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1. INTRODUCTION

Consider an evolution equation

af

E_Lf'

Example: f:[0,t] — X = F(Q) — a Banach space of functions on (),
() — configuration space of the system

1
L= EA = heat equation,

L= %A = Schrddinger equation,

we consider L : L = diff. or pseudo-diff. operator.



Consider an evolution equation

of
5 =Lf

If L is a bounded operator on X, then the solution of the Cauchy problem for
this equation with the initial value f(0) = fy € X forall f; € X is given by

ft.q) = (" fo)(a),

where

In a general case: e'* — Tj.

Def.: One parameter family (7});>¢ of bounded operators 7; : X — X
is called Cy-semigroup, if Ty =1d, Ts.y =T 0T} for all s,t > 0 and
im0 ||Tip — @|lx =0 forall p € X.



Def.: If (7})>0 is a Cp-semigroup on X then its generator is an operator L:

Tip—

Ly :=lim

t—0
with the domain

t—0

T —
Dom(L) := {gp € X} lim tgpt 7 exists as a strong limit}.

If L is the generator of a Cy-semigroup (7}):>( on a Banach space X, then
the (mild) solution of the Cauchy problem for the equation

of
Y _p
ot /
with the initial value f(0) = fy € X for all fy € X is given by
f(@t) =T fo.

Probabilistic setting: L is the generator of a Markov process (&;);>o with
transitional probability P;(q,dy), i.

T; fo(q /fo )Py (q,dy) = E1[fo(&)]-



To construct (T} = e'l),~ with the given generator L

)

To solve the evolution equation 7 af =Lf

0

To find the transition probability P(t,z,dy)

If the desired semigroup is not known explicitly it can be approximated.
Our method is to approximate via the Chernoff Theorem.



This approach has been introduced in the papers

e Smolyanov, O.G., Weizsiacker, H.v., Wittich O.: Brownian Motion on a
Manifold as Limit of Stepwise Conditioned Standard Brownian Motions, in:
Stochastic Proceses, Physics and Geometry: New Interplays. II: A Volume
in Honor of Sergio Albeverio, American Mathematical Society, Providence
(RI) 2000, 589—602.

e Smolyanov, O.G., Tokarev, A.G., Truman A.: Hamiltonian Feynman path
integrals via the Chernoff formula, J. Math. Phys. 43 (2002), 5161-5171.

and is actively developing now for various types of evolution equations on
different geometric objects.

Rem.: Note, that a Schrodinger group e’” is also a semigroup with the
generator ¢ L.



L(X) — the space of all continuous linear operators on X equipped with the
strong topology, Dom (L) the domain of L.

The Chernoff theorem: Let the mapping F : [0,00) — L(X) be
e strongly continuous,

o [(0) =1d,

o |F(t)| < e™ for some a € R and all t > 0,

o the operator F'(0) [ p for some vector subspace D of Dom(F'(0)) admits
the closure L.

If L is a generator of a Cy-semigroup Ty = e'* then for any ty > 0

e’ = lim [F(t/n)]"

n—oo

where the limit is taken in the strong topology, and this convergence is
uniform with respect to t € [0,t¢] for any ty > 0.



Def.: A family of operators (F'(t));0 is called Chernoff equivalent to
the semigroup (7}):> if this family satisfies the assertions of the Chernoff
theorem w.r.t. (7})¢>0, i.e.

Ft)y~T, = T,= lim [F(t/n)]"

n—oo

Example [Trotter formula]. Let L;, Lo, L + Lo be generators of Cp-
semigroups €1, e'L2 and e!“1112) on a Banach space X respectively, let L;
and L do not commute. Then

etLl o 6tL2 # et(L1+L2) % etLQ o etLl

But
ot o ptle o, pt(Li+Lo) otle o ptht o, pt(La+L2)

Y )

and due to the Chernoff Theorem

. 1 t n . t T n
etlitle) — |imy [enLl oenL2] = lim [enboenLl} )
n—od n—o



Rem.: The Post—Widder Inversion formula also follows from the Chernoff

theorem:
t \" n "
e = lim (Id——L) = lim [—R <n/t,L)} .
n—00 n n—oo |
In many cases the operators F'(t) are integral operators, i.e.

