APPROXIMATION OF MARKOV SEMIGROUPS VIA FEYNMAN FORMULAE

Concepts

Let (X, | - || x) be a Banach space, £(X) be the space of all continuous linear operators on X
equipped with the strong operator topology, || - || be the operator norm on £(X) and Id be the
identity operator in X. If Dom(L) C X is a linear subspace and L : Dom(L) — X is a linear
operator, then Dom(L) denotes the domain of L. A one-parameter family (7});>( of bounded
linear operators T3 : X — X is called a Cy-semigroup, it Ty = Id, Ts1+ = Ts0 T}y for all s,t > 0
and limy_.o ||Typ — ¢||x = 0 for all ¢ € X. If (T})¢>0 is a Cy-semigroup on a Banach space
(X, || - | x), then the generator L of (1})s>( is defined by

0 t—o ¢

Ly = 11m W £ Dom(L) := {gp € X | lim 2272 exists as a strong limit}.
Consider an evolutlon equation %—{ = Lf. If L is the generator of a Cp-semigroup (7})¢>( (de-

noted also as e%) on (X, ||-|| x°), then the (mild) solution of the Cauchy problem for this equation
with the initial value f(0) = fy € X is given by f(t) = Ty fy for all fo € X. In probabilistic
setting: L is the generator of a Markov process (&;)y>( with transitional probability Pt(q, dy),

Le. Tyfo(q) = [ foly)Pi(q, dy) = E1[fy(&)]. Therefore, to solve the evolution equatmn 815 =Lf
means to construct a semigroup (73)¢>0 with the given generator L and, hence to approximate
the transitional probability of the underlying process. If the desired semigroup is not known
explicitly it can be approximated. One of the tools to approximate semigroups is based on the
Chernoff theorem.

Theorem 1 (Chernoff). Let X be a Banach space, F' : [0,00) — L(X) be a (strongly)

continuous mapping such that F(0) = Id and ||F@)|| < e® for some a € [0,00) and all
t > 0. Let D be a linear subspace of Dom(E"(0)) such that the restriction of the operator

F'(0) to this subspace is closable. Let (L,Dom(L)) be this closure. If (L,Dom(L)) is the
generator of a strongly continuous semigroup (Tt)tzoy then for any tg > 0 the sequence

(F'(t/n))")pen converges to (T)¢>0 as n — oo in the strong operator topology, uniformly

with respect to t € 0,1, i.e
Ty = lim [F(t/n)]". (1)

n—oo

A family of operators (£'(t))¢>0 is called Chernoff equivalent to the semigroup (73)¢>¢ (denoted

F(t) ~ T) if this family satisfies the assertions of the Chernoff theorem with respect to (1})¢>0,
ie. Ft)~Ty = Ty= lim [F(t/n)]".

n—oo

Example (Trotter formula). Let L1, Lo, L + Lo be generators of Cy-semigroups etlt

etL2 and etLitl2) on o Banach space X respectively, let L1 and Lo do not commute. Then
GtLlOetLQ ‘Tlé et(Ll—l—LQ) # GtLQOGtLl. But 6tL1 OetLQ ~ €t<L1+L2), GtLZOQtLl ~ et(L1+L2>7

and due to the Chernoff Theorem

6t<L1+L2>: lim [ LloenLQ} = |lim [ LQoenLl]
n—aoo n—00
Rem.: The Post-Widder Inversion formula also follows from the Chernoff theorem:

—MN n
et = nh_)rnoo (Id nL) = nl;mw [tR<n/t, L)] .

Definition. A Feynman formula is a representation of a solution of an initial (or initial-
boundary) value problem for an evolution equation (or, equivalently, a representation of the
semigroup solving the problem) by a limit of n-fold iterated integrals as n — 0Q.

In many important cases the operators F(¢) in the equality (1) are integral operators, i.e.
Ty = 1 t = 1 ........
= Jm [Fi/m)"= |t / /
tzmes

and, hence, we have a limit of iterated integrals, i.e. a Feynman formula, on the right hand side
of the equality (1). That’s why in all cases the identity (1) is called Feynman formula.

Advantages of Feynman formulae:

» Possible to consider evolutionary equations with wide variety of operators L in the r.h.s.
(e.g., with L = A+ B + C', with non-local operators); initial-boundary value problems;
evolutionary equations on different geometric structures (Riemannian manifolds, graphs;
infinite dimensional spaces, p-adic spaces e.t.c.).

