modeling of the evolution,
simulation of stochastic processes, etc.
I Feynman formulae allow to obtain new Feynman{Kac formulae, to define
some new functional integrals (Feynman path integrals), to investigate
relations between different functional integrals, to calculate path integrals
numerically.
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2. HOW THE METHOD WORKS

2.1. Feynman formula for additive perturbations

Theorem: Let (etLk)t>0, k = 1, . . . ,m, be C0-semigroups on X and
(Fk(t))t>0, k = 1, . . . ,m :

Fk(t)∼ etLk.

Let et(L1+···+Lm) be a C0-semigroup onX . Then

F1(t) ◦ · · · ◦Fm(t)∼ et(L1+···+Lm)

i.e. the Feynman formula

et(L1+···+Lm) = lim
n→∞

[
F1(t/n) ◦ · · · ◦Fm(t/n)

]n
,

is valid (the limit is in strong topology locally uniformly w.r.t. t> 0).
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Example: LetX = C∞(Rd), b(·) ∈ Cb(Rd,Rd), c(·) ∈ Cb(Rd) and

L :=
1

2
∆ + b∇+ c

Take 
F1(t) = etc,
F2(t) : F2(t)ϕ(q) = ϕ(q+ tb(q)) ⇒ F2(t)∼ etb∇,

F3(t) = e
t
2∆ : e

t
2∆ϕ(q) = (2πt)(−d/2)

∫
Rd

e−
|q−y|2

2t ϕ(y)dy.

Then
F (t)≡ F1(t) ◦F2(t) ◦F3(t)∼ et( 1

2∆+b∇+c).

Therefore, using this family (F (t))t>0,

F (t)ϕ(q) =
exp(tc(q))√

(2πt)d

∫
Rd

exp

(
−|q+ tb(q)− y|2

2t

)
ϕ(y)dy,

we obtain the Lagrangian Feynman formula for the semigroup et( 1
2∆+b∇+c):
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et( 1
2∆+b∇+c)ϕ(q0) = lim

n→∞

([
F (t/n)

]n
ϕ
)
(q0)

= lim
n→∞

(2πt/n)(−dn/2)
∫
Rd

· · ·
∫
Rd

e
t
n

n∑
k=1

c(qk−1)
e
−

n∑
k=1

|qk−1+b(qk−1)t/n−qk|
2

2t/n ×

×ϕ(qn)dq1 · · ·dqn =

rearranging the expression in the integrand we have

= lim
n→∞

∫
Rd

· · ·
∫
Rd

e
t
n

∑n
k=1 c(qk−1)e−

∑n
k=1 b(qk−1)·(qk−1−qk)×

× e−
t

2n

∑n
k=1 |b(qk−1)|2pBM

t/n (q0− q1) · · ·pBM
t/n (qn−1− qn)ϕ(qn)dq1 · · ·dqn =

= Eq0

[
e

t∫
0

c(ξs)ds
e

t∫
0

b(ξs)·dξs

e
− 1

2

t∫
0

|b(ξs)|2ds
ϕ(ξt)

]
.

with pBM
t (x) = (2πt)(−d/2) exp

{
− |x|2

2t

}
and Brownian motion ξt.
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In the similar way we obtain a Feynman formula for the Schr�odinger type
equation: letX = L2(Rd), b ∈ Rd, c(·) ∈ Cb(Rd) and

L=
i

2
∆− b∇− ic.

Then the family (F (t))t>0,

F (t)ϕ(q) =
exp(−itc(q))√

(2πit)d

∫
Rd

exp

(
i|q+ tb(q)− y|2

2t

)
ϕ(y)dy,

is Chernoff equivalent to the semigroup etL and

etLϕ(q0) = lim
n→∞

[
e−i t

nc ◦ e−
t
nb∇ ◦ e

i
2∆]nϕ(q0) =

= lim
n→∞

(2πit)(−dn/2)
∫
Rd

. . .

∫
Rd

e
−i t

n

n∑
k=1

c(qk−1)
e
i

n∑
k=1

|qk−qk−1+ t
n b|2

2t/n
ϕ(qn)dq1 . . .dqn =

=

∫
e
−i

t∫
0

[c(ξ(s))− 1
2 |b|

2]ds
e
i

t∫
0

b·dξ(s)
ϕ(ξ(t))Φq0(dξ)
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2.2. Feynman formula for multiplicative perturbations

LetQ be ametric space,X =Cb(Q) orX =C∞(Q), ‖f‖X = sup
q∈Q

|f(q)|.

Consider a C0-semigroup (etL)t>0 onX and a function

a(·) :Q→ [c1, c2]⊂ (0,∞), 0< c1 < c2 <+∞, a(·) ∈ C(Q).

Define L̃ : L̃ϕ(q) = a(q)(Lϕ)(q), Dom(L̃) = Dom(L).