E:r}l—{l&o[ (t/n)]" = hm / / ........

Def.: A Feynman formula is a representation of a solution of an initial (or
initial-boundary) value problem for an evolution equation (or, equivalently,
a representation of the semigroup solving the problem) by a limit of N-fold
iterated integrals as N — oo.

In all cases the identity 7} = lim [F/(¢/n)] " is called Feynman formula.

n—oo



Lagrangian Feynman formula:

» [(t) are integral operators with elementary kernels.

» Such Feynman formula corresponds to a functional integral over a set
of paths in the configuration space.

Hamiltonian Feynman formula:

» F'(t) are YDOs.

» Such Feynman formula corresponds to a functional integral over a set
of paths in the phase space.

There are other kinds of Feynman formulae.

10



Advantages of Feynman formulae:

» Possible to consider evolutionary equations with wide variety of operators
L in the rh.s. (e.g., with L = A+ B 4 C, with non-local operators); initial-
boundary value problems; evolutionary equations on different geometric
structures (Riemannian manifolds, graphs, infinite dimensional spaces, p-
adic spaces e.t.c.).

» In many cases it is possible to get the representation of the semigroup by the
limit of iterated integrals of ELEMENTARY FUNCTIONS ONLY!!! This
is useful for direct computations and computer modeling of the evolution,
simulation of stochastic processes, etc.

» Feynman formulae allow to obtain new Feynman—Kac formulae, to define
some new functional integrals (Feynman path integrals), to investigate
relations between different functional integrals, to calculate path integrals
numerically.
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2. HOW THE METHOD WORKS

2.1. Feynman formula for additive perturbations

Theorem: Let (e't*);5g, k= 1,...,m, be Cy-semigroups on X and
(Fk(t))t>0, k= 1, NN 11
Ey(t) ~ e,

Let et F1m) pe q Cy-semigroup on X. Then
Fl (t) O+++0 Fm(t) ~ et(L1+-~-+Lm)
i.e. the Feynman formula

et(L1+...+Lm) — I [Fl(t/n) @000 @ Fm(t/n)} n7

n—oo

is valid (the limit is in strong topology locally uniformly w.r.t. t > 0).

12



Example: Let X = O (R?), b(-) € Cy(R%,RY), ¢(+) € Cy(R?) and

1

Take
Fl(t) = Btc,
B(t): Bt =elg+t() = F(t)~e",
Fi(t) =es®:  e3lop(q) = (2nt) (42 fe by o(y)dy.
Then

F(t) = Fi(t) o Fy(t) o F3(t) ~ ol (3A+DV+e)
Therefore, using this family (F(t));s0,

F(t)o(q) = M/exp <_|q+tb(Q) —9\2) o(y)dy.

(27t)4 2t

we obtain the Lagrangian Feynman formula for the semigroup e'(z

t(+ A+bV+c).

13



(42199 g0 = Tim ([F(t/n)]") (@)

% i (qror) — \qk 1+b(q§t 711)t/" ag|®
— lim (27t /n)" d”/2/ / = e & / X
Rd

n—0o0

o(gn)dqr -+ dg, =

rearranging the expression in the integrand we have

= lim en Zk 1 (qr-1) Zzzlb(%fl)‘(q}c—l_%)x
n—00
R4

X €~ i b i (g0 —a1) - PE (dn1 — 6n)(an)das - -~ gy =

tC(éS)dS tb(fS)'dgs % t|b fs |2ds
— g e‘of eof e Of (gt)

with pPM (z) = (2mt) "4/ exp { — %} and Brownian motion &;.
14



In the similar way we obtain a Feynman formula for the Schrodinger type
equation: let X = Ly(R?), b € RY, ¢(+) € Cy(R?) and

L= %A — bV —ic.
Then the family (F(¢))¢0,

F(t)o(q) = exp(—itc(q)) /eXp (Z’Iq+tb(Q) —9\2) o)y,

(2mit)? 2

is Chernoff equivalent to the semigroup e'” and

[\J\N.