» In many cases it is possible to get the representation of the semigroup by the limit of iterated
integrals of ELEMENTARY FUNCTIONS ONLY!!!' This is usetul for direct computations

and computer modeling of the evolution, simulation of stochastic processes, etc.

» Feynman formulae allow to obtain new Feynman-Kac formulae, to define some new func-
tional integrals (Feynman path integrals), to investigate relations between different func-
tional integrals, to calculate path integrals numerically:.

Results: Feynman formulae for multiplicative and ad-
ditive perturbations

() — metric space, X = Cp(Q) or X = Cro(Q) with the supremum norm || f||co = sup |f(q)]|.
qeq
Let (T})¢>0 be a Cp-semigroup on X with generator (L, Dom(L)). Let A(-) : @ — |a,a] C

(0, 00) be continuous on (. Define L:

~

L(q) = A(q)(Le)(q), Dom(L) = Dom(L).

Then L is also the generator of a Cp-semigroup which we denote by (T})QO. We call the operator

L a multiplicative perturbation of the generator L, and the semigroup (13)¢>( the semigroup
with the multiplicatively perturbed (by the function A(-)) generator.

Theorem 2. Let the family (F'(t));>0 of bounded linear operators on X be Chernoff equiv-

alent to the semigroup (1t);>g. Consider a family of operators (ﬁ(t))tzo defined by the
formula

F(t)e(q) = (F(A@)t)e)(q)- (2)
Then the family (ﬁ(t))tzo acts in X and is Chernoff equivalent to the semigroup (ﬁ)tzo

with the generator, multiplicatively perturbed by the function A(-). Therefore, the following
Feynman formula is valid locally uniformly with respect tot > 0 in L(X):

Ty = lim [ﬁ(t/n)}n

n—oo

Ya. A. Butko, Bauman Moscow State Technical University:.

Corollary. Consider a Markov process (X¢)i>0 with the state space () and transition
density P(t,q,dy). Let the corresponding semigroup (13)¢>0,

Tiolg) = A [p(Xy)] = / o(y) Pt q, dy),
Q)

be a strongly continuous semigroup on a Banach space X, where X = Cy(Q) or
X = Cx(Q). Then by Theorem 2 the family (F(t));>o defined by the formula

Fyolq) = / o(y) P(AQ)t, 4, dy).
Q)

1s Chernoff equivalent to the semigroup (YN})QO with multiplicatively perturbed (by the
function A(-)) generator. Therefore, the following Feynman formula is valid for any
@ € X and any qy € @

Typ(qo) =
= lim [ @(gn)P(A(q0)t/n, qo, dq1) P(A(q1)t/n, q1,dq2) - - - P(A(gn—1)t/n, qn—1, dgn).

n—oo

Qn

Rem.: A process ft, whose semigroup is etL ., can be obtained from & by some random time

change. Note that ft £ Ea(yr  and Pf(t, q,dy) # Pg(A(q)t, q,dy)!

Theorem 3. Let X be a Banach space with a norm || - || x. Let (T(t))>0, k=1,...,m,
be strongly continuous semigroups on X with generators (L, D(Ly)) respectively. As-
sume that L = Ly + -+ + Ly with domain D(L) = N, D(Ly) is closable and that
the closure is the generator of a strongly continuous semigroup (1T'(t))¢>0 on X. Let
(Fr(t))>0, K = 1,...,m, be families of operators in X which are Chernoff equivalent
to the semigroups (T1(t))s>0 respectively, i.e. for each k € {1,...,m} we have F},(0) = Id,
1FL(1)] < e® for some ar > 0 and there is a set D C D(Ly;), which is a core for

L., such that limy . HFH — — LkQOHX = 0 for each ¢ € D;. Assume that there
exists a set D C M, Dy which is a core for L. Then the family (F(t));>0, where
F(t) = Fi(t)o---o Fpy(t) @s Chernoff equivalent to the semigroup (1'(t))¢>0 and, hence, the
Feynman formula

T; = lim [F(t/n)]"

n—oo

1s valid in the strong operator topology locally uniformly with respect to t > 0.