Theorem: Let F (t)∼ etL. Consider a family of operators (F̃ (t))t>0 defined
by the formula

F̃ (t)ϕ(q) = (F (a(q)t)ϕ)(q).

Then the family (F̃ (t))t>0 acts inX and F̃ (t)∼ etL̃. Therefore, the Feynman
formula

etL̃ = lim
n→∞

[
F̃ (t/n)

]n
is valid locally uniformly with respect to t> 0 in L(X).
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Cor.: Consider a Markov process (ξt)t>0 with the state space Q, transition
densityPt(q,dy) and generatorL. Let the corresponding semigroup (etL)t>0,

etLϕ(q) = Eq [ϕ(ξt)]≡
∫
Q

ϕ(y)Pt(q,dy),

be aC0-semigroup on a Banach spaceX , whereX =Cb(Q) orX =C∞(Q).
Then the family (F̃ (t))t>0 defined by the formula

F̃tϕ(q) =

∫
Q

ϕ(y)Pa(q)t(q,dy),

is Chernoff equivalent to the semigroup (etL̃)t>0. Therefore, the following
Lagrangian Feynman formula is valid for any ϕ ∈X and any q0 ∈Q:

etL̃ϕ(q0) = lim
n→∞

∫
Q

· · ·
∫
Q

ϕ(qn)Pa(q0)t/n(q0,dq1)Pa(q1)t/n(q1,dq2) · · ·

· · ·Pa(qn−1)t/n(qn−1,dqn).
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Rem.: A process ξ̃t, whose semigroup is etL̃, can be obtained from ξt by
some random time change.

Note that ξ̃t 6= ξa(q)t and P ξ̃
t (q,dy) 6= P ξ

a(q)t(q,dy)!

Rem.: Previous results are generalized for the Gaussian case:

L : Lϕ(q) = tr(A(q)Hessϕ(q)) + b(q) ·∇ϕ(q) + c(q)ϕ(q),

F (t) : F (t)ϕ(q) =
exp(tc(q))√

detA(q)(2πt)d
×

×
∫
Rd

exp

(
−A−1(q)(q− y+ tb(q)) · (q− y+ tb(q))

2t

)
ϕ(y)dy,

F (t)∼ etL.
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2.3. Feynman formula for the Cauchy{Dirichlet problem

G { bounded domain in Rd andX = C∞(Rd) or
G { bounded domain in a Riemannian manifoldK andX = Cb(K),
L { dif. operator, etL { C0-semigroup onX . Consider


∂f
∂t (t,q) = Lf(t,q), t > 0, q ∈G,
f(0, q) = f0(q), q ∈G,
f(t,q) = 0, q ∈ ∂G.

Let Y = {ϕ ∈ C(G), lim
q→∂G

ϕ(q) = 0} and ‖f‖Y = supx∈G |f(x)|.

Let ∃ a C0-semigroup (etLo)t>0 on Y such that for all f0 ∈ Y and q ∈G

f(t,q) = etLof0(q).
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Theorem: Let F (t)∼ etL inX . Consider (Fo(t))t>0 in Y :

Fo(t)ϕ(q) = ψt(q)[F (t)ϕ](q),

where ψt ∈ C∞
c (G) and ψt(q)→ IG(q) as t→ 0. Then

Fo(t)∼ etLo

and, hence,
etLo = lim

n→∞

[
Fo(t/n)

]n
.

Example: Consider an operator L:

Lϕ(q) = tr(A(q)Hessϕ(q)) + b(q) ·∇ϕ(q) + c(q)ϕ(q).

As before F (t)∼ etL with

F (t) : F (t)ϕ(q) =
exp(tc(q))√

detA(q)(2πt)d
×

×
∫
Rd

exp

(
−A−1(q)(q− y+ tb(q)) · (q− y+ tb(q))

2t

)
ϕ(y)dy.

20



Then for all q0 ∈G

f(t,q0) = etLof0(q0) = Eq0

[
exp

( t∫
0

c(ξτ)dτ

)
f0(ξt)

∣∣∣∣ t < τG

]
=

= lim
n→∞

∫
G

· · ·
∫
G

exp

(
−

n∑
k=1

A−1(qk−1)b(qk−1) · (qk−1− qk)
)
×

× exp

(
t

n

n∑
k=1

c(qk−1)

)
exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)
×

× f0(qn)pA(t/n,q0, q1) · · ·pA(t/n,qn−1, qn)dq1 . . .dqn,

where

pA(t,x,y) :=
1√

detA(x)(2πt)d
exp

(
− A−1(x)(x− y) · (x− y)

2t

)
.
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2.4. Feynman formulae for the
evolution in a Riemannian manifold

Consider a compactm-dimensional Riemannian manifoldK and the Cauchy
problem

∂f

∂t
(t,q) =−1

2
∆Kf(t,q) + c(q)f(t,q),

f(0, q) = f0(q),

where∆K =−tr∇2 | Laplace{Beltrami operator. Again the solution:

f(t,q) = Eq
[
e
∫ t

0
c(ξ(τ))dτf0(ξ(t))

]
=

= lim
n→∞

∫
K

...