—inC o f%bv

2
n

e'o(qo) = lim [e A]nw(qo)

n—:oo

Z lagp —ap_1+75 £ p)2

t
E q t/n
= lim (2mit)! d”/Q/ / Z et B o(gn)dqy ... dg, =
R4

TL—>OO

i [lele(s))~LIbP1ds i [bde(s)
/ ¢t ¢ "o ey @ (de)
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2.2. Feynman formula for multiplicative perturbations

Let () be ametric space, X = Cy(Q) or X = C(Q), || fllx =sup|f(q)|.
9€@Q

Consider a Cy-semigroup (e’%);~¢ on X and a function

a(*) : Q —[c1,02) C(0,00), 0<c <ca<4o0, af:)eC(Q).

~

DefineL:  Ly(q) = alq)(Ly)(q), Dom(L)=Dom(L).

~

Theorem: Let F'(t) ~ e'L. Consider a family of operators (F (t))s>o defined
by the formula

F(t)p(q) = (F(a(@)t)e)(q).

Then the family (F(t))>o acts in X and F(t) ~ e'L. Therefore, the Feynman
formula

et = lim [ﬁ(t/n)}n

n—oo

is valid locally uniformly with respect to t > 0 in L(X).
16



Cor.: Consider a Markov process (&;):~0 with the state space (), transition
density P;(q, dy) and generator L. Let the corresponding semigroup (e);,

o) =E'lp(@)] = [ ewP(a.dy)
Q
be a Cj-semigroup on a Banach space X, where X = Cj,(Q) or X = Co(Q).

~

Then the family (F'(¢));>o defined by the formula

Eﬂwzjﬁwwmm%@x
Q

is Chernoff equivalent to the semigroup (e'*);~o. Therefore, the following
Lagrangian Feynman formula is valid for any ¢ € X and any ¢y € Q):

etLQO(qO) - nh—{go/ ’ '/@(qn)Pa(qo)t/n(qmdgl)Pa(ql)t/n(Qh dCI2) T
Q Q

T Pa(qn_l)t/n(Qn—ladQn)-
17



Rem.: A process &, whose semigroup is e'”

some random time change.

Note that & # £, and P (q,dy) # P50 dy)!

Rem.: Previous results are generalized for the Gaussian case:

L:  Ly(q) = tr(A(q)Hessp(q)) +b(q) - Vo(q) + c(q)p(q),

F): Ft)p() = ¢dii§fi§?iit>d
y /exp (—A‘ (@)(g—y+ tbQ(tq)) (g—y+1tb(q)) ) o(y)dy,
F(t) ~e*.

, can be obtained from &; by
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2.3. Feynman formula for the Cauchy-Dirichlet problem

G —bounded domain in R? and X = O (R?) or
GG —bounded domain in a Riemannian manifold K and X = C}(K),
L — dif. operator, e!” — Cjy-semigroup on X . Consider

Let Y ={p € C(G), lim ¢(q) =0} and || flly = sup,eq|f(z)I-

Let 3 a Cy-semigroup (e'12);~o on Y such that for all fo € Y and g € G

f(t,q) = €™ folq).

19



Theorem: Let F'(t) ~ ' in X. Consider (F,(t))io inY:
Fo(t)(a) = ¢e(@)[F'()¢l(9),
where Y, € CX(G) and i(q) — Lg(q) ast — 0. Then
E,(t) ~ efte
and, hence,

e'le = lim [F,(t/n)]".

n—oo

Example: Consider an operator L:

Ly(q) = tr(A(q)Hessp(q)) +b(q) - Vio(q) + c(q)p(q)-
As before F'(t) ~ el with

exp(tc(q
(

)
\/detA (q)(2
X/exp<—A_1(Q)( —y+tb(q)

) X
mt)e
)- (g y+tb(Q)))¢(y)dy_

2t
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Then for all gy € G

t<Tgl =

t
ft.q0) = €™ folqo) ]quleXp</C &r dT)fo &)
0

n
= lim / exp(
n—oo
k=

G

A (G )b(gh1) - (g1 — qk>> .