Example. Let X = Coo(R?), B(-) € C,(RY, RY), C(-) € Cp(RY) and

1

Take
Fi(t) = €'C,
R(t): Bt)plq) =pl@+tBg) = Ft)~ePY,
Bt = elg) = nt) 2 [ gy

Rd

Then F'(t) = Fi(t) o Fy(t) o F3(t) :

Fito(q) - SRUC@) /exp <q+t32<§> - y2> o)y ~ AEAEBYHC)
(27Tt)d

Rd

Hence we obtain the Feynman formula for the semigroup e t3A+BV+C).

et ZABYHC) o g0) = lim ([F(t/n)]"0) (q0) =

n—oo
o a1 +Blgp_1)t/n—qp|?
n > Clar—1) — > N
- nh_>moo(27Tt/n —dn/2) / / = e k= Y ©(gn)dqy - - - dgn =
R4
— lim / LS C(ah-1) o= Sy Blae—) (@e-1—ax)
n—oo
R4
2
x ¢~ 2iet [Blai-1) B/%(QO — @) ¢ '1%5%(%—1 — qn)p(qn)dqy - - - dgn =
_ t _
q f0<58)d3 fB<§S)'d§S %f |B(&s) ‘2d5
= [E% | e el 0 o (&)
2
with p? M) = (2mt)(=d/2) exp { — —‘ and Brownian motion &.

Rem.: Previous result is generalized for L : Lp(q) = tr(A(q) Hessp(q)) + B(q) - Vip(q) +
Clq)olg) with A : R — L(RY) be continuous and for any € R the operator A(z) is
symmetric and positive. Then F(t) ~ e’ with

exp(tC(q)) N —A Y )g—y+1tB(q) - (g —y+1tB(q)) )
\/detA(q)(me)d/ p( ot )s&(y) y

Rem.: In the similar way we obtain a Feynman formula for the Schrodinger type equation: let

X = Ly(RY), Be RY, C(-) € Cp(RY) and L = LA — BV —iC. Then

_ oxp(=itClg) [ (iq +tB(q) -y
\/(27Tit)d R/d ’ 2

- 1
_ZEC o 6 BV

F(t)p(q) =

) oy)dy ~ e and

e'“o(qo) = lim [e

n—oo

it S Clgy) 03 trtall
n 2t/n
= lim 27T2t (—dn/2) / / k=1 e k=l v SO(C]W)CZCH coodgp =
Rd

n—>oo

—zf —1|BJ? dsszdf
[e 0 e () IN(de),

where &% is the Feynman pseudomeasure on the set of paths (starting at ¢p) in the configuration
space of a quantum system.



Results 1I: Feynman formula for the Cauchy—Dirichlet
problem

Let G € RY be a bounded domain with a smooth boundary, X = Coo(R%), (L, Dom(L)) be a
dif. operator generating a Cp-semigroup (etL)tZO on X. Let F(t) ~ et and F/(0) = L on a
core D for L. Consider a CD problem:
0
Wita)=Litta). t>049€C
f0,9) = fola), q€G,
ft,q) =0, qe€dG.

Consider a Banach space Y = Cy(G) = {p € C(Q), 11%1(;90( q) =0}, || flly =supgeq | f(2)].
q—)

Assume that 3 a Cg-semigroup (et0);>q on Y, resolving the CD problem: f(t, q) = et fy(q).
Assume that the set D, := Dom(L,) N |C 1(Rd N D] |G is a core for the generator L, of the
semigroup (e'o)
Theorem 4. Consider s : (0,00) — (0,00), s € C°°(0,00), s || 0 ast | 0 and s(t) = o(t).

Let Gy C G @ Gy = {q € G| dist(q,0G) > s(t)}. Let (Wgp))e=0 be a family of functions:
Vs(t) — Yser) ||OO =0 for all t* >0 and ¥y ]Rd — |0, 1],

t>0-

B 1, fO?“ q < Gs(t)v
Ysn9) = { 0, for g e R4\ G,

Constder (Fo(t))t>0 i Y: Fo(t)p(q) = by (@) F()¢l(q), where F(t) ~ el Then we have

F,(t) ~ etlo and hence
etlo = lim [Fo(t/n)]n.