∫
K

e
t
n

n∑
k=1

c(qk−1)
pBM(t/n,q,q1)p

BM(t/n,q1, q2)...

...pBM(t/n,qn−1, qn)f0(qn)volK(dq1)...volK(dqn)

But the function pBM(t,x,y) is not elementary any more!
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Denote by volK the Borel measure on K and by ρ - a distance in K,
generated by Riemannian structure of K. Due to Nash theorem we can
and shall assume that K is a smooth m-dimensional manifold isometrically
embedded into a Euclidean space RN and Φ : K → RN is a smooth
embedding.
Define the following functions:

gE(t,x,z) =
1

(2πt)m/2e
−

||Φ(x)−Φ(z)||2
RN

2t , t > 0, x,z ∈K,

gI(t,x,z) =
1

(2πt)m/2e
−ρ(x,z)2

2t , t > 0, x,z ∈K.

pE(t,x,z) =
gE(t,x,z)∫

K g
E(t,x,z)volK(dz)

, t > 0, x,z ∈K,

pI(t,x,z) =
gI(t,x,z)∫

K g
I(t,x,z)volK(dz)

, t > 0, x,z ∈K.
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Let scal(x) ≡ trRicci(x) be a scalar curvature of the manifold K at the
point x ∈K. Denote by r2(x) the square of the norm of the vector-valued
mean curvature of the manifold at the point x. We assume that functions
scal(·) and r2(·) - are continuous onK.

Proposition: The following operator families are Chernoff equivalent to the
semigroup e− t

2∆K+tc:

FE
p (t) : (FE

p (t)f)(x) =
∫
K

etc(x)f(z)pE(t,x,z)volK(dz),

F I
p (t) : (F I

p (t)f)(x) =
∫
K

etc(x)f(z)pI(t,x,z)volK(dz),

FE
g (t) : (FE

g (t)f)(x) =
∫
K

etc(x)e
t
4 scal(x)e−

t
8r2(x)f(z)gE(t,x,z)volK(dz)

F I
g (t) : (F I

g (t)f)(x) =
∫
K

etc(x)e
t
6 scal(x)f(z)gI(t,x,z)volK(dz)
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2.5. Hamiltonian Feynman formula for Feller semigroups

LetH : Rd×Rd → C. Define a ΨDO Ĥ(·,D) with the symbolH(q,p) by

Ĥ(q,D)φ(q) = (2π)−d

∫
Rd

∫
Rd

eip·(q−q1)H(q,p)φ(q1)dq1dp.

LetH : Rd×Rd →C be measurable, locally bounded in both variables (q,p)
andH(q, ·) is a CNDF for each q ∈ Rd, i.e.

H(q,p) = c(q)+ ib(q) ·p+p ·A(q)p+

∫
y 6=0

(
1− eiy·p +

iy · p
1 + |y|2

)
N(q,dy).

Let supq∈Rd |H(q,p)| ≤ κ(1 + |p|2) for all p ∈ Rd and some κ > 0
p 7→H(q,p) is uniformly (w.r.t. q ∈ Rd) continuous at p= 0,
q 7→H(q,p) is continuous for all p ∈ Rd.
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Let ∃ a C0-semigroup (e−tĤ)t>0 on C∞(Rd) and C∞
c (Rd) be a core for Ĥ .

Note that e−tĤ 6= ê−tH!

Theorem: Let F (t) := ê−tH | aΨDO with the the symbol e−tH(q,p), i.e.
for each φ ∈ C∞

c (Rd)

F (t)φ(q) = (2π)−d

∫
Rd

∫
Rd

eip·(q−q1)e−tH(q,p)φ(q1)dq1dp.

Then
F (t) = ê−tH ∼ e−tĤ

and, hence, the Feynman formula

e−tĤ = lim
n→∞

[F (t/n)]n

is valid in L(C∞(Rd)) locally uniformly with respect to t> 0.
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Corollary:

(e−tĤφ)(q0) = Eq0[φ(ξt)] =

= lim
n→∞

(2π)−dn

∫
(Rd)2n

exp

(
i

n∑
k=1

pk · (qk − qk−1)

)
×

× exp

(
− t

n

n∑
k=1

H(qk−1,pk)

)
φ(qn)dq1dp1 · · ·dqndpn

=

∫
E

q0
t

e
−

t∫
0

H(q(s),p(s))ds
ϕ(q(t))Φq0

(dqdp).

Here ξt is a Feller process with the generator −Ĥ , and Φq0
is a Feynman

pseudomeasure on a set Eq0

t of paths in the phase space of a system.
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