H

><€Xp< c(qr-1) eXp(--ZA (gr—1)b(gr-1) - b(Qk—1)>X

X folgn)pa(t/n,q0,q1) - pat/n, qn-1,qn)dq1 . .. dgy,

where

pa(t,z,y) ==

1 Al (z)(z—y) - (z—y)
\/det A(x)(2mt)d P ( N 21 > .
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2.4. Feynman formulae for the
evolution in a Riemannian manifold

Consider a compact m-dimensional Riemannian manifold /A" and the Cauchy

problem
af 1
5 (1) = =5 Ak f(t,0) +c(a) (L),
£(0,9) = fo(q),
where A g = —trV2 — Laplace—Beltrami operator. Again the solution:

£(t,q) = E7 | b €O (6 (1)) =

n

L3 clgr-1)
.../e = BM(t/n q, Ql) BM(t/n7Q17QZ)“'
K

M(t/n, Un-1:9n) fo(qn)volk (dqy)...volg (dgy)

But the function pP¥ (¢, 2, 1) is not elementary any more!

22



Denote by volx the Borel measure on K and by p - a distance in K,
generated by Riemannian structure of K. Due to Nash theorem we can
and shall assume that K is a smooth m-dimensional manifold isometrically
embedded into a Euclidean space RY and ® : K — R”" is a smooth
embedding.

Define the following functions:

1 l|2(@) -2 ()12
gE(t,QZ,Z):We_ 7 RN, t>0, z,2€ K,
T m
1 ZE,ZQ
gI(t,x,z):Wep(%) - t>0, .T,ZEK
T m
E
FE g (t,x,z)
4,T,2) = >0, wz,z€eK,
p(t,2) [ gE(t, 2z, z)volk (dz) e
I
t
pl(t,z,2) = SR L) t>0, z,z€ K.

- fK g'(t,z, z)volg(dz)’

23



Let scal(z) = trRicci(z) be a scalar curvature of the manifold K at the
point z € K. Denote by r%(z) the square of the norm of the vector-valued
mean curvature of the manifold at the point x. We assume that functions
scal(+) and 72(-) - are continuous on K.

Proposition: The following operator families are Chernoff equivalent to the

semigroup e~ 28K He;

FR(): (FE())(@)= [{ew
Fl(t): (BI0))() = I[etc
FE): (FEOf)(a) = [e0e
B0 (F(0f)(a) = [ e

E(t,x, 2)volg(dz),
L(t,z,z)volg (dz),
tscal(z *%TQ(fr)f(z)gE(t,ZC,Z)V01K(dZ)

Lscal(a @) f(2)g' (t,x, 2)vol g (dz)

24



2.5. Hamiltonian Feynman formula for Feller semigroups

Let H : R? x R? — C. Define a WDO H (-, D) with the symbol H(g, p) by

H(q,D)¢(q) = (27)" // @ H(q,p)¢(q) dg1 dp.

R R4

Let H : R? x R? — C be measurable, locally bounded in both variables (g, p)
and H (q,-) is a CNDF for each ¢ € R, i.e.

H(q,p)ZC(q)+ib(Q)-p+p-A(q)p+/ (1—6”"“ 1?\;2) N(q,dy).
y#0

Let

sup,cpa | H(q,p)| < 5(1+|p|*) forall peR? andsome x>0
p+— H(q,p) isuniformly (w.rt. ¢ <€ RY) continuousat p=0,
q+— H(q,p) is continuous forall p & R,

25



~

Let 3 a Cy-semigroup (e~ ),50 on Coo(R?) and C*°(R?) be a core for H.

Note that et £ e~tH]|

—

Theorem:  Let F(t) := e~tH — a UDO with the the symbol et (@P) e,

for each ¢ € CZ(R?)

F(to() = (2m) " [ [ ertrme i g,) g dp.

Then

~

F(t) = etH ~ e tH

and, hence, the Feynman formula

etH = lim [F(t/n)]"

n—oo

is valid in L(C(R?)) locally uniformly with respect to t > 0.

26



Corollary:

(e ) (qo) = E®[p(&)] =

= lim (27)~" / exp( Zpk Qk — k-1 >

(Rd)Qn

t n
X exp <_E ZH(qkl,pk)> ¢(qn) dq1dp: -+~ dg, dpy,

k=1

_ B )

=/eo o (g(1)) @ (dadp).

a0
Et

Here &; is a Feller process with the generator ~-H , and @, is a Feynman
pseudomeasure on a set F/° of paths in the phase space of a system.
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