n—oo

Example. Consider the CD problem with the operator L: L¢(q) = tr(A(q) Hesso(q)) +
B(q) - Vo(q)+ C(q)¢(q). Then, due to Theorem 4 and the previous Example, for all ¢y € G

t
f(t, a0) = e folqp) = E® [exp (/O Er d7> fol&) | t < TG] =
0

n n
| t
—nlgmm/fo(qn> exp( > " AN qr—1)Blay—1) - (a1 — i ) exp (5 >~ Clgp—1 )

t t
X exp ( - —ZA (q5—1)B(qx—1) - B(q/gﬁ)m(ﬁ,qo,m) A Gn-1,G)dgy - dg

where E% is the expectation of a (starting at gy € G) diffusion process & with variable
diffusion matrix A(-) and drift B(-) killed on 0G, 7¢ is the time of reaching G and

1 A @)z —y) (x—y)
pattiz) = /et A(z) (2mt) eXp<_ 2t >

Applications

Feynman formulae for evolution on a star graph. Consider a star graph I' with

vertex v and n € N external edges [y,...,[,. Let p be the metric on I' induced by the iso-
morphism [, = [0, +o00); 'Y = '\ {v} = L}_,I7, [T = (O +oo) § €l] = &= (k,x) where

r=p&v) >0 o) = ¢(§)|€€lz. Let 1[90 )d§ = kz1 { or.(x)dx. Let Coo(I') be the Ba-

nach space of continuous functions on I' vanishing at infinity equipped with the sup-norm || - || sc.
Let C2.(T) = {p € Coo(I) : ¢ € C%(T9), ¢ extends toT as a function in Cso(I')}. Let &, be
the Dirac delta-measure concentrated at the vertex v. Let py(&,n) == p(&,v) + p(v,n) for all

E,nel. Let 1k(§> =1if§ € 17, 1.(£) =0if € ¢ 9. Let g(t, z) = (27Tt)_1/2 exp {_Q—f} Define
p(t,&n) = Z L(E1k(n)g(t, p(€,m)), po(t, &) = Z 1()1k(m)g(t, pu(&,m)), PP, E,m) =
p(t, &m) — pv(t &,1n).

Proposition 1 (cf. [4], [5]). Let a, ¢, b € [0,1], & = 1,...,n, a # 1 and
n

a+c+ Y b = 1. Consider an operator L1 on Cuo(T) with Dom(L1) = {¢ € C.(I) :
k=1

n
ap(v)+5¢" (v) = Z bkgo;ﬁ(v)} and L1p = %gp” for all p € Dom(Lq). Then (L1, Dom(Lj))is
the generator of a Feller semigroup (77 1)t>07 s (€ f o(n)P(t, &, dn) for each p € Coo(I).

The transition kernel P(t, &, dn) is given explicitly by the following formulae:
for the case a + ¢ € (0,1) with wj = b B=1—g—, V= 1—g— and

l—a—c> —a—C

t
2
g5t 2) = i2<2m)1/2/(ts+;§/2 exp{  (s+72) }653/%’
— S

g 27%(t = s)
0
P(t,&,dn) = (3)
=p"t,Emdn+ Y 1O ln(n)2wmgg At po(&m))dn + 7954 (¢, (€, v))du(dn);
k.m=1

for the case a + ¢ = 0 with w;. = ;.

P(t,&,n) =p 't & mdn+ D 1t(€)1m(n)2wmg(t, pu(€,m))dn; (4)
k.m=1

_lwitha=-2_ =1
forthecasea+c—1W1tha—Hﬁ, C=1ig

27T83

t
0

Rem.:The heat kernel P(t,&,dn) in (3) is the transition kernel of the process of Brownian
motion on I' constructed by killing (after an exponential holding time with the rate § at the
vertex) the Walsh process (the analogue of the reflected Brownian motion) with sticky vertex
with stickness parameter ~y (see [4], [5] for the detailed exposition).

Let A(-) € C(I'), let 30 < a < @ < oo such that a < A(§) < @ forall £ € T'. Let
B(-) € Cy(T"), B(v) = 0. Let C(-) € Cy(I"). As before let a, ¢, by € [0,1], k = 1,...,n with
n

a#1and a+c+ > by = 1. Consider an operator L such that for all ¢ € Dom(L)
k=1

Lp(&) = A(§)@"(€) + B(§)¢'(€) + C(§)(&),

Vs

c
Dom(L) = < ¢ € C%O(F) - ap(v) + =" (v Zka%

The operator (L, Dom(L)) is the generator of a Cp-semigroup (T t)tzo on the space Coo(I).
Theorem 5. Consider a family (Fi(t))>0 on Coo(I') defined by

Fi(t)p(€) = Tho(€) = / ()A€, dn).

I

Consider a family (F5(t))>0 on Coo(l') defined by

Fy(t)p(§) = (€ +tB(£)) = {%%(SUHB/{( z)),

§ = (k,z), x+tBy(x) >0,
p(v), 3

(k,z), x +tBr(z) < 0.

Consider a family (F3(t))i>0 with EF3(t)p(€) = Clp(€), ie. Fyt) = etC. Then by

Theorem 3, Theorem 2 and Proposition 1 the famzly (F (t))t>0 wzth

F(t) = Fy(t)oFR(t)oF(t) :  F(t)p(€) = e / o(n)P(A(E +tB(O)L, € + tB(), dn) (6)

[

is Chernoff equivalent to the semigroup (1i);>9 on the space Cso(I') generated by
(L, Dom(L)).

Feynman formulae for evolution in a Riemannian manifold. Consider a com-
pact m-dimensional Riemannian manifold K, G C K a domain with a smooth boundary 0G,
G =GUOIG, A() € C(K), Alzx) € [a, @] C (0,+00) for each z € K, B(-) € CHK,TK),
C(-) € C(K) and the Cauchy-Dirichlet problem

70.2) = folw), 0 € &
f(t,z) =0, t >0,z € 0G,
where Apr = —trV2 — Laplace-Beltrami operator. Let volz be the Borel measure of Rie-

mannian volume on K and p be the Riemannian metric in K. Due to the Nash theorem K
is a smooth m-dimensional manifold isometrically embedded into a Euclidean space RY and
d: K — RY is a smooth embedding. Define the following “pseudo-gaussian” functions for

t >0, x,z € K:

[@(2)—®(2)[12 5 2
_ R 7 o plaz)
= @rty© i, g, z) = Gty %

E _ gt (t.z.2) I _ g'(tz2)
Ptz 2) = gE(t,x,z)volg(dz)’ Pt 2)= gl (t,x,z)volg(dz)’
K K

Let scal(z) = tr Ricci(z) be a scalar curvature of K at the point z € K. Let r2(x) be the square
of the norm of the vector-valued mean curvature of K at the point . Let scal(-), r%(-) € C(K).

Proposition 2 (cf. [6], [1]). The following operator families are Chernoff equivalent to
t

the semigroup e~ 22K on the space C ( ):

(Fy )0 (Fy()f ff " (t, @, 2ol (d2),

t

(FEW)0: (FE@®)f f el @)e=5m () £(2)g B (¢, , 2)vol g (d2),
(FL))s0: (FLA)f)(@) = [ f(2)p (¢, 2, 2)vol g (dz),

f
K
(Fy )0 (Fy()f)(z) = % e*l(") f(2)g (¢, @, 2)vol g (d2).

Theorem 6. Consider families (Ff(t))tzo, (Ff(t))tzo, (Fp[(t))tzo, (Fg[(t»tzo obtained
from families of Proposition 2 as in Theorem 2. Consider on C(K) a family (F5(t))r>0:
(E5(t)p)(x) = (v (t)), where v*(-) is a geodesic: v*(0) = x and ¥*(0) = A(x). Consider
on C(K) a family (F3(t))i>0 with F3(t)e(x) = elC @) (2. Let (Vs(1))e=0 be constructed as
in Theorem 4. Then by Theorem 2, Theorem 3, Theorem 4 and Proposition 2 the follow-
ing families are Chernoff equivalent to the semigroup (Tt)¢>0 on Cy(G), resolving the CD
problem (7):

(SED)iz0:  SE(B)p(@) = veyy (@) [oF3(t) 0 Foft) o BE() o] ()
(SEW)0: SEW@(x) = ey (@) [oF3(t) o Falt) o FL(E) | ()
(SEiz0: SHOP(R) = Ui (@) [oF3(2) 0 Fo(t) o (1) ] ()
(SEO)iz0:  SH@lw) = ey (@) [0Fs(t) o Bo(t) o FL(1) 9] ()
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